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Abstract The relationship between real Slater-type orbi-

tals with the distinct scaling constants is examined ana-

lytically via the Fourier transform method. The

convergence of the formula that we have derived in terms

of infinite sums of Slater-type orbitals is analyzed numer-

ically. Subsequently, the analytical expression is applied to

basic molecular integrals. Numerical calculations per-

formed to demonstrate the accuracy of the obtained for-

mulas are compared with results in the literature.

Numerical results are also presented in tables.
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1 Introduction

For the evaluation of molecular integrals, which occur in

the electronic structure calculations of atomic and molec-

ular systems, the choice of basis functions to be used as

atomic orbitals is of major importance. These functions

should represent in the best way the physical and chemical

structure of the system. In addition, the efficiency of the

algorithms developed depends strongly on the basis func-

tions used.

The wave functions obtained from the exact solution of

the Schrödinger equation satisfy the cusp condition at the

nucleus and decay exponentially at large distances.

Accordingly, among exponential-type orbitals (ETOs),

Slater-type orbitals (STOs), which correctly exhibit the

behavior of the wave functions near nuclei and at large

distances from them, are frequently used in the calculation

of molecular integrals. In addition, that STOs have a simple

analytical structure in configuration space and all other

ETOs can be expressed in terms of STOs are reasons to

prefer them as basis functions. In recent calculations of

electronic structure, the use of STOs continues (Guseinov

et al. 2001; Öztekin et al. 2001; Öztekin 2004; Özcan and

Öztekin 2009; Özay and Öztekin 2013; Harris 2002;

Safouhi and Hoggan 2003; Safouhi 2004; Özdoğan and

Orbay 2002; Barnett 2003; Antolovic and Silverstone

2004). For computing molecular integrals with STOs,

many package programs have been developed over the past

40 years (Bouferguene et al. 1996; Fernandez Rico et al.

1998, 2001, 2004; Guidotti et al. 2003).

The Fourier transform method, primarily suggested by

Prosser and Blanchard (1962), is one of the most important

methods used to simplify the calculation of many-center

molecular integrals. Through this method, in which inte-

grals are transformed into inverse Fourier integrals, two-

dimensional integrals in configuration space with non-

separable integration variables can be expressed as one-

dimensional integrals in momentum space with easily

separable integration variables.

In this paper, we prefer to use the Fourier transform of

STOs (FTSTOs) in ETOs. These functions have a rela-

tively complicated analytical structure in momentum space

(Geller 1963; Silverstone 1966; Kaijser and Smith 1977;

Weniger and Steinborn 1983b). However, the use of partial

fraction decompositions and Taylor expansions of rational

functions makes the analytic process easier (Weniger et al.

1986). In Sect. 2, we shall discuss the relevant properties of

STOs using the Fourier transform method. Particular

emphasis will be given to the relationship between STOs
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with distinct scaling constants. In the remaining sections,

we shall develop all mathematical tools that we need for

the derivation of closed-form expressions for the overlap

integrals for one- or two-center molecular functions over

the identical and distinct scaling constants. With the help of

these tools, analytical representations for overlap integrals,

which are mostly new, will be derived and numerical

results in agreement with those in the literature are

presented.

In the last years, Sturmian orbitals that their Fourier

transform are hyperspherical harmonics have been used as

a basis function to solve one and two-center molecular

integrals in momentum space (Avery 2000; Aquilanti et al.

2001; Calderini et al. 2012; Coletti et al. 2013; Avery and

Avery 2015). The evaluation of molecular integrals has

been already done for STOs (Fernandez Rico et al.

1998, 2001, 2004; Silverstone 1966; Kaijser and Smith

1977; Todd et al. 1970). However, we think that the

problems associated with these integrals are now much

better understood and that considerable progress could be

achieved. In our opinion, this is mainly a consequence of

the investigation of properties of STOs.

2 Fourier Transform of STOs

In this section, we shall discuss only those properties of

STOs that will be required for the derivation of closed-

form relationships for the two-center molecular integrals.

More complete treatments of the mathematical properties

of STOs and their Fourier transform were given elsewhere

(Weniger and Steinborn 1983b; Guseinov et al. 2001;

Öztekin et al. 2001; Öztekin 2004; Özcan and Öztekin

2009; Özay and Öztekin 2013).

We shall use the symmetric version of the Fourier

transformation in this paper. Accordingly, STOs vmnl a; rð Þ
and their Fourier transform Um

nl a; pð Þ related to each other

by the relations

vmn l a; rð Þ ¼ 2pð Þ� 3 = 2R
e i r : pUm

n l a; pð Þdp;
Um

n l a; pð Þ ¼ 2pð Þ� 3 = 2R
e� i r : pvmn l a; rð Þdr:

ð1Þ

The normalized STOs are defined according to the fol-

lowing relationship,

vmnl a; rð Þ ¼ ð2aÞnþ 1= 2

ffiffiffiffiffiffiffiffiffiffi
ð2nÞ!

p rn� 1e� a rYm
l h;/ð Þ; ð2Þ

where n, l, and m are quantum numbers and a a scaling

constant. Ym
l h;/ð Þ is the complex or real spherical har-

monic of degree l and order m (Arfken and Weber 2001).

To evaluate FTSTOs, we need the well-known Rayleigh

expansion of a plane wave in terms of spherical Bessel

functions and spherical harmonics (Edmonds 1960).

e� ip :R ¼ 4p
X1

l¼ 0

Xl

m¼� l

�ið Þljl pRð Þ Ym
l hp;/p

� �� ��
Ym
l hR;/Rð Þ:

ð3Þ

The spherical Bessel functions in Eq. (3) are defined in

terms of modified Bessel functions (Arfken and Weber

2001),

jl xyð Þ ¼
ffiffiffiffiffiffiffi
p
2xy

r
Jlþ 1=2 xyð Þ: ð4Þ

Using Eq. (2) and the plane-wave expansion given by

Eq. (3), we have for the FTSTOs.

Um
nl a; pð Þ ¼ 2nþ 1anþ 1 = 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
pð2nÞ!

p
X1

l0 ¼ 0

Xl0

m0 ¼� l0
�ið Þl

0
Ym0

l0 hp;/p

� �

�
Z1

r¼ 0

jl0 rpð Þrnþ 1e� a rdr

Zp

h¼0

Z2p

/¼0

Ym
l h;/ð Þ Ym0

l0 h;/ð Þ
� ��

sin hdhd/

ð5Þ

To obtain an analytical expression for the FTSTOs in

terms of the radial integral, we use the orthogonality of the

spherical harmonics and Eq. (4) to express the FTSTOs as

Um
n l a; pð Þ ¼ � ið Þl 2

nþ 1 anþ 1 = 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p ð 2 n Þ !

p Ym
l hp; /p

� �
Iln að Þ; ð6Þ

where

Iln að Þ ¼
ffiffiffiffiffi
p
2p

r Z1

0

e� a r Jlþ 1 = 2 prð Þ rnþ 1 = 2dr : ð7Þ

The remaining radial integral Iln að Þ in Eq. (7) can be

expressed in terms of a hypergeometric series. One has to

compute radial integrals of the type (Gradshteyn and

Ryzhik 2000),

Z1

0

e� a rJm brð Þrl� 1dr ¼ b=2að ÞmC mþ lð Þ
alC mþ 1ð Þ

2F1

mþ l
2

;
mþ lþ 1

2
; mþ 1;� b2

a2

� � ð8Þ

¼ b=2að Þm C m þ lð Þa l�1

C m þ 1ð Þ a2 þ b2ð Þl�1=2

2F1

m � l þ 1

2
;
m � l

2
þ 1; m þ 1; � b2

a2

� � ð9Þ

¼ C m þ lð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2ð Þl

p P� m
l� 1 a

. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2ð Þ

p� �
: ð10Þ
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The hypergeometric series is defined as (Gradshteyn and

Ryzhik 2000)

pFq a1; a2; : : : ; ap; b1; b2; : : : ; bq ; x
� �

¼
X1

k¼ 0

a1ð Þk a2ð Þk : : : ap
� �

k
xk

b1ð Þk b2ð Þk : : : bq
� �

k
k !
; ð11Þ

where ðaÞk ¼ Cða þ kÞ=CðaÞ is the Pochhammer symbol

and C xð Þ denotes the Gamma function.

If Eq. (9) is used for the computation of the radial

integral in Eq. (7), we can establish the following formula

for the FTSTOs (Weniger and Steinborn 1983a);

Um
n l a;pð Þ ¼ 2n� l ðn þ l þ 1 Þ !Sml � ipð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n Þ !

p
a lþ3=2 l þ 1=2ð Þ!

a2

a2 þ p2

� �nþ1

2F1

l � n

2
;
l � n þ 1

2
; l þ 3

2
; � p2

a2

� �

;

ð12Þ

where Sml pð Þ ¼ plYm
l ðp=pÞ denotes the regular solid

spherical harmonic. The representation in Eq. (12) appears

in (Kaijser and Smith 1977; Weniger and Steinborn

1983b).

For FTSTOs, an identical expression can be derived

(Weniger and Steinborn 1983b) with the help of the

transformation formulae of the hypergeometric series given

below (Gradshteyn and Ryzhik 2000)

2F1 a; b ; c ; xð Þ ¼ Fa c � 1ð Þ
Fa b � 1ð Þ 1 � xð Þa

2F1 a; c � b ; a � b þ 1 ;
1

1 � x

� �

þ Fb c � 1ð Þ
Fb a � 1ð Þ 1 � xð Þb 2

F1 b; c � a ; b � a þ 1 ;
1

1 � x

� �

;

ð13Þ

where Fa ðbÞ denotes the binomial coefficients.

Now, we have a new relation for all values of n � l with

no distinction between even and odd degree. Analogously,

we obtain an expression for the FTSTOs in terms of

hypergeometric functions:

Um
n l a; pð Þ ¼ Nl l0

n að Þ Sml ipð Þ a2

a2 þ p2

� � nþ lþ l0 þ 2ð Þ = 2

2F1

l � nþ l0

2
;
n þ l þ l0 þ 2

2
; l0 þ 1

2
;

a2

a2 þ p2

� �

;

ð14Þ

where

l0 ¼ d n� lþ 1
2½ � ; n� lþ 1

2

n � l

2

	 


¼ n � l

2
� 1 � � 1ð Þn� l
� ��

4 ð15Þ

Nl l0

n að Þ ¼ inþ lþ3 l0 ðn þ l þ 1Þ !ðn � l þ l0 Þ !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð2nÞ !

p
a lþ3=2 n� lþ l0

2

� �
! 1=2ð Þ nþ l�l0þ2ð Þ=2

:

If we use following relations between Gegenbauer

polynomials and hypergeometric functions (Gradshteyn

and Ryzhik 2000),

Ck
2 k xð Þ ¼ � 1ð Þk

k þ kð ÞB k; k þ 1ð Þ 2F1 � k; k þ k ;
1

2
; x2

� �

;

ð16Þ

Ck
2 kþ 1 xð Þ ¼ � 1ð Þk 2 x

B k; k þ 1ð Þ 2F1 � k; k þ k þ 1 ;
3

2
; x2

� �

;

we obtain another expression for the FTSTOs in terms of

Gegenbauer polynomials for even and odd values of n–l,

Um
n l a; pð Þ ¼ g l0

n;l að Þ fn; l a; pð ÞYm
l hp; /p

� �
; ð17Þ

where

gl
0

n;l að Þ ¼ in � l0 Nl l0

n að ÞB l þ 1 ;
n � l � l0 þ 2

2

� �

1 þ 1 þ � 1ð Þl
0

� �
n þ l þ 1ð Þ = 2

� �
=2;

ð18Þ

fn; l a; pð Þ ¼ a2

a2 þ p2

� � nþ lþ 2ð Þ = 2
Clþ 1
n� l

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ p2

p

 !

pl;

ð19Þ

with B(p,q) denoting the beta function (Arfken and Weber

2001). Equation (17) is a general formula of FTSTOs for

all values of the quantum numbers.

The FTSTOs consists of three parts as can be seen in

Eq. (17). The factor gl
0
n ;l ðaÞ is the normalization coeffi-

cient, fn ; lða; pÞ the radial part, and Ym
l ðh; / Þ the angular

part. The term that is difficult to compute in numerical

calculations is the radial part. To store and retrieve it from

memory in the computations, the position of the radial part

fn ; lða; pÞ in memory is determined by the following rela-

tion (Özay and Öztekin 2013)

kln ¼
nðn� 1Þ

2
þ lþ 1: ð20Þ

If we use Eq. (47) of Weniger et al. (1986) and the series

expansion of the Gegenbauer polynomials in Eq. (19), we

obtain the following expression for the radial part of the

FTSTOs in terms of distinct scaling constants,

fn; l a; pð Þ

¼
X
n� l
2½ �

s¼ 0

As
n; l að Þpl b2 þ p2

� ��nþ s� 1
1F0 n � s þ 1;

b2 � a2

b2 þ p2

� �

;

ð21Þ
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where

As
n; l að Þ ¼ � 1ð Þs 2

n� l�2s a2 n� sþ 1ð Þ n � sð Þ !
l!s ! n � l � 2 sð Þ ! : ð22Þ

The FTSTOs are then written as

Um
n l a; pð Þ ¼ gl

0

n; l að Þ
X
n� l
2½ �

s¼ 0

As
n; l að Þ Sml pð Þ

b2 þ p2
� �n� sþ 1

1F0 n � s þ 1 ;
b2 � a2

b2 þ p2

� �

;

ð23Þ

where b = a, i.e., the scaling constants are distinct, and

1F0 a; xð Þ is the generalized hypergeometric series. The

generalized hypergeometric series 1F0 a; xð Þ in Eq. (11)

converges absolutely and uniformly for all p 2 R provided

that b 2 0;
ffiffiffi
2

p
a

� �
(Weniger et al. 1986). After some

algebra, we obtain the following expression for the

FTSTOs

Um
n l a; pð Þ ¼ gl

0

n; l að Þ
X1

k¼ 0

b2 � a2
� �k

k!

X
n� l
2½ �

s¼ 0

As
n; l að Þ n � s þ 1ð ÞkSml pð Þ

b2 þ p2
� �nþ k� sþ 1

:

ð24Þ

Hence, we only have to use the inverse Fourier trans-

form of FTSTOs given by Eq. (1) in Eq. (24) to derive

vmn l a; rð Þ ¼
gl

0

n; l að Þ
2 pð Þ 3 = 2

X1

k¼ 0

b2 � a2
� �k

k !

X
n� l
2½ �

s¼ 0

n � s þ 1ð ÞkAs
n; l að Þ

Z
ei r: p

Sml pð Þ
b2 þ p2
� �nþ k� sþ 1

dp:

ð25Þ

Using the radial integral formula in Gradshteyn and

Ryzhik (2000), in Eq. (25), we establish the following

expression for the STOs in configuration space,
Z

ei r: p
Sml pð Þ

b2 þ p2
� �n dp ¼ ið Þlp2 b

l�2nþ3=2

22n�5=2

Xn�l�1

q¼1

2n� 2l� q� 3ð Þ!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 qþ lð Þð Þ!

p

n� 1ð Þ! q� 1ð Þ! n� l� q� 1ð Þ! v
m
qþl l b; rð Þ:

ð26Þ

By analyzing this representation of the inverse Fourier

transform of FTSTOs according to Eqs. (25) and (26), we

learn about the properties of STOs, such as

vmn l a; rð Þ ¼
X1

k¼ 0

1 � a2

b2

� �k X
n� l
2½ �

s¼ 0

P
s; k
n; l a; bð Þ

Xnþ k� s� l

q¼ 1

Q
qs
n k l v

m
qþ l l b; rð Þ;

ð27Þ

where

P
s; k
n; l a; bð Þ ¼ il

ffiffiffi
p

p
b l�2nþ2s�1=2

k!ðn� sÞ! 22nþ2k�2sþ1
As
n; l að Þgl0n; l að Þ ð28Þ

and

Q
qs
n k l ¼ 2 n þ k � s � lð Þ � q � 1ð Þ !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 q þ lð Þð Þ !

p

q � 1ð Þ ! n þ k � s � l � qð Þ ! :

ð29Þ

In Eq. (27), the STO is expressed in terms of infinite

sums of STOs of a distinct scaling constant. This remark-

able property of STOs could be used quite profitably in

connection with two-center molecular integrals with dis-

tinct scaling constants. In these cases, only closed form

expressions for the two-center molecular integrals over

STOs have to be derived, which can be obtained more

easily than the corresponding integrals over nonscalar

functions.

To analyze the convergence of Eq. (27) when we take

n ¼ a ¼ r ¼ 1 and l ¼ m ¼ 0, Eq. (27) essentially

represents the expansion of 1 = e ¼ 0:367879 in terms of

STOs with distinct scaling constants

1 = e ¼
X1

k¼ 0

P
0; k
1; 0 1; bð Þ 1� 1

b2

� �k Xkþ1

q¼ 1

Q
q 0
1 k 0 v

0
q 0 b; rð Þ:

ð30Þ

In Table 1, we list partial sums of Eq. (30) for some

values of the scaling constant b. These results show quite

convincingly that the series in Eq. (30) rapidly converges

when a and b differ only slightly. However, convergence

alone is not sufficient to make the series Eq. (27) numer-

ically useful if one tries to evaluate it by a direct summa-

tion of the series terms.

3 Overlap Integrals

We shall need some distribution theory for the derivation

of analytical expressions for the two-center overlap inte-

grals over STOs via the Fourier transform method:
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Sn2 l2 m2

n1 l1 m1
a; b ; Rð Þ ¼

Z
vm1

n1 l1
a; rð Þ

� ��
vm2

n2 l2
b; r � Rð Þ dr

¼
Z

e� iR : p Um1

n1 l1
a; pð Þ

� ��
Um2

n2 l2
b; pð Þ dp ð31Þ

Overlap integrals with distinct and identical scaling

constants can be represented by finite and infinite sums of

corresponding STOs via Eq. (31).

3.1 One-Center Overlap Integrals over STOs

In this section, we discuss analytical problems that occur if

one-center overlap integrals over STOs are to be evaluated

using Eq. (31)

Sn2 l2 m2

n1 l1 m1
a; b ; 0ð Þ ¼

Z
vm1

n1 l1
a; rð Þ

� ��
vm2

n2 l2
b; rð Þ dr: ð32Þ

From the orthogonality of the spherical harmonics, the

one-center overlap integrals can be reduced to a radial

integral that then yields a representation in terms of fac-

torial functions. Accordingly, the following two well-

known expressions for the one-center overlap integrals can

be easily obtained:

Sn2 l2 m2

n1 l1 m1
a; b ; 0ð Þ ¼ dl1; l2 dm1;m2

2n1 þ n2 þ 1

n1 þ n2ð Þ !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 n1ð Þ ! 2 n2ð Þ !

p
an1 þ 1 = 2 bn2 þ 1 = 2

a þ bð Þn1 þ n2 þ 1
;

ð33Þ

Sn2 l2 m2

n1 l1 m1
a; a ; 0ð Þ ¼ dl1; l2 dm1;m2

n1 þ n2ð Þ !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 n1ð Þ ! 2 n2ð Þ !

p : ð34Þ

These two relations were also derived in Weniger and

Steinborn (1983a) by considering the limiting case R ! 0

in some representations of the two-center overlap integrals,

which are based upon the orthogonality of spherical har-

monics over Bessel-type orbitals. Equations (33) and (34)

are very simple to apply numerically for all quantum

numbers and angles specifying the STOs.

3.2 Two-Center Overlap Integrals with Identical

Scaling Constants

The well-known compact representation of the two-center

overlap integrals with the identical scaling constants (Filter

and Steinborn 1978) in momentum space is written

Sn2 l2 m2

n1 l1 m1
a; a; Rð Þ ¼

Z
e� i R : p Um1

n1 l1
a; pð Þ

� ��
Um2

n2 l2
a; pð Þ dp:

ð35Þ

Using the FTSTOs given by Eq. (17) and the Taylor

expansion given by Eq. (4.2) of Weniger et al. (1986) to

simplify the denominator of the integral, the two-center

overlap integrals with identical scaling constants can be

obtained as follows:

where

a
m; n2 l2m2

l; n1 l1 m1
að Þ ¼ � 1ð Þl2

il1þl222 n1 þ 2 n2 þ 2 l1m1h jl2m2 l mj iAm
m1 m2

a l1 þ l2 þ 3pFl1 n1ð ÞFl2 n2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fn1 2 n1ð ÞFn2 2 n2ð Þ

p ;

ð37Þ

bn2 l2 sn1 l1 r
¼ � 1ð Þrþ s ar l1 þ 1; n1 � l1ð Þ as l2 þ 1; n2 � l2ð Þ

22 rþ sð Þ ;

ð38Þ
am b; cð Þ ¼ Fb�1 bþ c� m� 1ð ÞFm c� mð Þ: ð39Þ

In Eq. (37) l1 m1h j l2 m2 l mj i, is called the Gaunt coeffi-

cient, and Am
m1 m2

are coefficients obtained with the integra-

tion of the product of three real spherical harmonics. These

coefficients can be found in (Gaunt 1929; Guseinov 1970).

When the plane wave expansion given by Eq. (5) and

orthogonality relation of the spherical harmonics are used

for the integrals of Eq. (36), only radial integrals in terms

of modified Bessel functions remain. The first radial inte-

gral obtained can be evaluated easily using the following

integral formula (Gradshteyn and Ryzhik 2000)

Sn2 l2 m2

n1 l1 m1
a; a; Rð Þ ¼

Xl1þl2

l¼ l1�l2j j

ð2Þ
Xl

m¼�l

a
m; n2 l2 m2

l; n1 l1 m1
að Þ
X
n1 � l1

2½ �

r¼ 0

X
n2 � l2

2½ �

s¼ 0

bn2 l2 sn1 l1 r

�
Z

e� iR : p pl1 þ l2Ym
l hp; /p

� �
dp�

Xn1 þ n2 � r� sþ 1

k¼ 0

a2 k
Z

e� iR : p
pl1 þ l2þ2Ym

l hp; /p

� �

a2 þ p2ð Þkþ 1
dp

( )

; ð36Þ
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Z 1

0

xlJv axð Þdx ¼ 2la�l�1 Cððvþ lþ 1Þ=2Þ
Cððv� lþ 1Þ=2Þ: ð40Þ

To calculate the second radial integral in Eq. (36), we use

the following integral equality (Gradshteyn andRyzhik 2000),
Z 1

0

t2mþaþ1Ja ztð Þ
t2 þ a2ð Þlþ1

dt ¼
ffiffiffi
p
2

r
�1ð Þma2m�2lþa

2l

Xm

q¼0

�2ð ÞqFq mð Þ azð Þa

C l� qþ 1ð Þ k̂l�a�q azð Þ:
ð41Þ

Here k̂l�a�q a zð Þ is the reduced Bessel function. Using

the series expansion for the reduced Bessel function, the

integral in the second part of Eq. (36) can be written in

terms of linear combinations of STOs,

Sn2 l2 m2

n1 l1 m1
a; a; Rð Þ ¼

Xl1þl2

l¼ l1�l2j j

ð2Þ
Xl

m¼�l

a
m; n2 l2 m2

l; n1 l1 m1
að Þ

X
n1 � l1

2½ �

r¼ 0

X
n2 � l2

2½ �

s¼ 0

bn2 l2 sn1 l1 r

� �ið Þl p3 = 2 Ym
l hR; /Rð Þ 2

R

� �l1þl2þ3 C l1 þ l2 þ l þ 3ð Þ=2½ �
C l � l1 � l2ð Þ=2½ �

(

þ �ið Þlð�1ÞLp2 al1 þ l2 þ3 = 2
Xn1þn2�r�sþ 1

k¼ 0

XLþ1

t¼0

�1ð Þt Ft Lþ 1ð Þ
22 k�tð Þ�1=2

�
Xk�t�l

q¼1

2ðk � t � lÞ � q� 1ð Þ!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 qþ lð Þð Þ!

p

k � tð Þ! q� 1ð Þ! k � t � q� lð Þ! vmqþl l a;Rð Þ
)

:

ð42Þ

Over the range of values for the l index, the first part of

Eq. (42) is always zero because the factorial in the

denominator is negative. Consequently, for the two-center

overlap integrals with identical scaling constants, a new

analytical expression is obtained

Sn2 l2 m2

n1 l1 m1
a; a; Rð Þ ¼

X
n1 � l1

2½ �

r¼ 0

X
n2 � l2

2½ �

s¼ 0

bn2 l2 sn1 l1 r

Xl1þl2

l¼ l1�l2j j

ð2Þ
Xl

m¼�l

a
m; n2 l2 m2

l; n1 l1 m1
að Þ

� �ið Þlð�1ÞLp2 al1 þ l2 þ3 = 2
Xn1þn2�r�sþ 1

k¼ 0

XLþ1

t¼0

�1ð ÞtFt Lþ 1ð Þ
22 k�tð Þ�1=2 k � tð Þ!

�
Xn

q¼1

2n� q� 1ð Þ!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 qþ lð Þð Þ!

p

q� 1ð Þ! n� qð Þ! vmqþl l a;Rð Þ;

ð43Þ

where

n ¼ k � t � l; 2 L ¼ l1 þ l2 � l: ð44Þ

3.3 Two-Center Overlap Integrals with Distinct

Scaling Constants

Now, we come to the main part of this paper concerning

STOs. In this section, analytical and numerical

properties of the two-center overlap integrals given by

Eq. (31) over real STOs with distinct scaling constants

are discussed.

Using STOs obtained in terms of infinite sums given by

Eq. (28) via the Fourier transform method, we write two

different series expansions of the overlap integral with

distinct scaling constants in terms of the overlap integrals

with identical scaling constants,

Sn2 l2 m2

n1 l1 m1
a; b; Rð Þ ¼

P1

k¼ 0

1 � b2

a2

� �k
P
n2 � l2

2½ �

s¼ 0

P
s; k
n2 l2

b; að Þ

Pn2�l2 þ k� s

q¼ 1

Q
q; s
n2 k l2

S
qþ l2 l2 m2

n1 l1 m1
a; a; Rð Þ for a b;

ð45Þ

¼
X1

k¼ 0

1 � a2

b2

� �k X
n1 � l1

2½ �

s¼ 0

P
s; k
n1 l1

a; bð Þ
Xn1�l1 þ k� s

q¼ 1

Q
q; s
n1 k l1

Sn2 l2 m2

qþ l1 l1 m1
b; b; Rð Þ for b a;

ð46Þ

The numerical calculation of these two analytical expres-

sions depends on the rate of convergence of the infinite series.

The infinite series in Eq. (45) converges when

1� ðb=aÞ2
�
�

�
�\1 and in Eq. (46) converges when

1� ða=bÞ2
�
�

�
�\1(Filter and Steinborn 1978; Antolovic and

Delhalle 1980; Weniger and Steinborn 1983a; Weniger et al.

1986).

4 Results and Discussion

In this study, two-center overlap integrals with distinct

scaling constants over STOs have been written in terms of

infinite series sums of two-center overlap integrals with

identical scaling constants via the Fourier transform

method. Similar expressions were obtained using Bessel-

type orbitals in (Filter and Steinborn 1978; Weniger and

Steinborn 1983a).

First, analytical expressions of FTSTOs, which can be

found in the literature, have been derived in terms of

hypergeometric functions and Gegenbauer polynomials.

Using the Taylor expansions in Weniger et al. (1986) and

some mathematical manipulations, FTSTOs have been

obtained in terms of infinite series, Eq. (24). Then, by the

inverse Fourier transform of the FTSTOs in Eq. (24), STOs

have been expressed in configuration space in terms of

infinite sums of STOs with different scaling constants

given by Eq. (27). The dependence of the convergence of

this equation on scaling constants a and b has been ana-

lyzed. For n ¼ a ¼ r ¼ 1 and l ¼ m ¼ 0, the upper

limit of the infinite series in Eq. (30) has been determined

for different values of b and the results obtained have been
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given in Table 1. For a ¼ b, the infinite series terminates

after the first term.

Two-center overlap integrals with distinct scaling con-

stants are more complicated than overlap integrals with

identical scaling constants. To perform this calculation, the

representation of the STOs with different scaling constants

in Eq. (27) has been used and the two-center overlap

integrals with distinct scaling constants have been written

in terms of two-center overlap integrals with identical

scaling constants. These equations, Eqs. (45) and (46),

contain infinite series. These two new infinite series

expansions for the overlap integrals with distinct scaling

constants have been analyzed numerically using program

Table 1 Convergence of the series expansion of Eq. (30)

b Number of terms b Number of terms

0.71 360 1.6 24

0.75 51 1.7 28

0.80 21 1.8 32

0.85 13 1.9 37

0.90 9 2.0 41

0.95 5 2.5 69

1.0 1 3.0 102

1.3 13 4.0 186

1.5 20 5.0 294

We have n ¼ a ¼ r ¼ 1 and l ¼ m ¼ 0 in Eq. (27)

Table 2 Comparative values

for two-center overlap integrals

over STOs with distinct scaling

constants

n1/n2 l1/l2 m1/m2 a/b R h / N Numerical results

1/1 0/0 0/0 2.2/1.5 2 45 0 57 2.313 711 058 327 530 9 10-1

2.313 711 058 327 53 9 10-1a

1/1 0/0 0/0 5.5/1.5 2 45 0 430 5.912 593 860 893 338 9 10-2

5.912 593 860 893 39 9 10-2a

1/2 0/1 0/0 1.02/1.01 1 0 0 9 -4.338 568 004 883 413 9 10-1

-4.338 568 004 883 410 9 10-1b

2/2 1/1 -1/-1 2.4/4.1 2.5 0 0 90 2.542 056 225 953 330 9 10-2

2.542 056 225 95 9 10-2c

2/3 1/2 1/1 4.2/4.4 2.5 0 0 16 1.292 136 453 370 558 9 10-2

1.292 136 453 370 6 9 10-2d

3/3 2/2 -1/-1 1.2/4.5 2.5 0 0 140 1.874 186 225 439 111 9 10-1

1.874 186 225 44 9 10-1c

3/3 2/2 2/2 5.8/4.5 8.7 0 0 67 7.934 310 549 472 991 9 10-15

7.934 310 549 473 0 9 10-15d

3/3 2/2 -2/-2 6.3/4.2 0.2 0 0 65 8.04 628 483 321 906 9 10-1

8.046 628 483 32 9 10-1c

4/4 0/1 0/0 0.5/0.4 1.4 0 0 44 -1.230 350 868 942 323 9 10-1

-1.230 350 868 942 32 9 10-1e

5/5 2/2 2/2 1.5/1.4 1 0 0 21 9.389 786 330 449 060 9 10-1

9.389 786 330 449 057 9 10-1b

5/5 3/3 2/2 1.1/0.9 7 45 360 45 -5.154 764 486 478 074 9 10-3

-5.154 764 486 473 70 9 10-3f

6/6 5/5 -4/-5 1.02/0.98 15 120 360 16 -3.601 030 586 243 642 9 10-2

-3.601 030 586 080 59 9 10-2f

7/6 5/5 4/4 1.1/0.9 1 54 90 36 8.609 474 596 835 023 9 10-1

8.609 474 596 835 02 9 10-1f

10/10 0/0 0/0 2.5/3 3 0 0 50 -1.677 485 114 440 529 9 10-1

-1.677 485 114 9 10-1g

10/10 0/5 0/0 2.5/2.3 3 0 0 30 1.937 326 997 951 603 9 10-1

1.937 326 998 9 10-1g

13/13 12/12 12/12 1.01/0.99 2.5 0 0 14 1.353 105 787 024 712 9 10-4

1.353 105 787 024 712 9 10-4h

17/8 8/7 4/4 5.5/4.5 10 0 0 50 -1.006 400 641 171 882 9 10-6

-1.006 400 641 171 882 9 10-6h

a (Fernandez Rico et al. 1988); b (Jones 1997); c (Magnasco et al. 1999); d (Barnett 2003); e (Bhattacharya

and Dhabal 1986); f (Guseinov et al. 2002); g (Bouferguene and Rinaldi 1994); h (Barnett 2001)
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(written in MATHEMATICA 10.0 language) that evaluate

Eqs. (45) and (46). The computer program stops when the

best approximation has been obtained. For N, the number

of terms in Eqs. (45) and (46), the stopping criterion is

S
n2 l2 m

N
2

n1 l1 m1
a; b; Rð Þ � S

n2 l2 m
N�1
2

n1 l1 m1
a; b; Rð Þ

S
n2 l2 m

N
2

n1 l1 m1
a; b; Rð Þ

�
�
�
�
�
�

�
�
�
�
�
�
\10�15: ð47Þ

Subject to this criterion, comparative values up to 15

decimal digits for the two-center overlap integrals over

STOs have been given in Table 2. From this table, our

numerical results are in agreement with those in the liter-

ature. In addition, the convergence of the series in

Eqs. (45) and (46) for various values of the scaling con-

stants in the overlap integral S321211 a; b; 2:5; 0; 0ð Þ is shown
in Fig. 1. Df represents the difference between the values of
the overlap integral in the previous and next terms. As can

be seen from Fig. 1, when the two scaling constants are

numerically close the convergence of Df is more rapid. For

larger differences of scaling constants the convergence rate

is deteriorated.

References

Antolovic D, Delhalle J (1980) Multipole and overlap integrals over

reduced Bessel functions in molecular quantum mechanics. Phys

Rev A 21:1815–1828

Antolovic D, Silverstone HJ (2004) On the computation of (2-2)

three-center Slater-type orbital integrals of 1/r12 using Fourier-

transform-based analytical formulas. Int J Quantum Chem

100:146–154

Aquilanti V, Cavalli S, Coletti C, Di Domenico D, Grossi G (2001)

Hyperspherical harmonics as Sturmian orbitals in momentum

space: a systematic approach to the few-body Coulomb problem.

Int Rev Phys Chem 20:673–709

Arfken GB, Weber HJ (2001) Mathematical methods for physicists.

Academic Press, San Diego

Avery J (2000) Hyperspherical harmonics and general sturmians.

Kluwer Academic Publishers, Dordrecht

Avery JS, Avery JE (2015) Rapid evaluation of molecular integrals

with ETOs. Int J Quantum Chem 115:930–936

Barnett MP (2001) Digital erosion in the evaluation of molecular

integrals. Theor Chem Acc 107:241–245

Barnett MP (2003) Molecular integrals and information processing.

Int J Quantum Chem 95:791–805

Bhattacharya AK, Dhabal SC (1986) Molecular overlap integrals with

exponential-type orbitals. J Chem Phys 84:1598–1605

Bouferguene A, Rinaldi D (1994) A new single-center method to

compute molecular integrals of quantum chemistry in Slater-type

orbital basis of functions. Int J Quantum Chem 50:21–42

Bouferguene A, Fares A, Hoggan PE (1996) STOP: slater type orbital

package for general molecular electronic structure calculations.

Int J Quantum Chem 57:801–810

Calderini D, Cavalli S, Coletti C, Grossi G, Aquilanti V (2012)

Hydrogenoid orbitals revisited: from slater orbitals to coulomb

sturmians. J Chem Sci 124:187–192

Coletti C, Calderini D, Aquilanti V (2013) d-Dimensional Kepler–

Coulomb Sturmians and hyperspherical harmonics as complete

orthonormal atomic and molecular orbitals. Adv Quantum Chem

67:73–128

Edmonds AR (1960) Angular momentum in quantum mechanics.

Princeton University Press, New Jersey

Fernandez Rico J, Lopez R, Ramirez G (1988) Calculation of the one-

electron two-center integrals with STOs using recurrence-based

algorithms. J Comput Chem 9:790–797

Fernandez Rico J, Lopez R, Aguado A, Ema I, Ramirez G (1998)

Reference program for molecular calculations with Slater-type

orbitals. J Comput Chem 19:1284–1293

Fernandez Rico J, Lopez R, Aguado A, Ema I, Ramirez G (2001)

New program for molecular calculations with Slater-type

orbitals. Int J Quantum Chem 81:148–153

Fernandez Rico J, Lopez R, Ema I, Ramirez G (2004) Efficiency of

the algorithms for the calculation of Slater molecular integrals in

polyatomic molecules. J Comput Chem 25:1987–1994

Filter E, Steinborn EO (1978) Extremely compact formulas for

molecular two-center one-electron integrals and Coulomb inte-

grals over Slater-type atomic orbitals. Phys Rev A 18:1–11

Gaunt JA (1929) The triplets of Helium. Phil Trans R Soc Lond A

228:151–196

Geller M (1963) Two-center integrals over solid spherical harmonics.

J Chem Phys 39:84–89

Gradshteyn IS, Ryzhik IM (2000) Tables of integrals, sums, series

and products. Academic Press, New York

Guidotti C, Salvetti O, Durante N, Lamanna UT, Arrighini GP (2003)

Computational quantum chemistry in terms of multicenter Slater-

type orbitals: entirely numerical procedure for the accurate

evaluation of the basic integrals. Int J Quantum Chem 93:59–71

Guseinov II (1970) Analytical evaluation of two-centre Coulomb,

hybrid and one-electron integrals for Slater-type orbitals. J Phys

B 3:1399–1412

Fig. 1 Convergence of the

series in Eq. (46) as a function

of the upper limit of the index k

for S321211 a; b; 2:5; 0; 0ð Þ

1620 Iran J Sci Technol Trans Sci (2018) 42:1613–1621

123
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Özay S, Öztekin E (2013) Recurrence relations for radial parts of

STOs and evaluation of overlap integrals via the Fourier

transform methods. Adv Quantum Chem 67:245–265
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