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1. Introduction

The concept of convergence of a sequence of real numbers has been extended
to statistical convergence by Steinhaus [13] and Fast [5]. If K is a subset of the
natural numbers N, K,, will denote the set {k <n:k € K}, and |K,| will de-
note the cardinality of K. The natural density of K [12] is given by § (K) :=
lim,, }L | K|, if it exists. The number sequence x = (xy) is statistically conver-
gent to L provided that for every e > 0 the set K (¢) :={k € N: |z}, — L| > ¢}
has natural density zero [5]. Hence x = (xy) is statistically convergent to L
if and only if (CiXf(c))n — 0, (as n — oo, for every € > 0), where C; is the
Cesaro matrix of order one and X (. is the characteristic function of the set
K (¢).

The concept of weighted statistical convergence was defined by Karakaya
and Chishti [7]. Recently, Mursaleen et al. [11] modify the definition of weighted
statistical convergence. In [6] Ghosal showed that both definitions of weighted
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statistical convergence are not well defined in general. So Ghosal modify the
definition of weighted statistical convergence as follows:

Definition 1.1. Let {p,},.y be a sequence of nonnegative real numbers such
that p; > 0, liminf,, .. p, > 0 and P, = ZZ=1pk where n € N, P, — oo as
n — oo. The sequence x = (z) is said to be weighted statistically convergent
(or Sy-convergent) to L if for every & > 0,

n—oo P

1
lim — {k < P, :pglex — L| >} =0.

In this case, we write stzy — lima = L and we denote the set of all weighted
statistically convergent sequences by S

Remark 1.1. If pp, = 1 for all k, then weighted statistical convergence is reduced
to statistical convergence.

Ezample 1.1. Let x = (xy) is a sequence defined by

B [VE, ifk=n? neN
v = (o) = { 0,  otherwise.

Let pp =k (k=1,2,...). Then

Since

n—oo

1 1
lim — {k < P, :pglexy — 0] > e} < lim —+/P, =0.
Pn n—0oo Pn
So (xx) is weighted statistical convergent to 0 but not ordinary convergent.

In [6] Ghosal showed that both convergence which are weighted statistical
convergence and statistical convergence do not imply each other in general.

2. Weighted Equi-Statistical Convergence

Let C (D) be the space of all functions f continuous on a compact subset D
of the real numbers. Also, C' (D) is a Banach space with norm

[f[l:= sup |f (x)],  feC(D).
xzeD

Let f and f, belong to C (D).

Balcerzak, Dems and Komisarski [1] introduced the notion of equi-statisitcal
convergence which is stronger than the statistical uniform convergence. First
we recall this concept.
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Definition 2.1 [1]. A sequence (f,) is said to be equi-statistically convergent
to f on D if for every € > 0, we have

d, (.
o 120 G2l

n—o0 n

=0

where

Py, (2,6) ==k <n:|fe(z)— f(z)] =€}
In this case we write f, — f (equi — st).
Throughout the paper, let {p,}, .y be a sequence of nonnegative real
numbers such that p; > 0, liminf, ., p, > 0 and P, = Zzzlpk where n € N,

P, — o0 as n — oo.
Now, we give the following definitions:

Definition 2.2. A sequence (f,) is said to be weighted equi-statistically con-
vergent to f on D if for every € > 0, we have
Qy, (z,¢)

n

lim

n—oo

=0

uniformly with respect to « € D, which means that

12 GOl _

n

lim

n—oo

where
Qn (z,8) = {k < Pp:p|fi () = f(2)] 2 e}].
In this case we write f, — [ (w — equi — st).

Definition 2.3. A sequence (f,) is said to be weighted statistically pointwise
convergent to f on D if for every € > 0 and for each = € D, we have

lim *\{k<P o |fi (2) = f(2)] 2 e} = 0.

TL—>OO

In this case, we write f, — f (w — st).
Definition 2.4. A sequence (f,) is said to be weighted statistically uniform
convergent to f on D if for every ¢ > 0, we have

hm7|{k<Pn pk”fk_f|‘>5}|_0

TLHOO

In this case, we write fn = f (w—st).

Remark 2.1. If pr = 1 for all k, then weighted equi-statistically conver-
gence,weighted statistically pointwise convergence and weighted statistically
uniform convergence are reduced to equi-statistically convergence, statistically
pointwise convergence and statistically uniform convergence, respectively.

The following implications of the above definitions and concepts are triv-
ial.
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Lemma 2.1. Each of the following implications holds true
fn=f (w=st) = fo,— [ (w—equi—st) = f, — f (w—st).

Furthermore, in general the reverse implications do mot hold true. Such an
example is given as follows:

Ezample 2.1 [1]. For each n € N define h,, € C'[0, 1] by

2 (2 - 3w, if © € [5r, oot — gar]
—ontl (x— 1,1), ifxe [zn T fﬁﬂ%l] (2.1)
0, otherwise.
Let pr = (k= ...). Then observe that

1
— < : > < — — — .
Pn {k < Py 2 pi by ()| 2 e}] < p 0 (n — oo)

So h, — h =0 (w—-equi—st) on [0,1]. On the other hand (h,) is not
weighted statistically (or ordinary) uniform convergent to the function h = 0
on the interval [0, 1].

Let (T,) be a sequence of positive linear operators from C (D) into
C (D). Korovkin [9] first noticed that , lim, o ||T5 (f;2) — f (z)|| = 0 for
all f € C(D) if and only if lim, o ||T5 (fi;z) — fi ()] = 0 for ¢ = 0,1,2,
where fo (z) =1, f1 () = x, fo (r) = 22. Korovkin type approximation theo-
rem play a very active role in recent research on summability theory. So many
mathematicians extended the Korovkin-type approximation theorems by us-
ing various test functions in several setups, including Banach spaces, abstract
Banach lattices, function spaces, Banach algebras and so on.

Karakug, Demirci and Duman [8] proved a Korovkin-type approximation
theorem by means of equi-statistical convergence.

Recently, weighted statistical convergence has been used in the Korovkin-
type approximation theory [2-4,10,11]. Then it was demonstrated that those
results are more powerful than the classical Korovkin theorem.

In this paper, we establish a Korovkin type result for a sequence of pos-
itive linear operators acting on C (D) by using weighted equi-statistical con-
vergence. Also, by considering Lemma 2.1 and the above example, we will
construct a sequence of positive linear operators such that while our new re-
sult work, its classical case do not work.

Theorem 2.2. Let (T,,) be a sequence of positive linear operators from C (D)
into C (D). Then, for all f € C (D),

T, (f)—f (w—equi—st) on D (2.2)
if and only if
T (fi) = fi (w—equi—st) on D with f;i(x)=2" (i=0,1,2). (2.3)
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Proof. Let us suppose that the first assertion (2.2) is true. Since each function
fi e C (D), 1=0,1,2, the implication (2.2)==(2.3) follow immediately from
the first assertion (2.2). Now we will prove the converse. Assume now that
(2.3) holds. Let f € C'(D) and = € D be fixed. Let € > 0 be given. By the
continuity of f at the point x, there is a § > 0 such that

lf(t)—f@)<e V[t—z[<d.
Since

1 @) = f @) =1f ) = F @) xp, (&) +1F () = f (@) xp\p, (1)
where Ds = [x — 0,24+ 0] N D and x4 denotes the characteristic function of
the set A. Then we have

£ - @] e+ 23n

for all t € D, where C := ||f|| and A = (¢t — z)*. By positivity and linearity of
the operator T,,, we conclude that

T (f;2) = f ()]
=T (f () ;2) = T (f (2);2) + T (f (2) 5 2) — f (2)]
To (If () = f (@)];2) + [f (@) T (1;2) — 1]

T, ( i 5§A;x) AT (o) — o (@)

S et (o4 O) T (os) = fo (0] + 25T (A52) (24

We can write the term “T}, (A;z)” in (2.4) as follows:
T, (Asz) =T, ((t —2)? ;x)
=T, (tQ;x) — 22T, (t; ) + 22T, (1;2)
< |Tn (tQ;x) - xQ} + 22| Ty () — 2|
—|—$2 |Tn(1;x) _1|' (25)

So we get

T (Fia) = F (2)] < e + (e+ o4 % ||m2H) T (fos @) — fo (&)

4Cc
tz 12l T (Fr32) = fo (@) + 67 T (f252) — fa (@)] -
Because of ¢ is arbitrary, we obtain

T (f52) = f (@) < KA|Tn (fo; 2) = fo ()] + [T (fr52) — fu (@)
+Tn (f2;2) = fa (2)[}
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where K :=e¢+C + 25% [||22|| + 2l=]l + 1]. Hence;
Pe|Tn (f32) = £ ()] < KA{pe |Tn (for @) = fo (@)| + pe |Tn (fr:2) = f1 (2))]
+ 0k | To (f2;2) = f2 (2)]}-

For a given r > 0, choose € > 0 such that ¢ < r and we will define the following
sets:

Qn (z,7) 1 = [{k < Py i pi [T (f32) — f(2)| 2 7},
r
= < : n ; - > ;
Qo (,7) 5 = | {b < Pus pe T2 (os) = fo (@) 2 5}
r
= < : : — >
Qo (2,7) Hk,Pn pr T (f1; ) f1($)|f3K} ;
r
Qo (@7) = [{k < P pe T (fs2) = 2 (@)] > 2}
Then
Qp, (z,7) < Oy (z,7) n Qg (z,7) n Q3. (x,r).
P, Py Py P,
So we have
€2 (5 7)l < 1900 Gl 1920 Gl 192800 I
P, P, P, P,
Thus, by condition (2.3) and considering Definition 2.2 we obtain
Q,
” Gl =0 foreveryr >0
n—>(x> n
which completes the proof. O

We remark that our Theorem 2.2 is stronger than that of classical Ko-
rovkin approximation theorem. For this claim, we consider the following ex-
ample.

Ezample 2.2. Let D = [0,1] and consider the classical Bernstein operators

_ g)f (i) (Z)ﬁu —2)"*, zeln1].

Let pi = Vk. We define the sequence

where h,, (z) is given by (2.1). Note that (h,,) is weighted equi-statistical con-
vergent to h = 0 but it is not uniformly convergent to the function A = 0 on
the interval [0,1]. Then, observe that

Ln (1) =14 hy (z)
L, (t;z) = (14 hy (z))

L, (t*;2) = (14 hy (2)) <x2 + M) .

n
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We have that the sequence (L,,) satisfies the conditions (2.3). Hence by The-
orem 2.2 we have

L, (f;z)— f (w—equi—st) forall feC[0,1].

Since (hy,) is not uniformly convergent to the function h = 0 on [0, 1], the
classical Korovkin theorem does not work for our operators defined by (2.6).
Consequently, Theorem 2.2 is a non-trivial extension of the classical Korovkin
Theorem.

3. A Voronovskaya Type Theorem

In this section, we will show that the positive linear operators L,, defined by
(2.6) satisfy a Voronovskaya type property in the weighted equi-statistial sense.
We first prove the following lemma:

Lemma 3.1. Let € [0,1], pr = VE (k €N) and 0 (y) :=y — x. Then we have
n?L, (94) — 32 (22 — 22 +1) (w—equi—st) on [0,1].

Proof. Using (2.6), a simple calculation shows that
1 .

n?L, (94; z) = (1+ hy (2)) {3:E4 —62° + 327 + — (=62 + 122 — T2® + x)} .
n

Then we get

|n°L, (6% 2) — 327 (2 — 22 + 1)| < 12h, (z) + M, (x €10,1]).

From Example 2.2, we have
26 26h,
—+

12h, + —0 (w—-equi—st) on [0,1].

So we get
n?L, (94) — 32 (2* — 22 +1) (w—equi—st) on [0,1].
This completes the proof. O

We establish the following Voronovskaya type result for the operators L,,
given by (2.6).
Theorem 3.2. For every f € C'[0,1] such that f', f” € C[0,1], we have
z(l—x
n{Laf -y - 22

Proof. Suppose that f, f/, f"" € C'[0,1] and x € [0,1]. Define

—J(x)—\y—x /r—l _£2// .
g(y):{f(y) f@ -yl @3 w=a" ey
x

" (w—equi—st) on [0,1].

(y—=)
0, ify=u=.
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Then
¢, (x)=0 and &, € C'[0,1].
Hence by Taylor’s theorem we get

2
F =@+ -7 @+ Y @ - ).

Now operating L,, given by (2.6) upon both sides of the above equation, we
conclude that

Ealfi9) =) = )0+ 10) 62
e
— f@)ha )+ (Z5)  h @) @)
+Ly, (%€, x)

which yields

0 (L (f5) — (@) — 2022

5 f”(w)‘§K(n+1)hn(x)+n|Ln(92 &7

(3.1)
where 0 (y) =y — 2 and K = || fllg1) + 1" llcjo. -
By applying the familiar Cauchy-Schwarz inequality for the second term
on the right-hand side of (3.1), we obtain

1L (%6552)] < (0L (0%52))* (L (6352))*
Let 1, (y) := &2 (y). Then we observe that
n, () =0 and n, (.) € C[0,1].
Then it follows from Theorem 2.2 that
L, (n,) =0 (w—equi—st) on [0,1] (3.3)
Now, from (3.2) and (3.3) and by Lemma 3.1, we have
n (92590; z) -0 (w—equi—st) on [0,1]. (3.4)

For a given € > 0, we define

O, (z,6) 1 = Hk<Pn : Pk

[N

(3.2)

F (i) = 7 @) = T )| > e

Qun(@,6) = [{k < Paipn b+ D i @) 2 5}
Qo (@,6) = |{k < Po i o [RLk (0%€,52)| = S}
Then it follows from (3.1) that

Qy, (z,¢) - Q p (z,€) n Qo (z,€)
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which yields;
€2 ('7€)HC[071] < [1€21, (~>E)Hc[o71] + 1922,n ('75)”(;[071]'

7 < . 2 (3.5)
Also, by the definition h,, we observe that
(n+1)h, > h=0 (w—-equi—st) on [0,1]. (3.6)

Now, by (3.4) and (3.6), the right-hand side of (3.5) tends to zero as n — oo.
Therefore, we have

lim €2 (~a5)||c[0,1] _

n—oo Pn
This completes the proof of Theorem 3.2. g
Remark 3.1. Since the function sequence {h,,} given by (2.1) is not uniformly
convergent to the function h = 0 on [0, 1], we notice that our operators L,
defined by (2.6) do not satisfy the Voronovskaya-type property in the usual
sense.

4. Rates of Weighted Equi-Statistical Convergence

In this section we study the rates of weighted equi-statistical convergence of a
sequence of positive linear operators defined on C' (D) with the help of modulus
of continuity

First, we recall that the modulus of continuity of a function f € C (D) is
defined by

w(f;d):=  sup  [fy)=f()] (6>0).

ly—e|<8,2,y€D

Now we begin by presenting the following definition.

Definition 4.1. A sequence (f,,) is weighted equi-statistically convergent to a
function f with the rate of 8 € (0, 1), if for every € > 0

. Qn (I,E) o
nlggoinlfﬁpn =0

uniformly with respect to 2 € D or equivalently if (for every € > 0)

o 190 GOl

ntoo nl-AP,

0

where
O (2,8) = |{k < Po s pi fi () = £ (2)] = €}
In this case, it is denoted as follows:
fo—1f zo(nfﬁ) (w — equi — st) on D.

Now we prove the following basic lemma which we need.
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Lemma 4.1. Let (fy,) and (gn) be function sequences belonging to C (D). Sup-
pose that

fn_fZO(n_ﬂO) (w — equi — st) on D
and
gn—g=o0(n") (w—equi—st) on D.
Let f = min{f, 51}. Then each of the following statement holds true.

(i) (fu+gn)— (f+9)=0(n"") (w—equi—st)on D,

(i) (fu—f)(gn—9)=o0(n"P) (w—equi—st)on D,

(iii) g (fn —f) =0 (n"P) (w— equi— st) on D for any real number p,
(iv) V/[fo — fl=0(n"P) (w—equi—st) on D.

Proof. 1) Suppose that f, — f =0 (n*fBO) (w—equi — st)on D and g, —g=
o(n™P1) (w—equi— st)on D.In order to prove the statement (i), for every
€ >0 and z € D, we define the following sets:

O (2,2) : = [{k < Po s pic|(fi + 90) (@) — (f
Qo (@,8) = |{k < Poipi i (2) — £ (@)] 2

}
Qyp (z,e) 1 = Hk‘ < Py :pr gk (x) — g (2)]

Then we have that
O (x,€) - Qo (xe) Qg (z€)

+9) ()| = e}|

IV
w\mw\m

nt=fpP, — nl=6P, nl=fpP, (41)
Since 8 = min{f,, 5, }, by (4.1) we get
Q, (z,€) - Qo (r,8)  Qip(x,e)
nl=AP, — nl-Bfop, nl=A1 P,
So we can write
190 (O _ 1900 G, 1930 (2 )

nl=PP, — nl=bop, nl=pf1 P,
Now by taking limit as n — oo in (4.2) and using the hypothesis we conclude
that

122 (5 9)l
nh_)rr;o ni-A D, =0

which evidently completes the proof of the statement (i).
The proofs of (ii), (iii) and (iv) of Lemma 4.1 can also be given along the

same or similar lines.
Now we get the following result.

Theorem 4.2. Let T,, be a sequence of positive linear operators acting from
C (D) into C (D). Assume that the following conditions hold true:
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—fo=o0(n"%) (w— equi—st) on D.
(b) w(f;6,) =0 (n™P1) (w—equi—st) on D, where

bn (x) = \/Ty (6% %) with 0(y) = (y—x).
Then, for all f € C (D)

To(f)—f=o0(n"") (w—equi—st) on D
where 3 = min{By, B, }.

Proof. Let f € C(D) and z € X. We know that

ro-r@s (1455 eyt fecon. )
If we use (4.3), then it is easy to see that

T (f;2) = f ()] n (f(@);2) + T, (f () 2) = [ (2))]

t);2) =T,
F@) = f@)]s2) + T (fo; 2) = fo (2)]
A

i

q

(w (25 i0) 4 01t (i)~ 1o )
((1+ 5 wisria) + 011 (i) - o o)
)T, (o 1))

T, (1~ ol )+ C [Ty () — o )

VA

T
T,
T,

IN

<T,
=w(f;

Rt

where C' = ||f||. From Cauchy Schwartz inequality

T (1t - 2l52) < (T (¢ = 2)? x)) (T (o: o))}

=/T, (02; )T, (fo; ).

So we get
T, ()~ £ ()
< CIT, (i) ~ fo @)+ 0 (630 | T, (i) + 5y/T, (50) VT (i)

If we take 6 = §,, then;

2 () = J @) < 1T, (ai) = fo (@) + 0 (F300) [T (i) + 33T s
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So we get

Tn (f52) = £ (2)] < CIT (fo; o) — fo (@) +w (f;05) |Tn (fo;2) — fo ()]
+2 4+ /T (fo;2) — fo (2)]
< C|T, (fo;z) — o(x)|+2w (f;0n)
+ T (fos2) — fo (@) w (f50n)
+w (f;8,) /Ty (fo; ) — fo ()]

Now, by using the hypothesis (a) and (b) and Lemma 4.1, in the above in-
equality the proof is completed. O

5. Concluding remark

In this concluding section of our investigation, we present a remark and ob-
servations.

Remark 5.1. Suppose that we replace the conditions (a) and (b) in Theorem 4.2
by the following condition:

T.(fi)—fi=o (n_ﬁi) (w — equi — st) on D with f; (x) = zt (1=0,1,2).
1
Then, since

T, (0% 2) < C{|T, (fo;z) — fo ()| + [T (f152) — f1 (2)]
T (f232) — f2 ()]}, (5.2)
where C'=1+ 2| f1]| + || f2]|. Now it follows from (5.1), (5.2) and Lemma 4.1

that
50 = \/Tu (67) =0 (n™7) (w — equi—st) on D
where
o =min{fy, By, B2} -
Hence

w(f;0n) =0(n"7) (w—equi—st) on D. (5.3)
Using (5.3) in Theorem 4.2 we can get, for all f € C (D),
T,(f)=f=0(n"7) (w—equi—st) on D.

Therefore, if we use the condition (5.1) in Theorem 4.2 instead of the conditions
(a) and (b), then we obtain the rates of weighted equi-statistical convergence
of the sequence of positive linear operators in Theorem 2.2.
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