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Abstract

In this study, the Clebsch—Gordan coefficients are expressed using the generalized
hypergeometric functions of unit argument and binomial coefficients, and their
behavior as a function of quantum numbers is examined. The Clebsch—Gordan coef-
ficients are also numerically computed for integer and non-integer quantum num-
bers. Subsequently, the convergence between the Clebsch—Gordan and asymptotic
Clebsch—Gordan coefficients is investigated based on the orbital angular momentum
quantum numbers.

Keywords Clebsch—Gordan coefficients - Vector addition coefficients - Wigner
coefficients - Classical limits of the Clebsch—Gordan coefficients - Generalized
hypergeometric functions

1 Introduction

The Clebsch—Gordan (CG) coefficients, also referred to as vector addition coeffi-
cients, and the Wigner coefficients describe how individual angular momentum
states may be coupled to yield the total angular momentum of atomic systems [1-4].
CG coefficients play a crucial role in applications for quantum physics and chemis-
try to study the physical and chemical properties of atoms, molecules, solids, and
other fields of physics.

Approximate methods are used to understand multi-electron atoms or molecules’
physical and chemical properties. Using an approximate method, basis sets such as
Slater-type, Gaussian, and Bessel-type orbitals are selected. The common feature of
these basis sets is that their angular parts consist of spherical harmonics. A large
number of molecular integrals must be calculated to find the physical property of
an atom or molecule numerically. The angle-dependent part of molecular integrals
involves the product of two or more spherical harmonics. Such integrals are called
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angular momentum coupling coefficients. It is well known that all angular momen-
tum coupling coefficients can be evaluated as the sums of products of CG coeffi-
cients. Accordingly, it is important to calculate CG coefficients accurately in a very
short CPU time.

CG coefficients are expressed as factorial functions [5-10] and binomial coef-
ficients [11-14] as finite sums. The fact that the sums remain finite depends on the
condition that the factorial functions in the denominator are negative integers. As
long as this condition is satisfied, these formulae are suitable for numerically calcu-
lating CG coefficients. By employing the sum expressions that involve gamma func-
tions provided by Tarter in Ref. [15], CG coefficients, written in terms of factorial
parts, can be further represented using the generalized hypergeometric functions of
unit argument [16]. The usual expressions of CG coefficients, as presented in Refs.
[5-10], are given in terms of the generalized hypergeometric functions of unit argu-
ment by Eqgs. (21) to (26) on pp. 240 and 241 of Ref. [17].

Several authors calculate CG coefficients using recursion formulae to avoid the
risk of numerical instabilities. The recursion relationship is guaranteed stable for
arbitrarily large sets of quantum numbers. Ritchie presented simple two-term and
three-term recursion relationships for rapidly and accurately calculating CG coeffi-
cients [18, 19]. Ritchie proposed expressing CG coefficients as a sum of three bino-
mial products, called an unnormalized CG coefficient, with the remaining gamma
function product term treated as a normalization term. This factorization of CG
coefficients allows the unnormalized CG coefficients to be calculated precisely in
integer arithmetic [20, 21]. Recently, Xu introduced an improved recursive computa-
tion method for CG coefficients based on separating the recurrence process into sign
recursion and exponent recursion [22].

The behavior of CG coefficients for the highest values of the orbital angular
momenta, called “classical limits”, is of interest in connection with specific applica-
tions and from the mathematical point of view. The expressions for the asymptotic
CG (ACG) coefficients were obtained in Refs. [23-27] when the quantum num-
bers satisfy the condition L, [, > [,. Kintish et al. have given how the asymptotic
behaviors of selected 3j and 9j symbol coefficients and their unitary counterparts
are obtained [28]. Dowker was related to the permutation symmetry of 3j symbols,
yielding an extension of the classical limit established by Edmonds [29].

CG coefficients given by Racah [6] or Fock [7], Wigner [8], and Shimpuku
[11] are defined as functions of the factorial functions. CG coefficients contain
finite sums in all these expressions where the quantum numbers are integers. The
lower and upper limits of the summation index are determined according to the
negative values of the factorial terms in the denominator. Since the factorials of
negative integers approach infinity, these expressions give very accurate results
when quantum numbers are integers. However, when the quantum numbers are
not integers, the expressions in the denominator will not be infinite. In this case,
it is necessary to determine where to cut the expressions in the summation index
for the sums to give a numerical value. These formulae for CG coefficients in
Refs. [5-10] are given by Eqgs. (21-26) in terms of the generalized hypergeomet-
ric functions of unit argument in Ref. [17]. Equations other than Egs. (25, 26) in
Ref. [17] do not give correct results except for some quantum states. The problem
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with these formulae arises from the fact that in some allowed quantum states,
factorials of negative integers appear in the coefficients, or the generalized hyper-
geometric functions of the unit argument do not converge.

This study uses symmetry relations of the generalized hypergeometric func-
tions of unit argument and Weierstrass infinite-product definition for negative
factorials to overcome these problems [30]. All equations from (21) to (26) in
Ref. [17] have been rewritten in terms of binomial coefficients using the newly
obtained relations. Despite their different mathematical structures, all these equa-
tions yield the same numerical results for very high quantum numbers (on the
order of millions). The fact that the relations we rewrote for CG coefficients have
simple mathematical structures enables these formulas to be programmed eas-
ily. The most important advantage of these equations we have written is that the
CPU time is very short, which is essential in calculating molecular integrals. The
behavior of CG coefficients depending on the selected quantum sets was exam-
ined, and two- and three-dimensional graphs were plotted. Special values of CG
coefficients were determined using the equations provided by the generalized
hypergeometric functions of unit argument for the special values of the angular
momentum quantum numbers /;, /,, L and the momentum projections (m;, m,,
M). The values of the orbital angular momentum quantum numbers, which make
CG coefficients zero when triangular conditions and selection rules are not satis-
fied, were obtained by analyzing the drawn graphs. Numerical results for both
integer and non-integer quantum numbers were obtained using the formulae
rewritten for CG coefficients in Sect. 2, and these values were compared with
existing literature. The study also investigated whether CG coefficients from the
proposed relations satisfy orthogonality and symmetry relations. In Sect. 3, new
mathematical expressions, orthogonality relation, and special values were derived
for ACG coefficients. The compatibility between ACG and CG coefficients was
examined by altering the quantum sets.

All computer programs are written in Mathematica programming language. Pro-
grams run using Intel(R) Core (TM) i7-6500U CPU @ 2.50 GHz computer.

2 Clebsch-Gordan coefficients

The expressions of CG coefficients on pp. 240 and 241 in Ref. [17] may be repre-
sented as the following form

LM — NLM a,b,c 1 (1
Lymy,Lmy lymy,lmy 372 d, e
M . . . a,b,c|. |. .
where N is normalization coefficient and ;F), 1| is the generalized
lymy,lLym, d,€

hypergeometric function of unit argument. According to the Egs. (21-26) in Ref.
[17], the arguments of the normalization coefficients and the generalized hypergeo-
metric functions of the unit argument in this definition change.
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The phase of CG coefficients may be chosen in different ways. The phase conven-
tion proposed in Ref. [4] is universally accepted. Under such a phase definition, CG
coefficients satisfy the relations as follows [17]

L +lLm+m, LM
€1171,lim2 >0 Limy =1, >0
—1hth-LoLM >0 (—1\a—m LL
=D . lllm[:/}lzlz =D Cllml,lzm2 >0 (2)
_ l+m, 1742
(C2Y) Cl,m,,lzmz >0

These conditions and special values of CG coefficients provide the convenience
of checking the accuracy of the programs written in the shortest time and efficiently.

The equations except for Eqgs. (25, 26) in Ref. [17] are unsuitable for some val-
ues that quantum numbers can take in numerical calculations. During calculating
the normalization coefficients or the generalized hypergeometric functions of unit
argument in these equations, uncertain numerical values with defined limits arise
in some allowed values of the quantum numbers. To get rid of these ambiguities,
Egs. (11, 12) in Ref. [31], symmetry relations of the generalized hypergeometric
functions of unit argument [32, 33] should be used. After these operations are
performed, if the factorial parts are written in binomial coefficients, CG coeffi-
cients are given by Eqgs. (21-26) in Ref. [17] are rewritten as follows:

Van der Waerden [5], Racah [6]

/ 2L+ 1
LM _
Cl]ml,lzm2 - 5M,m1+m2 11 +—l2 TL+ IF(ZI + lz —my — Ny, ll + 12 - L)

F(21, 1 +my)F (2,1, +my)F(21, + 2L, 1, + [, + L) | *
F(2L, 1, + 1, = L)FQ2L,L + M)F (2, +2L,21,)

L -L+L -l +m,-l,-,-L-1 |
my+my — 1 —1,, =2

3)

3F2[

Racah [6], Fock [7]

[ 2L+1
LM —
Cromtum, = Obtmy+m, TTLiLT T (L4 Ltmy, byt my)F (L + L—my by —my)

1

FQL,L+M)F (21, + 20,1, + 1, + L) 2
F(21y,1, + my)F(2ly, 1, + my)F(2L, 1, — I, + L)F (21, + 21,21, )

11

g | ThEme b m =M, =l =L - L -1
302 L —L+m,-L—M—1, +m,

4
Wigner [8]
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M =5 (=1)2-L-m 2L+1 1
lymy lymy = CMmy Lhtb+L+1F(lj+L+L1+m —M)
1

F(2ly, 1+ my)F(21;,1; + my)FQL, L+ M)F(2L,1; — 1, + L)F (21, +21,,21;) ) 2
F(2l +2b, L+ 1, +L)

1]

LMl —ly—L—1,~l, +1, — L
3F
—l,+m —L—M,-2L

®)
Majumdar [9]

2L+ 1
LM _ _1\btm e L
Cll’"l’lzmz - 5M’m1+m2( b L+L+L+1

F(12+L—m1,ll —ml)

FQL,L+M)F (2L, L +my ) F (2, + 21,1, + 1, + L) 3 "
F(21, 1, +my)F(2L,1, = I, + L)F (21, + 21,,21,)

|

F(lb+L+my,l +m)

plbh—b-L-li-L-L=-1.-L-m
32 ~2ly,~ly—L—my, + M

Bandzaitis and Yutsis [10]

2L+ 1

L+L+L+1

FQL.L+MYF(2Ly. b+ m)F(2y 4 2L.1 + L, + L) | * o
F(21, 1, +my)F (2l 1, + 1, — L)F (21, + 2L, 21,)

LM _ _1\btm
C[1m1,12m2 - 6M,ml+m2( 1)

p|h—b-L-li—L-L-1-L-M|
302 _2L,_12_L_m1

Bandzaitis and Yutsis [10]

LM _ /- 2L+ 1
Cimytymy = My ey (=11 "y /—l1 LTl 1F(l2 +L—my, Iy —m)F(l; + 1, -M,L—M)

1
F (20,1 + my)F (20 +2L,1; + [, + L) 2
FQL,L+M)F (21,1 +m)F(2l,,1; + 1, — L)F (21} + 2L,21,)

[ —l =l —L-1,-1, +m1,—L+M‘ ]
3F, 1
=L +M,~l, —L+m,
®)
where F(a, b) represents the binomial coefficients.

CG coefficients given by Eqgs. (3-8) are mathematically equivalent and easily
computed numerically. The calculated CG coefficients for some selected integer and
non-integer quantum numbers are shown in Table 1. The numbers in parentheses
in the 7th column of Table 1 indicate the relevant reference numbers. As seen in
Table 1, Egs. (3—8) provided in this study satisfy all symmetry relationships for CG
coefficients relations given in Refs. [1-3].

@ Springer



2766 Journal of Mathematical Chemistry (2024) 62:2761-2775

Table 1 CG coefficients are tabulated for integer and non-integer quantum numbers

I3 m I, my L C%. Ly Literature
2 2 2 -2 0 0.447213595499957939281834733746255 [17]
512 32 52 —12 1 —0.478091443733757455987526871877250 [17]
3 0 2 1 1 —0.292770021884559953806315390872030 [17]
3 1 3 -1 0 0.377964473009227227214516536234180 [17]
3 2 512 =32 312 —0.218217890235992381266097485415619 [17]
1172 -5/2 9/2 92 5 —0.518874521662770825598088677365213 [11]
5 2 1 1 6 0.738548945875996396405443960751458 [11]
6 4 5 -4 8 0.371510262122030924038281785659454 [11]
1172 -3/2 9/2 =72 10 0.437679640253302234775351466909291 [11]
6 6 772 5/2 1972 0.606976978666883994176535959937783 [11]
1172 1172 5 3 2172 0.462910049886275730783283388292000 [11]
15 2 20 -3 9 —0.207128377200859542074494317223818 [13]
25 12 35 -17 40 —0.102439678889182401706342466360153 [13]
40 -2 37 1 49 —0.125134852685479680179749481300492 [13]
60 18 52 —15 80 0.132731595612954623084204774338178 -
60 —18 52 15 80 0.132731595612954623084204774338178 -
52 —15 60 18 80 0.132731595612954623084204774338178 -
60 18 80 -3 52 0.107190433363976649435883787202672 -
80 -3 52 -15 60 —0.115067866913218666640495307964221 -
80 3 60 —18 52 0.107190433363976649435883787202672 -
52 15 80 3 60 —0.115067866913218666640495307964221 -

The comparison of numerical results obtained in the last column with the literature and the numerical
results obtained by using symmetry relations in the last 7 rows are given

Figure la—c show graph of CG coefficients versus [}, [,, and L orbital angular
momentum numbers, respectively. As can be seen from Fig. 1, CG coefficients oscil-
late approximately periodically. In Fig. la—c, the amplitudes of CG coefficients are
not constant. In the graphs (a) and (b) drawn for the constant L value, the amplitudes
of CG coefficients decrease against increasing /, and [, values. In diagram (c), illus-
trated by changing the L value, the amplitude decreases and continues increasing.
Figure 1d shows the three-dimensional behavior of CG coefficients versus /; and /,.

The behavior of CG coefficients as functions of magnetic quantum numbers is
illustrated in Fig. 2a—c for constant orbital angular momentum quantum numbers.

It is well known that CG coefficients will be zero unless triangular conditions are
satisfied simultaneously. However, some CG coefficients can be “accidentally” zero
even if the conditions are fulfilled. In Fig. 1, the points where CG coefficients are
zero correspond to the locations where the triangular conditions are satisfied. Still,
the generalized hypergeometric functions of the unit argument evaluate to zero. For
15 <1, £60, 1, =45, and L = 60, the approximate values of the first 15 nodes, read
from the drawn graph using Mathematica’s “Get Coordinates” command, are given
in Table 2.

@ Springer



Journal of Mathematical Chemistry (2024) 62:2761-2775 2767

0.4
03 — m=2, =45, my=—1, L=60 0.4 — =60, m;=2, my=-1, L=60
‘;i 0.2 §
é 0.1 %
g 00 g
g -0 8
-0.2
-03
20 30 40 50 60 0 10 20 30 40 50 60
orbital angular momentum quantum number /, orbital angular momentum quantum number /,
(@) (b)
0.2 )
— L=T75,m=2, =43, my=-1 |
| f
0.1 ] @t
:2) f fos|
S | 20.0(
£ £
R Zos|
Q Q &
S O\
O 01 o
-0.2— B
40 60 80 100
orbital angular momentum quantum number
© (d)

Fig. 1 CG coefficients are shown as a function of orbital angular momentum quantum numbers for a
range of magnetic quantum numbers (m; =2,m, = —1).a15 <[, <60.b1 </, <60. ¢32 <L < 108.
d 3D graph of CG coefficients versus /; and /, orbital angular momentum quantum numbers (L = 20)

In this study, the special values provided by the generalized hypergeometric func-
tions of the unit argument are used to rewrite the special values of CG coefficients
given extensively listed in Ref [17].

The generalized hypergeometric functions Special values of CG coefficient
P [ —2L—1,-L+M, —L+M Cl =1
| -L+M, —L+M
= (—l)L‘MF(ZL L—M)
[ —21, =21, -1 0, 0 htbli+h _

3F2 ! 0, 2_212 ’ ] =1 Cllllvlzlz !

[ —21, =21, — 1,0, =21 habh=h _ [T
3 ! _2122’_212 : 1] =1 Cllllvl2_ll F(21,420,.21))

[ =21, — 1, =1, +my,m;+m, Rl Amy) v = (=Dh™m Smmy
sF -2 A mymy, =L+ my Y=\ 7Gam) fymy dymy V2ii+1

[ —21, —21,,-1,0 Le=h+h-1 _ [T
3F2 ]_] _2212 ' ] =1 Clll,—l,lzlz - L+,

[ =21, - 24,.0.0 Wb+l _ [T
3F2 —11, —2122+ 1 H =1 Coty o1 Vi,
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CG coefficients
CG coefficients
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-0.1 1
= — CG(/,=20, my=m, =25, my=-m, L=41)
-0.2
-03
-20 -10 0 10 20

magnetic quantum number m

©

Fig.2 Oscillatory behavior of CG coefficients in the intervals a =25 <m; <25. b =35 <m, <25. ¢
-20<m <20

3 Asymptotic behavior of the Clebsch-Gordan coefficients

The analytical expressions for ACG coefficients given by Refs. [23, 24] are rewritten
in terms of binomial coefficients with some modifications as follows

CILI%, bmy & \/F (L +my,ly = B)F (L + B, 1, —my)
<L M+1/2> Z( 1)ar=s F(l, =my,s)F (L, = B.s) ©)

2L+ 1 Ly+my+2s
s=a F(m2+ﬁ+s,s)(tan§)2 ’

where f = L —[;. The intervals of the summation index have been determined by
following conditions.
b= Min{l, —my,l, +1,— L}
_ 0, Iy <my+L (10)
a= ll_mz_L,ll>m2+L

In Eq. (9), 0 is the angle between the momentum L and the z-axis can be expressed
as follows.
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1 1
L+iv-1

o [L-M+1/2 ‘il
tan- = = 1 1 (11)
2 VN LM+ 1/2" riimed
C

11
LM’EE

The following formula relates the behavior of ACG coefficients with representa-
tions of finite rotation functions [24]

1 I
Ci%],lzmz ~ (_1) 25M—m1,m2d11212,L—11 (9) (12)

This formula was mentioned by Edmonds [1]. We derive a formula for ACG from
the definition of recursion relations for finite rotation functions and Eq. (9) in terms
of trigonometric functions and ACG coefficients.

LM 10 Lm0
Climy dym, _CIIO,IZOCliO,I;J K,,5(0)
) (13)
I, +my0 10
+2 21 Cli—s,lzzsci—s,lzsl(mzﬂ(sa)
where we denote
) Mod(m1 —m2,4) -1
K, m,(0) = sin| 0 — > T (14)
and
M
0=A
rccos<L+1/2> (15)

Both Egs. (9) and [(12) or (13)] are used to calculate ACG coefficients numeri-
cally; the results are completely in agreement with each other. ACG coefficients are
satisfied following orthogonality relation.

b

LM L'M _
Z Cllml,lzsclllml,lzs - 5LL'51111’ (16)

s=—I,

4 Results and discussions

In this study, CG coefficients were calculated using Egs. (3-8), and the accuracy
of our results was checked using orthogonality and symmetry relationships. The
numerical results obtained from these equations, presented in Table 1, were com-
pared with those in the literature [11, 13, 17] and with results generated using
the command in Mathematica programming language. Our numerical values are
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in complete agreement with both the literature and the results of the Mathemat-
ica CG command given by Eq. (17). To calculate the numerical results of the
CG coefficients using the command line provided by Eq. (17) and Eqgs. (3-8),
the required CPU times in seconds are given in Table 3. As seen from Table 3,
among all equations, Eq. (3) has the shortest running time in all selected quan-
tum states. At high values of quantum numbers, a considerable difference was
observed between the running times of the Mathematica command line given in
Egs. (3-8) and (17). In quantum mechanical systems, hundreds of thousands of
CG coefficients must be calculated to calculate a physical quantity. This shows
the importance of calculating CG coefficients in a short time. The running time of
Egs. (3-8) has not been compared with the values in the literature because com-
puters with different features are used.

ClebschGordan[{11,m1}, {12, m2}, {L,M}] (17)

ACG coefficients were numerically calculated in the range of
100 < [, £2,000,050 using Eq. (9), and the results are presented in Table 4. The
accuracy of the results was verified through the orthogonality relation provided by
Eq. (16). To facilitate a comparison between CG and ACG coefficients, CG coef-
ficients were calculated utilizing these quantum sets and are detailed in Table 4.
Table 4 shows that CG and ACG coefficients exhibit a very gradual convergence.
Figure 3 illustrates the overlap between CG and ACG coefficients in response to
the orbital angular momentum quantum numbers in the range 52 <[, <75, with
I, =23, my=-2, L=75, and M = —-2. While these coefficients yield signifi-
cantly different numerical results for small values of the /; quantum numbers, it
has been observed that they converge slowly as the quantum numbers increase.
Even at very high quantum numbers, this approximation remains within single

Table 4 Numerical values of CG and ACG coefficients for very high quantum numbers

M

LM

IM

I m L m L 1ymy dym, Climy Jymy

100 5 50 -3 150 2 0.25548852192936475045 0.24687294038836336605
500 5 50 -3 550 2 0.25869051355731599254 0.25516984718244435831
1000 5 50 -3 1050 2 0.25846575745897489230 0.25655842390320664255
10,000 5 50 -3 10,050 2 0.25810191171984115663 0.25789708927763605043
50,000 5 50 -3 50,050 2 0.25806163139315841425 0.25802040809747868049
100,000 5 50 -3 100,050 2 0.25805650195393040116 0.25803587408143466317
150,000 5 50 -3 150,050 2 0.25805478746344074460 0.25804103194134032442
250,000 5 50 -3 250,050 2 0.25805341418620378665 0.25804515914118298640
300,000 5 50 -3 300,050 2 0.25805307063283173052 0.25804619106782365208
400,000 5 50 -3 400,050 2 0.25805264105943644521 0.25804748104739066992
500,000 5 50 -3 500,050 2 0.25805238324516473558 0.25804825507314173664
750,000 5 50 -3 750,050 2 0.25805203941085622191 0.25804928715182508525
1,000,050 5 50 -3 1,000,050 2 0.25805186745858024120 0.25804980321017413331
2,000,050 5 50 =3 2,000,050 2 0.25805160948626172857 0.25805057732145796498

Numerical values of ACG coefficients that are compatible with CG coefficients are underlined
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L 10D
o —0.
@]

-0.4

55 60 65 70 75
orbital angular momentum quantum number /;

Fig.3 Graph of CG and ACG coefficients change as a function of quantum number /; in interval
52<L <75

/2220, L=/1 +20, my=4, my=—4

0.0008
0.0006 o
0.0004 e

0.0002

Deviation between CG and ACG

0.0000

0 2000 4000 6000 8000 10000
orbital angular momentum quantum number /;

Fig.4 The plot of AKM versus /; angular momentum quantum numbers

lymy lym,

digits. Table 4 shows that the orbital quantum number needs to be in the order of
100,000 for the next digit to be compatible.

The amount of deviation between CG and ACG coefficients, AILIZ Ly for the
given quantum sets, is calculated with the formula given below, and the results
are illustrated in Fig. 4 as a function of the /; quantum numbers. According to
Fig. 4, the difference between CG and ACG is maximum at small values inversely
proportional to the angular momentum quantum number and slowly approaches
each other as /; increases.

LM _ LM —c
Lymymy ™~ Limy,Lmy Lymy,lym,

(18)
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