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1. Introduction

The idea of statistical convergence was introduced by Fast [1], which is closely related to the concept of natural density
or asymptotic density of subsets of the set of natural numbers N. Let K be a subset of N. The natural density of K is the
nonnegative real number given by § (K) = lim,_ % [{k < n: k € K}| provided the limit exists, where |B| denotes the
cardinality of the set B (see [2] for details). Then, a sequence x = {x,} is said to be statistically convergent to a number L if
for every e > 0,

S({keN:|x,—Ll >¢})=0.

This is denoted by st — lim_, o, X, = L (see [1,3]). It is easy to see that every convergent sequence is statistically convergent
but not conversely.
If x = {x,} is a number sequence and A = {a;} is an infinite matrix, then Ax is the sequence whose jth term is given by

o0
A (x) = Z QjteXe

k=1
provided the series converges for each j € N. Thus we say that x is A-summable to L if

lim A; (x) = L.
Jj—o0

We say that A is regular if lim;j_, Aj(x) = L whenever limy_.. Xx = L. The well-known necessary and sufficient
conditions [4] (Silverman-Toeplitz) for A to be regular are

(R1) [|A]l = sup; 322, [aje| < oo,
(R2) lim;_,  ajx = O foreach k € N,
(R3) limj;)oc Zlfil ajk =1.
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Freedman and Sember [5] introduced the following extension of statistical convergence. Let A = {aj} be a nonnegative
regular matrix. The A-density of K is defined by

o0
84 (K) = Jl_lglo Z ajk xx (k)
k=1

provided the limit exists, where xy is the characteristic function of K. Then the sequence x = {x;} is said to be A-statistically
convergent to the number L if, for every ¢ > 0,

a({keN:|x—Ll>e}) =0
or equivalently

lim > a=0.

17 e xe—LIze

We denote this limit by st4 — limy_, oc xx = L (see [5-7]). The case in which A = C;, the Cesaro matrix of order one, reduces
to statistical convergence, and also if A = I, the identity matrix, then it coincides with the ordinary convergence.

Recently, the idea of statistical (C, 1)-summability was introduced in [8], statistical (H, 1)-summability in [9] by Moricz,
and statistical (N, p)-summability by Moricz and Orhan [10]. Then these statistical summability methods were generalized
by defining the statistical A-summability in [11].

Now we recall this convergence method.

Definition 1.1. Let A = {aj} be a nonnegative regular matrix and x = {x,} be a sequence. We say that x is statistically
A-summable to L if for every ¢ > 0,

s(fieNn: A —L| >¢}) =0,

ie.,
lim 1|{j5 n:|Ax—L >e}|=0.
n—oon
Thus x = {x;} is statistically A-summable to L if and only if Ax is statistically convergent to L. In this case we write

(A)ge — limy_, o X, = Lor, st — limj_, oo Aj(x) = L.

Using Definition 1.1, we see that, if a sequence is bounded and A-statistically convergent to L then it is A-summable to L
and hence statistically A-summable to L. However, its converse is not always true. Such examples were given in [11].

We note that the use of statistical convergence in approximation theory has been shown to be effective than the classical
methods (see, for instance [12-16]). On the other hand, most of the classical approximation operators tend to converge
to the value of the function being approximated. However, at points of discontinuity, they often converge to the average
of the left and right limits of the function. In fact, there are some sharp exceptions such as the interpolation operator of
Hermite-Fejér (see [17]). These operators do not converge at points of simple discontinuity. For such a misbehavior, the
matrix summability methods of Cesaro type are strong enough to correct the lack of convergence (see [18]).

In the present paper, we mainly use the statistical A-summability method in the approximation theory settings. We also
compute the rates of statistical A-summability of a sequence of positive linear operators.

2. A Korovkin-type approximation theorem

We denote by Cy [a, b] the space of all continuous functions on [a, b] and bounded on the entire line, that is
If @] <Kf, —o00<x< o0,

where K; is a constant depending on f. Also by B[a, b] we denote the space of all bounded functions on [a, b]. This space is
equipped with the supremum norm

Ifllga,p; = sup If %), (f € Bla,b]).
x€la,b]
Let L be a linear operator from Cy [a, b] into B[a, b]. Then, as usual, we say that L is a positive linear operator provided

that f > 0 implies L (f) > 0. Also, we denote the value of L (f) at a point x € [a, b] by L (f (u) ; x) or, briefly, L (f; x).
Throughout the paper, we also use the following test functions

=1 eX=x e =x.
First we recall the classical and statistical cases of the Korovkin-type results introduced in [19,20], respectively.
Theorem 2.1. Let {L,} be a sequence of positive linear operators acting from Cy [a, b] into B|a, b]. Then, for all f € Cy [a, b],
lim |[Lg (f) — fllpge) = O
k— 00
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if and only if
lim Ly () — eillgjqpy =0, (i=0,1,2).
k—o00

Theorem 2.2. Let {L;} be a sequence of positive linear operators acting from Cy [a, b] into B|a, b)]. Then, for all f € Cy [a, b],
st — lim |[Lg () — fllggp; =0
k—o0
if and only if
st — lim ||Lx (e;) — eillgjqp) =0, (i=0,1,2).
k— o0

Now we have the following main result.

Theorem 2.3. Let A = {aj} be a nonnegative regular matrix and let {L} be a sequence of positive linear operators acting from
Cu [a, b] into Bla, b]. Then, for all f € Cy |a, b],

o0
st—lim | auli () —f| =0 (2.1)
! k=1 Bla,b]
if and only if
(o]
st—lim | > apli(e) = (| =0, (i=0,12). (22)
! k=1 Bla,b]

Proof. Since each e; (x) € Cy [a, b], (i = 0, 1, 2), the implication (2.1) = (2.2) is obvious. Now, to prove the implication
(2.2) = (2.1) assume that (2.2) holds. Let f € Cy [a, b] and x € [a, b] be fixed. Since f is bounded on the entire line, we can
write

If @) <H, —o0<x<o0. (2.3)

Also, since f is continuous on [a, b], we write that for every ¢ > 0, there exists a number § > Osuch that |[f (y) —f (x)| < ¢
holds for all y € [a, b] satisfying |y — x| < §. Hence, we get

2H
52
for all y, x. Using the linearity and the positivity of the operators {L;} and (2.4), we get, for any j € N that,

FO-—f®l <e+ —-x)° (2.4)

Z ALy (f; x) — f (%)
k=1

< Y@ (If 0) = F 150 + If @)
k=1

o0
Z ajxLy (eo; x) — eg (X)
=

< Eajkl-k (8 + 2 v —x?%; X) +1f 0] ;ijlk (€05 X) — €p (X)
( o0 2H o0
<e+(¢+H) ;ajkLk (e0; x) —ep ()| + 2 ;ajklk (v — x)%; X)
2HE? | &
<e+ (8+H+ 672> kZ]:ajkLk (€03 X) — €o (X)

4Hc | & oH
K ; ALy (e1; X) — eq (X)| + =

o0
> aili (623 %) — €2 (%)
k=1

where ¢ := maXye[q,p] |X|. Then taking the supremum over x € [a, b], we have

o0 o0
Z axLy (f) — f <e+B [ Z ajxLy (ep) — €g
k=1 Bla,b] k=1 Bla,b]
o0 oo
+ Z aiLy (e1) — e; + axLy (e2) — €3 } (2.5)
k=1 Bla,b] k=1 Bla,b]
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where B := max [e 4+ H 4 2 e 2H ] Now, for a given r > 0, choose ¢ > 0 such that ¢ < r. Then, it follows from (2.5)

820 82052
that
. & . o
j=no| Y aule () = f =r Jj=n:| > aple (eo) — o > 5
k=1 Bla,b] k=1 Bla,b)
n - n
o0 o0
Jn > aply (e1) — ey > 55 J<n:||X aply (e2) — e > Lt

k=1 Bla.b] k=1 Bla,b]

+ + )
n n

Then using the hypothesis (2.2), we get

{jsn:
lim

n— 00 n

’io: aiLy (f) — f
k=1

>r
Bla,b]

for every r > 0. The proof is complete. O

Remark 2.1. Let A be the Cesaro matrix, i.e.,

1

-, 1<k<j,
Ak = j
0, otherwise,
and let

(1. ifkisodd,
%k =1-1, ifkiseven.

(2.6)
Observe now that, A = {aj} is a nonnegative regular matrix and for the sequence o := {}
st — lim Aj(a) = 0.
Jj—oo
However, the sequence {«;} does not converge in the usual sense. Then, consider the following Bernstein-Kantorovich
operators:

k k n/(k+1)
Uy (F; %) = (k+1>2( )x” (1 —x)"*”/ f (ot
n=0 n (n+1)/(k+1)

where x € [0, 1],f € Cy [0, 1] and k € N. Using these polynomials, we introduce the following positive linear operators on
Cu [0, 1]:

T (f;0)=0+a) U (f;x), x€][0,1], f € Cyl0,1] (2.7)
where o = {o} is the same as (2.6). Then observe that

T (€05 X) = (1 + o) €g (X)

k 1
Tutein = (0@ 5+ 550)

kk—1) 2kx 1 :|
+ )
k+1D?  (k+1D?* 3k+1)2

Since st — lim;_, o, Aj(a) = 0, we conclude that

Tic (e2:%) = (14 an) |:€2 )

=0, on|0,1] foreachi=0,1,2.

o0
st — lim | Y aTi (e) — (e)
k=1 B[0,1]

Jj—o0o

So {T}} satisfy all hypotheses of Theorem 2.3 and we immediately see that

=0, on|0,1] forallf € Cy[O0,1].

st — lim | Y aiTe () — ()
k=1

Jj—oo

B[0.1]
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However, since {o} is not convergent and A-statistical convergent to 0, we can say that || Ty (e;) — (&;)lp(0,1; is not convergent
and A-statistical convergent to zero for eachi = 0, 1, 2. So the classical Korovkin theorem (Theorem 2.1) and the statistical
Korovkin theorem (Theorem 2.2) do not work for our operators defined by (2.7).

3. Rate of convergence

In this section, using statistical A-summability we study the rate of convergence of positive linear operators with the help
of the modulus of continuity.

Definition 3.1. Let A = {a;} be a nonnegative regular matrix. A sequence x = {x} is statistical A-summable to a number L
atarateof 8 € (0, 1) if for every ¢ > 0,

i I{an:IAjfx>—lee}| _
n—00 nl-8

In this case, it is denoted by

x—L=0o(n") (Ay).
Using this definition, we obtain the following auxiliary result.

Lemma 3.1. Let A = {aj} be a nonnegative regular matrix. Let x = {x;} and y = {yi} be bounded sequences. Assume that
xe—Li=0(n"1) ((A)y) andyx — L, = o (1772) ((A)y). Let B := min{B;, B;}. Then we have

(i) G — L) F e—L) =0 (n?) ((Ayg)
(ii) A ( — L1) = 0 (n™1) ((A)y), for any real number A.
Proof. (i) Assume that x;, — L1 = o (n™71) ((A)y,) and yx — L, = o (n7#2) ((A)y). Then, since # := min {B;, B2}, fore > 0
observe that
fi=nla®-L)FA®-b)[ze}| [fisn:|a0-L|=5}[+[li<n:|40)-b|=>3}|
ni-# = ni—p
fi=n:fae-nf=35}  Hi=n:|40 -b|=> 5}
< + .
- nl-A nl-A2

(3.1)

Now by taking the limit as n — oo in (3.1) and using the hypothesis, we conclude that

i W= A0 -L)F @0 -L)[=¢)]

n— 00 nl-8

which completes the proof of (i). Since the proof of (ii) is similar, we omitit. O

Now we recall the concept of modulus of continuity. For f € Cy [a, b], the modulus of continuity of f, denoted by w (f; 8),
is defined to be

o (f;8) =sup{lf ) —f@|:y,x€labl,ly—x <38} (5>0).
It is also well known that, for any A > 0 and for all f € Gy [a, b]
of;28) <A+ [ADo ;)

where [1] is defined to be the greatest integer less than or equal to A.
Then we have the following result.

Theorem 3.2. Let A = {a;} be a nonnegative regular matrix and let {L} be a sequence of positive linear operators acting from
Cu [a, b] into B[a, b]. Assume that the following conditions hold:

(i) 1Lk (o) — €ollgapy = 0 (7#1) ((A)g) on [a, b],
(ii) @ (f; 1) = 0 (n™72) ((A)y) on[a, b] where y; == \/ >0 aiclk (9) ||B[a’b] with @ (y) = (y — x)2.
Then we have for all f € Cy [a, b]
Lk (F) = Fllgay = 0 (n7)  ((A)g) on [a, b]
where 8 := min {1, 8,}.
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Proof. Let f € Cy[a, b] and x € [a, b] be fixed. Using (2.3), the properties of w, and the positivity and monotonicity of L,

we get, forany 6§ > 0 andj € N, that

Do a0 —f @) < Y@l (f ) —f @150 + 1 1| Y auli (e0; %) — €0 (0
k=1 k=1 k=1
=D ai (w (f; s ;"') ;x) 1 O | Y akc (e0: %) — eo (x)
k=1 k=1

<> i ((1 + ['yg"'D ;x) 0 (F18) + H |3ty (e0: %) — €0 (0
k=1

k=1
<> il ((1 + T) ;x) (8 +H | aile (e0: X) — eo (¥
k=1 k=1
o0 -l [ee] o0
< Z ajLy (eo; X) + 52 Z ajeLy (0; %) | (f; 8) + H Z apcLy (eo; X) — eg (%)
k=1

k=1 k=1

IA

k=1 k=1

Then, taking the supremum over x € [a, b], we get

k=1 Bla,b] Bla,b] k=1

> aili (0; X) — €0 ()| @ (3 8) + @ (F; 8) + H | Y ael (e0; x) — €0 ()| + % > ke (95 %)

k=1

Z aiL (f) — f < Z apLy (e0) — € w(:;8) +2w(f;8) +H Z axLy (eo) — €g (3.2)
=1

Bla,b]

where § = y; == \/|| > e ailk (@) ||B[a ,- Hence, given e > 0, it follows from (3.2) and Lemma 3.1 that

o0 o0
jsn | Y apl (f) —f >e¢ j<n|| Y aple (eo) — eg >3
k=1 Bla,b] k=1 Bla,b]
nl-# - nl-p1
i c
. ) j=<n: ajkLy (e0) — eo > =
+|{J§"3w(f?)’j)2\/§}|+|{JS”¢w(f§7ﬁ)2§}|+ k=1 Basl (33)
nl-p2 nl—82 m—F1 .

where 8 := min {8, 8,}. Letting n — oo in (3.3), we conclude from (i) and (ii) that

> &

j<n: ‘kiajklfk(f)_f
=1

3 lim Pla.bl
nl-#

n—oo

which means

ILk F) = Fllga; = 0 (1F)  ((A)g) on [a, b].
The proof is completed. O

References

[1] H. Fast, Sur la convergence statistique, Colloq. Math. 2 (1951) 241-244.

[2] L Niven, H.S. Zuckerman, H. Montgomery, An Introduction to the Theory of Numbers, 5th ed., Wiley, New York, 1991.

[3] J.A. Fridy, On statistical convergence, Analysis 5 (1985) 301-313.

[4] J. Boos, Classical and Modern Methods in Summability, Oxford University Press, New York, 2000.
[5] AR. Freedman, ].J. Sember, Densities and summability, Pacific ]. Math. 95 (1981) 293-305.

[6] J.A. Fridy, H.I. Miller, A matrix characterization of statistical convergence, Analysis 11 (1991) 59-66.
[7] E.Kolk, Matrix summability of statistically convergent sequences, Analysis 13 (1993) 77-83.

[8] F. Moricz, Tauberian conditions, under which statistical convergence follows from statistical summability (C, 1), J. Math. Anal. Appl. 275 (2002)

277-287.

[9] F. Moricz, Theorems related to statistical harmonic summability and ordinary convergence of slowly decreasing or oscillating sequences, Analysis 24

(2004) 127-145.

[10] F. Moricz, C. Orhan, Tauberian conditions under which statistical convergence follows from statistical summability by weighted means, Studia Sci.

Math. Hungar. 41 (4) (2004) 391-403.



K. Demirci, S. Karakus / Mathematical and Computer Modelling 53 (2011) 189-195 195

[11] O.H.H.Edely, M. Mursaleen, On statistical A-summability, Math. Comput. Modelling 49 (2009) 672-680.

[12] O.Duman, M.K. Khan, C. Orhan, A-statistical convergence of approximating operators, Math. Inequal. Appl. 6 (2003) 689-699.

[13] O.Duman, C. Orhan, Statistical approximation by positive linear operators, Studia Math. 161 (2004) 187-197.

[14] O.Duman, E. Erkus, V. Gupta, Statistical rates on the multivariate approximation theory, Math. Comput. Modelling 44 (2006) 763-770.

[15] E.Erkus, 0. Duman, H.M. Srivastava, Statistical approximation of certain positive linear operators constructed by means of the Chan-Chyan-Srivastava
polynomials, Appl. Math. Comput. 182 (2006) 213-222.

[16] M.A. Ozarslan, O. Duman, O. Dogru, Rates of A-statistical convergence of approximating operators, Calcolo 42 (2005) 93-104.

[17] R. Bojanic, F. Cheng, Estimates for the rate of approximation of functions of bounded variation by Hermite-Fejér polynomials, in: Proceedings of the
Conference of the Canadian Mathematical Society, vol. 3, 1983, pp. 5-17.

[18] R.Bojanic, M.K. Khan, Summability of Hermite-Fejér interpolation for functions of bounded variation, ]. Natur. Sci. Math. 32 (1992) 5-10.

[19] P.P. Korovkin, Linear Operators and Approximation Theory, Hindustan Publ. Co., Delhi, 1960.

[20] A.D. Gadjiev, C. Orhan, Some approximation theorems via statistical convergence, Rocky Mountain J. Math. 32 (2002) 129-138.



	Statistical  A -summability of positive linear operators
	Introduction
	A Korovkin-type approximation theorem
	Rate of convergence
	References


