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concerning the classical Korovkin theorem. Then we present two examples of sequences
of positive linear operators. The first one shows that the statistical Korovkin type theorem
does not work but our approximation theorem works. The second one gives that our
approximation theorem does not work but the statistical Korovkin type theorem works.
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%—ys‘gotgstical convergence of sequence Also, we study the rates of B-statistical convergence of approximating positive linear
Korovkin-type approximation theorem operators and give a Voronovskaya-type theorem.
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1. Introduction

Approximation theory has important applications in the theory of polynomial approximation, in various areas of
functional analysis, numerical solutions of differential and integral equations [1-3]. In recent years, with the help of the
concept of statistical convergence, various statistical approximation results have been proved [4-6]. Recall that every
convergent sequence (in the usual sense) is statistically convergent but its converse is not always true. Also, statistical
convergent sequences do not need to be bounded. So, the usage of this method of convergence in the approximation theory
provides us many advantages. Recently, Kolk [7] generalized the idea of statistical convergence to B-statistical convergence
by using the idea of B-summability. Neither of the two methods, statistical convergence and B-statistical convergence,
implies the other. But, for a constant sequence 8 = (A) , the method of 9B-statistical convergence reduces to the method of
A-statistical convergence. The main goal of this paper is to investigate their use in approximation theory.

We now recall some basic definitions and notations used in the paper.

Let A = (an), n, k = 1,2, ... be an infinite summability matrix. For a given sequence x := {x;}, the A-transform of x,
denoted by Ax := {(Ax),} is given by

o0
Ay =) auxi,
k=1

provided the series converges for each n € N. We say that A is regular (see [8]) if
limAx =L whenever limx = L.

The set of all regular matrices A = (an) with ay, > 0 for all n, k, we denote by 7 *. Assume that A is a nonnegative regular
summability matrix. Then the sequence x = {x,} is called A-statistically convergent to L provided that, for every ¢ > 0,

llgn Z ane = 0. (1)

k:|xg—L|=¢
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We denote this limit as follows (cf.[9]; see also [10,11])
sta — limx = L.

Actually, this convergence method is based on the concept of A-density. Recall the A-density of a subset K C N, denoted by
84 {K}, is given by

(o]
Sa{K} = lirI;n Z ane xx (k)
k=1

provided the limits exists, where xy is the characteristic function of K; or equivalently
S 1K} = lim ) ap.
4 keK
Recently, Kolk [7] generalized the idea of A-statistical convergence to 9B-statistically convergence by using the idea of 8-
summability (or Fy-convergence) due to Steiglitz [12].
Let 8 = (B;) be a sequence of infinite matrices with B; = (b (i)). Then x € £, which is the space of bounded
sequences, is called to be Fyz-convergent (or %-summable) to the value %8 — lim x if

lim (%B;x), = lim Z bk (i) X, = B — limx, uniformlyini > 0.
n n X

The method of summability 9 is called regular if every convergent sequence x = {x;} is B-summable and B-lim x = lim x.
Method B = (8;) with B; = (by (i)) is regular [13,12] if and only if

(R1) foreachn,i=1,2,..., ), Iba ()| < co and there exists integers N, M such that ), |by (i)] < M forn > N and all
i=12,...,
(R2) limy, by (i) = 0 for all k € N, uniformly in i,
(R3) lim, ), bpk (i) = 1, uniformly in i.
The set of all regular methods B with by, (i) > 0 for all n, k, i we denote by the symbol %+, Since for a constant sequence
B = (A) the method % reduces the method A, we may write 7+ C Rt.
The B-density of a subset K = {k;} C N, where k; < k;1 for all i, denoted by 8y {K}, is given by
lim > by (i) =d uniformly in .
" kek
Let B € \MT. A sequence x = {x;} is said to be B-statistically convergent to the number L if for every & > 0,

S f{k:|xx— L >¢e}=0.

lim ) by () =0 uniformlyini.
n
k:lxg—Ll>¢
In this case we write stz — limx = L.
With the following example, we can see that neither of the two methods, statistical convergence and %B-statistically
convergence, implies the other.

Example 1. Let us consider the sequence of infinite matrices B = (9;) with B; = (by (i)) is given by

2
mrl itk = n?,
n2i 5
bnk (l) = 1— n ifk = n2 +1 (2)
(n?+1)i’ ’
0, otherwise.

It is observe that B € ™. Also let us define the sequence x = {x;} and y = {y;} by

1, ifk =n?, forsomen € N,
x, =10, ifk=n®>+1, forsomeneN, (3)
k, otherwise,

and

ﬁ, if k = n?, for somen € N,

e 2
Vi = k, ifk =n“+1,forsomen € N, (4)

-, otherwise.

k
It is clear that x is not statistically convergent to zero but x is 9B-statistically convergent to zero. On the other hand y is
statistically convergent to zero but y is not 9B-statistically convergent to zero.
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2. A Korovkin-type approximation theorem

We denote by Cy [a, b] the space of all continuous functions on [a, b] and bounded on entire line, that is
If )] <Kf, —o00<x<o00,

where K; is a constant depending on f. Also by B[a, b] we denote the space of all bounded functions on [a, b]. This space is
equipped with the supremum norm

f lega,p) = S}lpb]tf(x)l, (f € Bla,b]).

Theorem 2. Let B € K™, Let {L;} be a sequence of positive linear operators acting from Cy [a, b] into B[a, b]. Then, for all
f € Cyla,b],

st — im 1L (F) = fllga = O )
if and only if
st — 1im L (F) = 0y = 0 G =0.1,2), ©)

where f; (t) = t,j =0, 1, 2.

Proof. Since eachf; € Cy [a, b], (j = 0, 1, 2, 3), the implication (5) = (6) is obvious. Suppose now that (6) holds. Since f is
bounded on the entire line, we can write

If Ol < K.

Also, since f is continuous on [a, b], we write that for every ¢ > 0, there exists a number § > O such that |[f (t) —f X)| < ¢
for all x € [a, b] satisfying |t — x| < &. Hence, we get

lf(t)—f(X)|<e+—(t—X) (7
Since Ly is linear and positive, we obtain

ILe (F3 ) = F @) = [Le (f (©) = f )5 %) +f (%) (L (fo; X) — fo (%))
L (If (&) = F )15 %) + K |L (fo; ) — fo ()]

Ly <8+ 5 (t—X)Z;X) + K |L (fo; X) — fo ()]

2K
(8 +K+ 2 ) L (fo; ) — fo (%) + C Lk (f1; %) — f1 (0] + |Lk ;%) =2 )|+ ¢

IA

IA

IA

where ¢ := max {|a|, |b|}. Then taking supremum we get

Lk (F) = fllgapy < N {lILk o) = follgia.py + Ik (F) = Fillpga.py + Ik () — Follpgapy} + € (8)

where N := max [s + K+ ;’2( c?, ‘;’2<C, 57] Now, for a given ¢ > 0, choose ¢ > 0 such that & < &'. Then, setting

D=k I () = Fllpan = €}

’

e —¢ )
Dj = {k ”Lk(f}) _EHB[a,b]Z:gN}v j=0,1,2.

Then it is easy to see that
2
pc| b
j=0
which gives, for alln € N,
2
D b)) <Y bu (i)
keD j=0 keDj

Letting n — oo and using (6), we obtain (5). The proof is complete. O
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Remark 3. If we take 8 = {4}, the identity matrix, in Theorem 2, then we immediately get the following classical result
which was introduced by Korovkin [3].

Corollary 4. Let {L,} be a sequence of positive linear operators acting from Cy |a, b] into B|a, b]. Then, for all f € Cy [a, b],

“,{n Lk (F) — fllgrap; = O 9
if and only if
li,fn “Lk () _fj||3[a.b] =0,G=0,1,2), (10)

wheref; (t) = t/,j =0, 1, 2.

Remark 5. If we take 8 = {C;}, the Cesaro matrix, in Theorem 2, then we immediately get the following statistical result
which was introduced by Gadjiev and Orhan [14].

Corollary 6. Let {L,} be a sequence of positive linear operators acting from Cy |a, b] into B|a, b]. Then, for all f € Cy [a, b],

st — Iim ||Lx (f) — fllgjap) = O (11)
if and only if
st —1im |Li () = fil oy = 0, G =0,1,2), (12)

wheref; (t) = t/,j =0, 1, 2.

Remark 7. Now we present two examples of sequences of positive linear operators. The first one shows that Corollary 6
does not work but our approximation theorem works. The second one gives that our approximation theorem does not work
but Corollary 6 works. We note that the sequence of classical Bernstein polynomials on Cy [0, 1] (see [3])

. _ : E k t _ k—t
B =2 f(o)(,)¥a-» (13)
t=0

satisfies the conditions of the classical Korovkin theorem. It is known that
x — x?
k-
(a) Now we define the following positive linear operators on Cy [0, 1] into B[O, 1] as follows:
Le (f; x) = (1 + xi) B (f %) (14)

where x = {x,} is defined as in Example 1. Also, B = (%8;) is the same as in Example 1. Since sty — lim x = 0, we conclude
that

By (fo; X) = fo %), B (fi; x) = f1 (¥) and By (f; ) = fo () +

sty — 1im [ L () = fi] ., = 0. =0, 1, 2.
Then, by Theorem 2, we obtain, for all f € Cy [0, 1],
sty — lim ||L (f) — fllgj0,1) = O.

However, since x is not statistically convergent, the sequence {L,(f; x)} given by (14) does not satisfy the Corollary 6 for all

feculo,1].
(b) Now we consider the following positive linear operators on Gy [0, 1] into B [0, 1] as follows:
Le (f; %) = (1 +yi) Be (f5 %) (15)

where y = {y;} is defined as in Example 1. Also, % = (£8;) is the same as in Example 1. Since st — limy = 0, we conclude
that

st — lim ”Lk (fl) _ﬁ'”B[o.]] =0,j=0,1,2.
Then, by Corollary 6, we obtain, for all f € Cy [0, 1],
st — lim [|Lx (f) — fllgj0.1; = O.

However, since x is not B-statistically convergent, the sequence {L,(f; x)} given by (15) does not satisfy the Theorem 2 for
allf € Cy [0, 1].
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Remark 8. For a constant 8 = {A}, the A is a non-negative regular summability matrix, then %B-statistically convergence
is reduced to the A-statistical convergence [15,9]. For a constant 8 = (9;), it is reduced to uniform statistical
convergence [16], where B, = (b}lk (i)) with

1 . .
b,llk(i)= . 1f1—|—1.§k§n+1,
0, otherwise.

3. Rates of 23-statistical convergence of Theorem 2

In this section we study the rates of 9B-statistical convergence of a sequence of positive linear operators defined Cy [a, b]
into B [a, b] with the help modulus of continuity.
We now present the following definition.

Definition 9. Let B € %" and let {a;} be a positive non-increasing sequence. A sequence x = {x;} is B-statistical convergent
to a number P with the rate o(ay) if for every ¢ > 0,

1
lim — by (i) = 0, uniformly ini.
:|xk—P|=¢
In this case, it is denoted by

X — P = sty — o(ay).

Definition 10. Let 8 < %™ and let {a;} be a positive non-increasing sequence. A sequence x = {x,} is B-statistical
convergent to a number P with the rate o, (ay), if for every ¢ > 0,

lim Z buk (i) = 0, wuniformly ini.

"7 kel —Plzea
In this case, it is denoted by
Xk — P = sty — o (ag).

In Definition 9 the “rate” is more controlled by the entries of the summability method rather than the terms of the sequence
{x¢}. For instance, when one takes 8 = {{}, the identity matrix if b,, = o(ay) then x, — P = sty — o(ay),as k — oo, for
any convergent sequence {x, — P} regardless of how slowly it goes to zero. To avoid such an unfortunate situation one may
borrow the concept of convergence in measure from measure theory to define the rate of convergences as in Definition 10.

Now we first need the following lemma to get the rates of 9B-statistical convergence in Theorem 2 by using Definition 9.

Lemma 11. Let {x,} and {y,} be sequences. Assume that let B8 € "™ and let {a;}, {b} be positive non-increasing sequences. If
Xk — P1 = sty — o(ay) and yx — Py = sty — o(by), then the following hold:

(1) (xk — P1) F Yk — P2) = st — o(cy),
(2) (xk — P1) (Y — P2) = sty — o(ck),
(3) A(xg — Py) = sty — o(ay) for any real number A,
(4) V/|x — P1| = sty — o(ax)
where ¢, = max {ay, by}.
Proof. (1) Assume that x, — P; = stz — o(ay) and yx — P, = st — o(by). Also, for ¢ > 0, define
D:={k:|(xk — P1) F x — P2)| > €},
£
D= f: b —P1l = 5.

£
D, = {k: Yk — P2| = f}.
2
Then observe that

D CD;UD,

which gives forn € N,

D b)) <Y b () + Y bue (i) (16)

keD keDq keDy
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Since ¢, = max {a,, b,}, by (16), we get
1 . 1 ) 1 .
=D b ® = — > bue+ Y bu (D). (17)
Cn D n keDq m keD,
Now by taking limit as n — oo in (17) and using the hypotheses, we conclude that
1
lim — > by (i) = 0, uniformly in .
=0 Cn tep

which completes the proof of (1). Since the proof of (2), (3) and (4) are similar, we omit them. O
On the other hand, we recall that the modulus of continuity of a function f € Cy [a, b] is defined by

w(f, ) = sup llf(f)—f(x)l,(5>0)-

|t—x|<8,x,tela,b
Then it is clear that for any § > 0 and each x, t € [a, b]

It — x|
8

IF(®) —fl = w(f,(?)( + 1>, (f € Cula.b]). (18)

Now we have the following result.

Theorem 12. Let B € R™. Let {L;} be a sequence of positive linear operators acting from Cy [a, b] into B[a, b]. Let {a;}, {by} be
a positive non-increasing sequences. Assume that the following conditions holds:

(@) ILe(fo) — follgja,p) = St — 0(ar) on [a, b], where fy (t) = 1,
(b) w(f, a) = sty — o(by) on [a, b], where o == \/|ILk(¢; X) | pjq.p) With @(t) = (t — x)%.
Then we have, for all f € Cy [a, b],
Lk (F) — fllpia,py = St — o(cr)on [a, b],
where ¢, = max {ay, by}.

Proof. Let f € Cy [a, b] and x € [a, b]. Then, since fy (t) = 1, by (18) and using linearity and monotonicity of the operators
Ly, we get, forany § > 0 and k € N, that

ILe(F5 %) = fF@)] < L(Af (O = FCO1: %) 4+ [f X [Le(fo: %) — foX)]

< L(If@®) = FI;5 %) + K |Le(fo; X) — fo(x)]
w4 o 0:20 + K It 0 — ool
w91 E5 4 ;0 + K I 0 ~ o0

w(f, §) {1Lk(§0(f); X) + Le(fo; X)} + K Ly (fo; X) — fo(®)]

IA

IA

52
where K = ||f||q,5)- Then we obtain

1
Lk (F) — fllppa,p) < w(f, 8) {57 Lk (s %) | ga.p) + 1Lk (fo) — follpra,ny + 1} + K |[Le(fo) — follpra.p; -

Put§ = oy := /||ILi(@; X) || 5q,5)» SO We get
IL(F) = Fllpap) < W, o) {ILeCfo) — follgiag + 2} + K 1Lk(fo) — follpia.p)
=2w(f, ax) + w(f, ) 1L (fo) — follgra,p) + K Ik (fo) — follgja,p; - (19)
Given ¢ > 0, by (19) we have
1

LY s
M ke lILe () —f | gja,p) =€

A

| =

> bw()+ 1 > b () + > OR

" kw(f )= § " kew(f.en) Ik (fo) —follpra, b= 5 " k:llLk Go)—follpja,p)= 5%

S

Letting n — o0 and considering the above inequality, the hypotheses (a), (b), and Lemma 11, the proof is completed at
once. [
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4. A Voronovskaya-type theorem

In this section, we obtain a Voronovskaya-type theorem 9B-statistical case for the positive linear operators {L;} given by
(14).

Lemma 13. Let B € R, Let x € [0, 1]. Then, we get
sty — im KL (¢ = 0% 5 ) = 3 0 [fz (%) — 21 (0 +fo )] (20)

Proof. After some simple calculations, we can write form (20) that

—6x* +12x3 — 7x* +x
L ((t—2*; %) = (1+x) [3x4 —6x° 4+ 3x° + + + :| )

k

Hence, we obtain
2 4 26
[Le (£ = 2% ;%) = 3f (0 [fo () — 21 ®) +fo ]| < 12x + (1 + i) " (21)
for every x € [0, 1]. Since sty — limx = 0, it is easy see that
. 26
st — lim [12x,< + (1 + x¢) ’—] =0. (22)
k
Combining (21) and (22), the proof is complete. O
Theorem 14. Let B € R™*. Forevery f € C [0, 1] such thatf/,f” € Cy [0, 1], we have

1 "
sty — limk {L (f; ) —f (0} = ;W —LE)f .

Proof. Letx € [0, 1] andf,f’,f” € Cy |0, 1]. Define the function ¢ by

fO-FO-F@OE=0-3 ©E=0
¢ (0) = % X
0, t=x.

By the Taylor formula for f € Cy [0, 1], we have
’ 1 "
FO=F®+f ®C—%+ Ef X) (t = %)% + ¢ (1) (t — x)?
where ¢, (x) = 0 and ¢, (.) € Cy [0, 1]. Since the operator Ly is linear, we obtain

’ 1 "
Le(f:0 = 00 (14x0 +f L =x:0 + of (0L ((t =275 %) 4+ L (¢ (8) (£ — %)% 5 %)

Now we obtain

1 "
Le(f;%) =f (0 (1 +x) + ;rkx" (fi ) = @) ) + L (¢ (1) (t — %) %)
which yields
] "
kAL (f; 0) — f (0} = kxif (x) + J;X" (fi ) = ) f () + kL (¢ () (t — %) %) . (23)

Then we obtain

1 , M, .
kL (%0 = F () = 5 (7 ) =2 () )| = Mikw + —=xic+ k L (& () (t — %)% X) | (24)

where My = |[[f llg0,1; and My = Hf” ” ol Applying the Cauchy-Schwarz inequality for the third term on the right-hand
’ B[0,1
side of (24), we get

1/2

k| (¢ (0 (6 = 075 %)| < (L (62 ©5 %)) - (1L (€ = 0%5 %)) (25)
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Let ny (t) = qﬁf (t). In this case, we show that 7, (x) = 0 and ny (.) € Cy [0, 1]. From Theorem 2,

stw — lim L (67 (6) 5 X) = sty — lim L (7 (€) 5 X) = ny (x) = 0. (26)

Using (26) and Lemma 13, we obtain

sty — lim KLy (¢ (£) (t —%)*;x) = 0. (27)
Using (27) in (24) and sty — lim x = 0, the proof is complete. O
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