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Abstract

In this paper we characterize matrices that map every bounded sequence into one whosés
a subset of th&-core of the original sequence.
0 2003 Elsevier Inc. All rights reserved.
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1. Introduction

If K is a subset of the natural numbeé¥s K,, will denote the sefk € K: k < n}
and |K,| will denote the cardinality ofk,,. The natural density oK [25] is given by
8(K):=1lim,(1/n)|K,|, if it exists. Fastintroduced the definition of statistical convergence
using the natural density of a set. The number sequereéx;) is statistically convergent
to L provided that for every > 0 the setK := K(¢) := {k € N: |xy — L| > ¢} has nat-
ural density zero [11,13]. Henoeis statistically convergent td iff (C1xk ). — 0 (as
n — oo, for everye > 0), where(C is the Cesaro mean of order one gng is the char-
acteristic function of the sek’. Properties of statistically convergent sequences have been
studied in [2,3,13,23,29].

Statistical convergence can be generalized by using a nonnegative regular summability
matrix A in place ofC1.
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Following Freedman and Sember [12], we say that aiset N has A-density if
SA(K) :=1lim, (Axg)n =lim, > ", cx ank €Xists, whered = (a,) is a nonnegative reg-
ular matrix.

The number sequenee= (xy) is A-statistically convergentth provided that for every
¢ > 0 the setK (¢) hasA-density zero [3,12,23].

Fridy [14] has introduced the notions of statistical limit point and cluster point and then
Fridy and Orhan [15] studied the idea of statistical limit superior and inferior. Connor and
Kline [5] and Demirci [9] extended these conceptsAsstatistical convergence using a
nonnegative regular summability matrix in place ofC;. Also Connor has introduced
u-statistical analogue of these concepts using a finitely additive set functiaking val-
ues in[0, 1] defined on a field” of subsets oN such that iffA| < oo, thenu(A) = 0; if
A C B andu(B) =0, thenu(A) =0; andu(N) =1 [4,5].

The number sequence = (x;) is u-statistically convergent td. provided that
w({k e N: |xp — L| > ¢}) =0 for everye > 0 [4,5].

Let X # @. A classS C 2% of subsets ofX is said to be an ideal iX provided that
S is additive and hereditary, i.e., f satisfies these conditions: @)e S, (i) A,B€ S =
AUBEeS, (i) Ae S, BC A= B e S [18]. An ideal is called nontrivial ifX ¢ S.

A nontrivial idealS in X is called admissible ifx} € S for eachx € X [18].

Kostyrko et al. [18,19] introduced two types of “ideal convergence.”

Let Z be a nontrivial ideal irN. A sequencex = (xx) of real numbers is said to be
Z-convergent ta. if for every ¢ > 0 the setA(¢) := {k € N: |xx — L| > ¢} belongs taZ
[18]. In this case we writ&-limit x = L.

Let Z be an admissible ideal iN. A sequencer = (x;) of real numbers is said to be
Z*-convergenttd. if there is a seH € Z, such that fotdd = N\H = {m1 <mo < ---} we
have liny x,,,, = L. In this case we writ&*-limit x = L [18].

For every admissible idedl the following relation between them holds: LEtbe an
admissible ideal iN. If Z*-limit x = L thenZ-limit x = L [18].

Note that for some ideals the converse of this result holds (see [18, Example 3.1]).
Kostyrko et al. have given the necessary and sufficient condition for equivalecaraf
T*-convergences. This condition is similar to the additive property for null sets in [4,12].

An admissible ideal in N is said to satisfy the additive property if for every countable
system{A1, A, ...} of mutually disjoint sets belonging @ there exist set®; C N (j =
1,2,...) such that the symmetric differencdsAB; (j =1,2,...) are finite andB =
U721 B; belong toZ [18].

It is known [18] thatZ-limit x = L < Z*-limit x = L if and only if Z has the additive
property [18]. Some results dh-convergence may be found in [10,18,19].

Demirci [10] has introduced the conceptsBiimit superior and inferior and studied
some properties df-limit superior and inferior for a sequence of real numbers.

For a real number sequence= (x;) let B, denote the set

B, := {b eR: {k: x; > b} ¢I}.
Similarly,

Ay 1= {aER: {k: xx <a}¢I}.
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LetZ be an admissible ideal antbe a real number sequence. ThenZhli@nit superior
of x is given by

o _ [ supB. if B, #¢,
Z-limsupx := { oo it B, = ¢,
Also, theZ-limit inferior of x is given by
e __|infA, if A, #9,

7z I|m|nfx._{Jroo it A, = .

Recall [10] that for a real number sequence (xx) the numbep is theZ-lim supx if
and only if for everye > 0,

{k:xp>B—¢e}¢Z and (ki xx>p+s}el.
Also the numbet is theZ- liminf x if and only if for everye > 0,
{k:xp<a+e}¢Z and {k:xx<a—e}el.

The Z-bounded sequence is Z-convergent if and only ifZ-limsupx = Z-liminf x
[10].

Note that if we definels, = {K € N: §4(K) =0}, Zs, = {K S N: §(K) =0} and
Z, ={K € I': n(K) =0}, then we get Definition 1 of [9], Definition 1 of [15] and Con-
nor’s definitions [6] ofu.-statistical superior and inferior, respectively.

Note that the setds,, Zs., andZ, have the additive property for null sets [6,12].
Throughout the papéf will have the additive property.

In this paper we characterize matrices that map every bounded sequence into one whose
o-core is a subset of the-core of the original sequence. The final result follows a result
of Choudhary [1] in giving conditions on matricdsand H so that thes-core of Tx is
contained in th&€-core of Hx.

2. o-coreand Z-core

Let ¢°° and ¢ be the space of real bounded and convergent sequences, respectively.
Let o be a mapping of the set of positive integers into itself. A continuous linear func-
tional ¢ on ¢ is said to be an invariant mean owamean if and only if (1)p(x) >0
when the sequence= (x,) hasx, > 0 for all n, (2) p(e) =1, wheree = (1,1,1,...),
and (3)¢ (o)) = ¢(x) for all x € £>°. We assume throughout this pajet(n) # n for
all n > 0, j > 1. For certain kinds of mappings, every invariant meag extends the
limit functional on the space, in the sense that(x) = lim x for all x € ¢c. Consequently,
¢ C V,, whereV, is the set of bounded sequences all of whesmeans are equal. It is
known [30] that

Vy = {x € 0% Ii;n tpn(x) = s uniformly inn, s =o-|imx},

wherep >0,n > 0, and
Xn + Xo(n) T Xg2(p) T -0+ Xop(n)
p+1 '

1)

tpn(x) =
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Let V:£%° — R be defined by

V(x) = lim supsupt p, (x),
p n

wheret,, (x) is given by (1). Ther-core ofx is defined to be the closed interval
o-corgx}:=[-V(-x),V(x)] [21].

If we takeo (n) = (n + 1) theno-convergence and almost convergence coincide [20].
In this caser-corgx} is the same aB-corex} [8,21,26].
Note that ifx is anZ-bounded real sequence, then

Z-corgx} = [Z-liminf x, Z-limsupx] [10].

In [15] Fridy and Orhan introduced the concept of the statistical core of a real number
sequence, and proved the statistical core theorem. Those results have also been extended
to the complex case by them too [16]. Using the same technique as in [16], the concept
of Z-core of a complex sequence is introduced in [10], and necessary conditions are es-
tablished for a summability matrid to yield Z-corg Ax} C Z-corglx} wheneverx is a
bounded complex number sequence.

We note that if we defin€ :=Z¢, ando (n) = (n + 1), thenZ-convergence and-
convergence are incomparable (see [24]).

LetT = (t,+) be an infinite matrix, and lef andY be two sequence spacesTlf exists
for eachy € X andT'x € Y then we say thaf' mapsX into Y. The set of matrices that map
X into Y is denoted by X, Y). The set of matrices that mapinto Y and leave the limit or
sum invariant is denoted biX, Y; p). For example, ifT" € (¢, ¢; p), then limTx = lim x
for everyx € c. In this caser" is called regular (see [7,28]).

Schaefer [30] has characterized the classes of matiic®s; p) and(£°°, V,).

By F7 and F z(b) we denote the set of all th&-convergent sequences and all
Z-convergent bounded sequences.

Note that ifZ has the additive property, then using the idea given in Theorem 4.1 of [17]
we can obtain necessary and sufficient conditions to characterize the matrices of the class
(FzNX,Y),whereX is a section-closed sequence space containargdY an arbitrary
sequence space. The proofis similar to Kolk’s proof. So we omit the details.

Now if we takeX = £*° andY = V,, then we get necessary and sufficient conditions to
characterize the matrices of the class; (b), Vy; p).

HenceT e (F 7(b), V,; p) ifand only if T € (c, V,; p) andT'K1 € (¢, V) for every
K €T, whereT'8] = (d,;) is given byd,; = tu if k € K; K € T andd,; = 0 otherwise.

For typographical convenience we shall use the notatienk) to denote the element
t. Of the matrixT .

By Theorems 1 and 2 of [30], this is equivalent to the following

Proposition 1. T € (F 7(b), V,; p) ifand only if

o
0) supZ|t(n,k)|<oo;
n k=1
(i) o-limt(n,k)y=0 foreveryk;
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(i) o-lim Zt(n,k) =1; and

k=1
P
(iv) |Im2 Z (k)| =0 uniformlyin n for every K € Z.
keK 1 =0

Now we have
Theorem 2. Let T:1°° — [*° and y (x) := Z-lim supx. Then
V(Tx) <y(x) foreveryxel™ (2)
if and only if
@ Te (Fz(b) \Zx );

IR EE S,

k=1 ]:

=1 uniformyinn.

Proof. Assume (2) holds and € [*°. ThenTx €(°°; and also we have
=y (=x) < =V (=Tx) < V(Tx) <yx).

If x € F£(b), theny(x) = —y(—x), henceT mapsF 7(b) into V, and \,;-lim Tx =
Z-lim x, which proves (a).
Next we are going to show that

I|m Z\t(p n, k)| =1 uniformlyinn,
k=1

where

1 &
Hpom k) i=—— > (o, k).
j=0

By condition (iii) of Proposition 1,
|Im|nfsup2|t(p,n k| > I|m|ant(p,n k)—>1 asp— .

k=1
Hence,

o0
liminf n k) >1
|mp|n Srlljp];|t(p n, k)|

By a theorem similar to Theorem 12 of [31] it is proved in [22] that there is a sequence
x € £%° such that|x|- < 1 and

o o0
limsupsup) " #(p,n, k)x; = limsupsupy _|¢(p,n. k)| (3)
P = P =1
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Hence,

o0 o0
1 < liminf Sup2|t(p,n,k)| < Iimsupsup2|t(p,n,k)|
Pz P " k=1

=limsupsup "t(p.n.k)xi  (by (3))
P " k=1

< y(x) (byhypothesis)
Slxlloo <1
from which we get (b).

Conversely assume (a) and (b) hold, and ¢°°. ThenTx € £°° and y (x) is finite.
Givene > 0, let E1 := {k: xx > y(x) + ¢}. HenceE; € Z and if k € E> := N\ E; then

xx < y(x) + e. For any real number we write z+ := maxz, 0} andz™ := max—z, 0},
whence
lzl=z"+z7, 1=z —z", lz| —z=2z7".
Let
1 & .
+ N +(~/
tT(p,n, k)= —p+ 1Zt (cr(n),k),
j=0
1 & ;
t(p,nk)=——=Y t (c/ .k
(p,n, k) p+1j§0 (00 k)

Then for a fixed positive integet, we write

ton(Tx) =Y t(p,n. )x + Y t(p.n. k)x

k<m k>m
=Y tp.nx+ Y T (ponkxi— Yt (pon k)x
k<m k>m k>=m
=Y tpnx+ Y Mo xc+ Y 1t (pon k)x
k<m k>m k=>m
k¢E; k¢Ep
— Z t~ (p,n, k)xi
k>m
<lxlloo Yt (pon O]+ (y(x) +8) Y |1(p.n, K]
k<m k>m
+llxlloo Y[t (p.n )] + lIxlloo D ([t(p.n k)| = t(p.n. k).
k>=m k>=m

Now Proposition 1 and (b) imply that
V(ITx)<yx)+e.
Sincee is arbitrary we conclude th&PR) holds hence the proof is completeda
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Similarly we could getx(x) :=Z-liminfx < —V(—Tx), and hence we have the fol-
lowing result.
Theorem 3. If T:[*° — [*°, then
o-cordTx} CZ-corgx} for everyx € £*°
if and only if conditions (a) and (b) of Theorem 2 hold.

If we takeo (n) = (n + 1), then we getV, = F, the set of all almost convergent se-
qguences. The case in whidh= I¢, yields thatF1(b) = st(b), the set of all bounded
statistically convergent sequences. Hence, the following two results are immediate from
Theorem 3.

Corollary 4. If T :1°° — [°°, then
B-corgTx} C Z-corgx} for every x € £*°
if and only if

(i) Te(rzd),F;p);

] 1 ,
(i) llgnkglp——lrlzt(n—i_]’k)

Jj=0

=1 uniformlyinn.

The next result appears as Theorem 4 in [27].

Corollary 5. If T :1°° — [°°, then

B-cordTx} C stcorgx} for every x € £*°
if and only if

(i) T e(stb),F; p);

[e’e) 1 p
ii lim - tin+ j, k
(ii) p;p+1;< j k)

=1 uniformlyinn.

Theorem 6. Let H be a triangular matrix with nonzero diagonal entries, and denote its
triangular inverse by H . For an arbitrary matrix 7, in order that, whenever Hx € [*°,
T x should exist and be bounded and satisfy

o-corgTx} CZ-cord Hx}, 4)
it is necessary and sufficient that
() C:=TH 'exsts
(i) Ce(rz),Vs:p);
I I
(i) II’r’n,; ch(a(n),k)

j=0
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v o
(v) lim> 1 > t(n. j)h (j.k)| =0 for anyfixedn.
k=0l j=v+1

Proof. Necessity. If (Tx), exists for eachn wheneverHx € [*°, then by Lemma 2 of
Choudhary [1], (i) and (iv) hold. By the same lemma, we also hBve= Cy, where
y = Hx. By hypothesisT'x € [*°, henceCy € [*°. Now (4) implies thato-corgCy} C
Z-corely}. By Theorem 3, we get (ii) and (iii).

Sufficiency. Conditions (i)—(iv) imply the conditions of Lemma 2 of Choudhary [1]; so,
it follows from that lemma thatCy € [*°, and hencel'x € [°°. Now Theorem 3 yields
thato-corgCy} C Z-cordy}, and sincey = Hx andCy = Tx, we haveos-corgTx} C
Z-cord Hx}, whence the result follows. O
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