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Perturbed rigid body motions of an elastic rectangle

Julius Kaplunov and Onur Sahin

Abstract. Plane and anti-plane dynamic problems for an elastic rectangle loaded along its sides are considered. Low-frequency
perturbations to rigid body translations are calculated. The derivation involves the solutions of non-homogeneous boundary
value problems for harmonic and bi-harmonic equations. The explicit solution for the harmonic problem for transverse anti-
plane translation is expressed through Fourier series. The bi-harmonic problem corresponding to the longitudinal in-plane
translation is studied in greater detail for an elongated rectangle, which also may be treated using the elementary theory for
plate extension. The derived perturbations incorporate the variations of displacements and stresses over the interior of the
rectangle, including the case of self-equilibrated loading. The latter is obviously outside the range of validity of the classical
rigid body framework.
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1. Introduction

Newton’s second law for a material point is also valid for calculating the accelerations at each point of
a solid of a finite size provided the solid performs a rigid body motion, i.e. its deformation is negligible,
e.g. [1]. This assumption usually appears to be pretty natural at sufficiently low vibration frequencies
but inevitably fails at higher frequencies when internal structure and related resonance phenomena have
to be taken into consideration. In the latter case, Newton’s law can be generalized by introducing a
frequency-dependent anisotropic mass density [2]. The concept of a negative mass appears to be fruitful
for theoretical and experimental investigations of metamaterials, e.g. see [3-7].

At the same time, even over a low-frequency range well below a resonance domain, corrections to rigid
body dynamics seem to be of interest. The point is that the classical set-up excludes the possibility of
incorporating the effects of self-equilibrated loading, internal dissipation, inhomogeneity and deformabil-
ity. Evaluation of all of them is inspired by modern engineering applications, including railway transport.
In particular, the role of self-equilibrated longitudinal forces may be essential for modelling of high-speed
impacts of freight cars, especially those subject to substantial compression, e.g. see [8-10].

Low-frequency perturbations to rigid body rotation and translations are deduced in [11] for dimen-
sional bending and extension of an inhomogeneous viscoelastic bar. For a general linear viscoelastic ker-
nel, the sought for corrections to the convention equations in rigid body dynamics is expressed through
integral-differential operators acting on prescribed end longitudinal and transverse forces and bending
moments. The derived equations allow calculating the variations of displacements along the bar subject
to self-equilibrated loading.

We also mention the papers [11-15] considering almost rigid body motions of stiff components in
strongly inhomogeneous elastic bars. In addition, the deviations from rigid body motions may be relevant
for modelling of robotic and impact systems, e.g. see [16-18].
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Fic. 1. An elastic rectangle

In this paper, we extend the one-dimensional analysis in [11] to two-dimensional plane and anti-plane
problems for an elastic rectangle subject to given stresses along its sides. A typical time scale is assumed to
be much greater than the time elastic waves travel the distance between the opposite sides of the rectangle.
The stresses and displacements are expanded in asymptotic series expressed through the associated small
parameter. As might be expected, the leading order terms in these expansions correspond to rigid body
motions. The first-order corrections to rigid body motions come from the solutions of in-homogeneous
pseudo-static problems (without inertial terms in the partial differential equations in linear elasticity).
Such anti-plane problem has a simple explicit solution in terms of Fourier series as well as the original
time-harmonic problem. Comparison of the exact and asymptotic solutions is presented in the paper for
prescribed stresses of a parabolic variation. At the same time for the plane problem, the correction in
question takes an easy to use the form only for an elongate rectangle, for which the related one-dimensional
plate equations are valid. In the general case, the aforementioned pseudo-static problem may be easily
reduced to a famous bi-harmonic problem, e.g. see [19-21] and references therein. The presentation is
split into two sections corresponding to anti-plane and plane problems. Each of the sections contains
the statement of the studied problem along with its asymptotic solution. The section for the anti-plane
problem also involves a numerical example, whereas one of the focuses of the section concerned with the
plane problem is on an elongated rectangle.

2. Anti-plane problem

Consider the anti-plane dynamic problem in linear elasticity for an elastic rectangle {(x1,x2) : |z1| <y,
|z2| < lo} subject to edge loads, see Fig. 1.
The equation of motion for anti-plane motion of the rectangle may be written as

0i3,i = PU3 ¢t (1)

where w3 is out of plane displacement and o;3 are stress tensor components, ¢ is time and p is mass
density; also the summation convention is applied over the suffix ¢ = 1,2. The boundary conditions are
given by

o13(£l, 2,t) = PE,  oa3(x1, 2o, t) = QF, (2)

where PT = P*(2,,t) and P* = Q% (x1,t) are prescribed loads. The stress components are expressed

through the displacements as

E 8U3 .
033 2(1 + V) axl ) ? ) 4y (3)

where E is Young’s modulus and v is Poisson’s ratio.
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In this section, we consider the low-frequency motions of the rectangle perturbing its rigid body motion
for which ug = const and o;3 = 0. To this end, we specify a small parameter related to the low-frequency
regime as

l
A=—x1 4
Te, <h (4)
where T is a typical time scale and ¢o = \/E/2p(1 + v); for harmonic vibrations with angular frequency
w, T =27r/w and X\ = wly /27cy < 1.

2.1. Perturbation procedure

First, we introduce dimensionless variables

iz t
P = 7 = 5
vi=1. T=7 (5)
and dimensionless quantities
+ +
* 033 * us + P + Q
= —— =, Pr=—— = —. 6
033 X2pc2’ Uz I * X2pc2’ Q5 X2p 2 (6)
Then, the formulae above become
0731+ 00330 = U3 (7)
and
8 *
)\QUTS = 5 )
o 0
)\20_* _ 56U§
23 ay2
with
* _ + * _ +
013’y1:i1 =P, 023‘y2:i1 = Q5 9)

where § =11 /1.
Let us now expand the displacement and stress components into asymptotic series as
uz = uéo) + )\Qu:(,,l) +oee

(10)
o zafg) —&—)\201%) +-, =12

On substituting asymptotic expansions (10) into equation of motion (7), Eq. (8) and boundary conditions
(9), we arrive at leading order boundary value problem

0 0 0
U§3),1 + 5‘753),2 = Ug,lr (11)
with
0 0
01 |y = P 03]y = @F (12)
and

8u§0) —0 8u§0)
oy T Oy

— 0. (13)

It is clear from Eq. (13) that
u =U(r), (14)



160 Page 4 of 15 J. Kaplunov and O. Sahin ZAMP

which is the only leading order rigid body motion for the studied anti-plane problem. Next, we integrate
(11) over the rectangular region taking into account (12) and (14). The result is

L O r 900
/ / Sy + 6 / / T2 dyady

—-1-1 —-1-1

1
[ (8], o, ) o / (], o, ) o
Ea y1=1 y1=— y2=1 y2=—1
1
— [P -P)an+ 6/ (QF — Q7)) dys = 4U.. (15)
Z1
At the leading order
. 1 1
0 =3 | [ -pyam s [ @ -enyan . (16)
1 1
which corresponds, as expected, to Newton’s second law
1 lg ll
MUy = 7 / (P+ — P_) dzy +6 / (Q+ — Q_) dzy |, (17)

where m =1 s p.
At next order, Egs. (7)—(9) take the form non-homogeneous harmonic problem given by
1 1
Puy) 5% o

Y3 dy3 (18)

with
ou él)
0ya

8u§1)

_ N=*
o -t (19)

=P 9
y1=+1 ya==%1
For the sake of simplicity, we now assume that P are even in y, and QF = 0. In this case, the solution,

uglc), of homogeneous equation (18) subject to boundary conditions (19) is

ugc (Y1, Y2, T Z (A, cosh B, 0 y1 + By, sinh 3, d y1) cos 3, Y, (20)

with G, = nm and the coefficients An and B,, given by

1

Ap = 5o | (PF = PC o

" 28,6sinh 3,0 / ( . ) cos Bnyadys (21)
-1

and
1
B = Shgeotips | P : 99
" Qﬂn&;oshﬂné/( « T 5 )COSﬁnyzdyg (22)

On the other hand, the particular solution of equation (18) subject to homogeneous boundary conditions
(19) may be written as

Ué;) = a1y; + asoy1 + as. (23)
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On substituting it into (18) we have
1

/ (P — P7) dys. (24)

-1

a1 =

| =

Solution (23) should also satisfy boundary condition (12), yielding

1
1
w=7 [ (P74 P d (25)

-1
In order to find coefficient as, we proceed to a higher order, having from the formulae above
(1) (1) (1)

0131+ 5023,2 = U3 ;7 (26)
and (1) (1)
013 yi==+1 Oa3 |y2:j:1 =0 (27)
along with
0
Ug?)) y1==+1 = P*i (28)
where ugl) = uglc) + ug;). Integrating (26) over the rectangular area and applying boundary conditions
(27), we get
11 1
//ug?dyldyg + Q/ugi,)dyl =0. (29)
S1-1 -1

It readily follows from (20) that the repeated integral in (29) vanishes. Then

1
1

24
21

as = (PF = P7) dys. (30)

2.2. Example

Consider time-harmonic uniform loading in the form
PE =A% (1—a3/13) e ™ (31)

with A* = const. Time harmonic factor e~** is omitted below. Now, (16) gives

AF — A7
ul® = _ - (32)

where AT is scaled as in (6). Also, the coefficients in complementary solution (20) become
~ 2c0s B (A + A7) ~ 2c0s B,(AF — A7)

An = 5 n — 33
§ 32 sinh 3,6 33 cosh 3,0 (33)
In addition, the coefficients in the formula for the particular solution take the form
AF — A7 AT+ A7 Ar — A7
a; = 2F O a2:g ag = — (34)

6 ’ 3 ’ 18
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Asymptotic Solution - ----

Exact Solution

—0.72

—0.74

—0.76

0.2

F1G. 2. Comparison of asymptotic (35) and exact (85) formulae for u5(0,0) at Af = —A; =l and § =1

Hence
A — AT 1 /A — A A — AC
2 e T 2 [ 2B T 2 At Ay o o D
2 Scoshh ((Af = AD)eoshBdyr (AT + A7)sinh fudyn
om3 — n3 sinh 3,0 cosh 3,0
X €oS Bpy2) + - . (35)

It can be easily verified that the last two-term asymptotic behaviour is identical to its counterpart
following from exact solution (85) presented in “Appendix”.
The acceleration at the centre, in this case, takes the form

AF — A7 AF — A* cos B3, Af — A
_ 2 * * n * * .
a=hw ( 3 + X ( 18 67r3 z:: sinh 3,6 ) + ) (36)
leading to a correction to the classical rigid body dynamics expressed as
82
whereas before m = [ I p,
A A~
F= 3 (38)

and

53 cos By,
k= ( 67r3 Z n3 sinh 3,0 ) (39)

Outside the centre, formula (35) is also valid for takmg into account the effect of self-equilibrated low-
frequency loading, when A} = A . Obviously, the classical rigid body model is not applicable in the
latter case.

Below we present numerical results for A7 = —A7 = 1 and § = 1. Figure 2 displays comparison of
asymptotic formula (35) and exact solution (85) for the non-dimensional displacement u} plotted against
the frequency A. It is seen that the asymptotic formula is efficient even for non-small values of frequency.
Figure 3 displays the relative errors ¢ for the leading order (u} = ugo ) and next order (uj = us )4 22y, (1))
approximation with respect to the exact solution.
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20 |
15 |
10 |
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A
FiGc. 3. Comparison of relative errors for leading order (32) and next order (35) approximation at y1 = y2 = 0 for

At =—A; =1landé=1

3. Plane problem

In this section, we investigate in-plane motion of the same elastic rectangle as in the previous section
subject to longitudinal loads at xy = +l;, see Fig. 1. The equations of motion and boundary conditions
are written as

Tijj = PUitt , 47 =1,2 (40)
and
o1 (£, 20, t) = P, oa(2ly, 0,t) =0,  ogi(x1, +l,t) =0, i=1,2 (41)
with
E(1-v) Ev
T AT T A -2
Oij = ﬁ(um + Uj’i)7 1#£j=1,2 (42)

where P+ = P+ (22,t) are again assumed to be even in xs.

3.1. Perturbation procedure

As above, we adopt the same small parameter A defined by (4) and use the scaling

+
Oij « Uj; n P

xZ; t . o

yi_za T_T7 Uij_>\2p637 u; = ll’ * _)\QPC%’

which is similar to (5) and (6). In order to consider the low-frequency motions of the rectangle, the small
parameter defined in (4) is employed. Formulae (40) and (42) can be rewritten as

1,7 =1,2, (43)

* * %
o711+ 00750 = Uy 17,
* 44 * % (44)

012,1 022,20 = U2 77
and
2 % 2 % 2 *
Aol = K ul; + 0 (K7 —2)uj,,
2 _x * *
AN0jy =0uj o+ us g,
2 % 2 % 2 *
No39 = 0K U3 5 + (k° —2) uj 4 (45)
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where 2 = 2(1 —v)/(1 — 2v).
Let us now expand the displacement and stress components into the asymptotic series

*
u; = U

© 22,0 4
W N ¢

*
o5 =0

o =0+ 20 4 i#j=1,2 (46)

)

On substituting expansions (46) into equations (44) and (45), we arrive at leading order to the boundary
value problem given by

(0)
0'11 1t 50’12 2 = Ul 175

0 0 0
U§2)1 + 5‘752)2 = “g ) (47)
with
0)
"{2 'Ll/g 1 ( ) ) = 0;
) u&O% + u(Oi
0)
6 gy + (k7 > =0, (48)
and
o =P*, o) =0 o =0, i=1,2 19
011 S 1 012 =t ) 02 - y L y & (49)
From Egs. (481) and (483), we obtain
0 0
ug,f = ué,% =0, (50)
resulting in
u = (e, ), =y (g, 7). (51)
Substituting (51) into (483), we have
WO =U(r), i=1,2, (52)

corresponding to rigid body translation of rectangle. Thus, Eqgs. (471) and (472) become
U§2)1 + 5012 2 = Urr,

Ugg)1 + 5022 9 =Uzrr. (53)

Integrating (531) over the rectangular region, we derive

11 11
9o (0) 80(0)

// Al ———dy1dy +5// 2 dyodyy

o o ) 0y

(0)
11
Yy

— 0
y1=1

/ (P:_ - P*_) dy? = 4U1,T‘r- (54)
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Similarly, integrating (532) and applying the last boundary conditions in (49), we arrive at Us(7) = 0.

Thus,
1

1

=5 [ (Pr =P (59
1

which corresponds to Newton’s second law, similarly to Eqgs. (16) and (17).

At next order, we have a pseudo-static boundary value problem given by

82u(1) 82’11,(1) 82’11,(1) 1
2 1 2 1 2 2 + -
15 Lok -1 —f/P*—P* dys,
Oy? 0y3 ( Voo ~ 1 ( ) dv:
82u(1) 62’11,(1) 62u(1)
PRI 2+ 2 4 5(k2 -1 L — 56
dy3 dy? ( )3y18y2 (56)
with
5 (1) (1) -0
Uy o+ U g - ,
5 (1) (1) -0
Uy 5+ U g — ,
5 K2 uglg + (/<;2 -2) ugli =0,
’ lys=%£1
K2 u(lli +0 (/i2 -2) uélg = P*i. (57)
y1=%1

This elliptic problem for a rectangle may be reduced to a bi-harmonic equation which received a lot
of attention in numerous publication, see [19-21] and references therein. At the same time, its solution
cannot be expressed in a simple explicit form.

3.2. Elongated rectangle

In what follows, we restrict our analysis to an elongated rectangle for a small parameter n = 6~ '. In this
case, we consider only outer expansion ignoring the inner one corresponding to localized near the edges
y1 = £1, e.g. see [22-24]. First, we specify scaled displacements v;, i = 1,2, as

1 1
v U
)= [ (e -p) s =02 [(pr P (58)
—1 —1

Then, we get a boundary value problem given by

2 2 2
5v1+n2(526 Ul‘l*(liz*l) 07vs 1)_07

dy3 oy? dy10y>
32112 821}1 82’02

K2 + (k-1 2 =0 59
o3 ( )6y18y2 g o3 (59)

with
2
V1,2 + N U2,1’y2:i1 =0,

2
v12 +1 U2,1|y1:i1 =0,
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(HQ —2)v11 + K2 v2,2|y2:i1 =0,
4pF
K2 v1,1 + (KJ2 — 2) v2’2’y1::|:1 =3 . (60)
[ (P —Po)dys

—1

We are looking for the solution of (59)—(60) in the form

w=l® o b, L2 @
At leading order
52,0 52,0 920©
’U12 = 0’ KJQ U22 + (KAQ - 1) vl - 0 (62)
3 0y3 y10y2
subject to
PO PRO) ERC) 9p©)
801 _ 8“1 —0, (x2-2) ;1 T K2 ;2 =0 (63)
92 yo==%1 v y1==1 n v y2==1
and ©) 0)
0 0 +
4P,
/{2 3111 + (HQ o 2) 87}2 — * . (64)
o dy2 | ot -
y1==+1 f (P* *P* )dyQ

1
The sought for symmetric solution of the boundary value problem (62)—(63) takes the form

2
) k*—2 0V
= — 65
Vo (65)
where V' is an unknown function. Then, using Saint-Venant’s principle [23,24], boundary conditions (64)
can be written as

’U£0) = V(yh T)7 vgo

oV 2
- r / PEdys,. (66)

o
lu=1 92 1) [ (PF = PO)dyeh

At next order

1 0 0
821)§ ) +K2820§ ) L (K)2 _1) 82115 ) _1
dy3 oyt dy10ys (67)
3211(1) an(l) 621}(0)
2 2 4 (112 o 1) 1 2 — O
y3 0y10Y2 oy3
with
61)51) 81)50) _ 0
oy oy =0
Y2 1 —
ovt) | oy =0 (68)
Yo Oy —
1) (1)
(H2—2) aavl —‘1-/‘{,2 68,02 :0
Y1 Y2 —
and (1) (1)
ovlt ovl!
2 00y 2 2
—— + (k" =2 =0. 69
o ( ) s (69)
y1=%1
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On substituting formulae (65) into Eq. (671) and boundary condition (681), we obtain
02V K>

dy? A2 1) (70)
Its solution is
I§12 2
Viy.7) = &Ty_ll) +biys + by (71)
with
1
2
by = " / (PF + P) dya, (72)
4K2=1) [ (P = Po)dya 1
21
see (66).

In order to determine the coefficient, by, we proceed with a higher-order approximation for stresses.
Starting from (44) and (58), we have

1 I 1
U%l),l + EJ§2),2 = “g,lr (73)

with

= 0. (74)

g =
12
yo==+1

In the above, u§1) may be expressed in terms of V according to (58) and (65). Integrating Eq. (73) over

the rectangular region and using boundary condition (74) together with

1
/ eWdy, = 0 (75)
21
coming from Saint-Venant’s principle finally result in
Kyt ' +
— =+ — P — P )dy, =0. 76
(24(/{2—1)+ 2y1>087_2/(* *>y2 ( )
-1
Thus,
)2
by = ———5——. 7
T (k2 - 1) (77)

3.3. 1D problem for plate extension

The problem in this section can be also considered within the framework of 1D theory for plate extension
[22]. The related equation of motion and boundary condition are written as

E d*u 9
——— 5 tpwu=0 (78)
1—v2dax?
and
Uy

2El1 du

Y = / A*das. (79)
v xl Iliﬂ:ll

I

In the expression for stress resultant AT = P*e™?! the exponential factor is omitted.
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04 Asymptotic Solution - - - - -

Exact Solution

0.3

0.2

0.1 |

1
A

FiG. 4. Comparison of asymptotic (84) and (88) displacements at y1 = 1, Af = Ay =1 and v = 0.25

Specifying the scaled quantities

+
% J11 « u + A
011 )\Qpc% ’ u ll ’ * )\2PC§ ( )
and asymptotic expansions
w =@ 4 22 M 1)

ofi =0y + Xy

the solution of problem (78) with (79) can be obtained in a very similar manner as above. It is given by

1
1
u® =~ [ (a7 - A7) dye, (52)
1
and
1 ; 0)
ut) = 1 a2+ % (AF + A7) dys + UT , (83)

1
where all the coefficients can be obtained from (71), (72) and (77). Therefore, expansion (81) for longi-
tudinal displacement u coincides with the earlier derived approximation for wu;.

For uniform loading (AF = const), we have from (80) and (83)

1 2 (A - A7 Af — A7
W= (AT - AD) XD (S (A ATy - T ) (84)
2 2 2 6
Numerical comparisons with the full solution of the studied 1D problem, see “Appendix”, are presented
in Figs. 4 and 5 for v = 0.25 at y; = 1. Both self-equilibrated (A} = A7 = 1) and non-self-equilibrated

(Af = —A; =1) types of loading are analysed.

4. Conclusions

The first-order low-frequency corrections to rigid body translations of an elastic rectangle are derived
for a class of prescribed stresses applied to its two opposite sides. They take into consideration the
deformations of the rectangle and allow calculating the variation of stresses and displacements over its
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*

u

—0.88 | Asymptotic Solution - ---- 7

Exact Solution /
—0.9 | /A

—0.92 2 B
—0.94 B
—0.96 | |

—0.98 1

0.2 0.4 0.6 0.8 1

FiG. 5. Comparison of asymptotic (84) and (88) displacements at y; = 1, AT = —A; =1 and v = 0.25

interior, including the case of a self-equilibrated loading, which cannot be treated within the classical
rigid body model.

The obtained corrections are determined by solving inhomogeneous pseudo-static problems for a rec-
tangle, for which inertial terms in the equations of motions are omitted. For the anti-plane problem,
the correction takes an explicit form, e.g. see refined formula (37), in which the coefficient at 9?F/ot?
is expressed through the rapidly convergent series (39). For the plane problem, explicit results are only
available for an elongated rectangle, which may be also analysed using the elementary theory for plate
extension, see Sect. 3.2. Although the static plane problem has no closed formed in the general set-up, it
can be reduced to the well-known bi-harmonic problem, e.g. see [19-21].

The developed perturbation techniques may be easily extended to an arbitrary set of stresses applied to
the sides of a rectangle, including the stresses resulting not only in rigid body translations but also in rigid
body rotations. For an elongated rectangle, corrections to in-plane rotations may be also deduced from
the Kirchhoff theory for plate bending, similarly to [11], which also considers the effects of inhomogeneity
and viscosity. Finally, the developed methodology seems to have a potential to be implemented for three-
dimensional solids and more general geometries.

5. Appendix
5.1. Anti-plane problem for rectangle

Time-dependent dimensionless solution of problem (1)-(3) at Q* = 0 and P* given by (31) is written as

oo
uz(y1,y2) = Cocos Ayy + Dosin Ay + Z (Cy, cosh oy, y1 + Dy, sinh v, Y1) cos By, ya (85)
n=1
where . .
20+ v)(AT — A7) 20+ v)(AT+ A7)
= — D -
Co 3N E sin A ’ 0 3N\ E cos A ’ (86)
and

41 +v)cos B, (AT — A7) 41+ v)cos B, (AT + A7)
n — 5 Dnzf 5 :1,2,
¢ E «, 32 sinhay, Eay, 32 cosh o, " 3 (87)

with a,, = /0232 — A2 and (3, = nm. In the above u} = ug/ly and y; = z;/l;, i = 1,2.
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5.2. Plate extension

The solution of problem (78) and (79) is given by

u* = C cosyAy; + D sinyAy; (88)
where
1 1
C=- / L) dy D:L/ (AF+AD)dy (89)
4 siny A > 4 cosy A >
e 2

with u§ = uz/l; and y1 = 21/1;.
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and institutional affiliations.
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