
a

nce
t

been

ability
J. Math. Anal. Appl. 290 (2004) 414–422

www.elsevier.com/locate/jma

σ -core andI-core of bounded sequences

K. Demircia and S. Yardimcib,∗

a Department of Mathematics, Faculty of Sciences and Arts Sinop, Ondokuz Mayis University,
57000 Sinop, Turkey

b Department of Mathematics, Faculty of Science, Ankara University, Tandoğan, 06100 Ankara, Turkey
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Abstract

In this paper we characterize matrices that map every bounded sequence into one whoseσ -core is
a subset of theI-core of the original sequence.
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1. Introduction

If K is a subset of the natural numbersN, Kn will denote the set{k ∈ K: k � n}
and |Kn| will denote the cardinality ofKn. The natural density ofK [25] is given by
δ(K) := limn(1/n)|Kn|, if it exists. Fast introduced the definition of statistical converge
using the natural density of a set. The number sequencex = (xk) is statistically convergen
to L provided that for everyε > 0 the setK := K(ε) := {k ∈ N: |xk − L| � ε} has nat-
ural density zero [11,13]. Hencex is statistically convergent toL iff (C1χK(ε))n → 0 (as
n→ ∞, for everyε > 0), whereC1 is the Cesáro mean of order one andχK is the char-
acteristic function of the setK. Properties of statistically convergent sequences have
studied in [2,3,13,23,29].

Statistical convergence can be generalized by using a nonnegative regular summ
matrixA in place ofC1.
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Following Freedman and Sember [12], we say that a setK ⊆ N hasA-density if
δA(K) := limn(AχK)n = limn

∑
k∈K ank exists, whereA = (ank) is a nonnegative reg

ular matrix.
The number sequencex = (xk) isA-statistically convergent toL provided that for every

ε > 0 the setK(ε) hasA-density zero [3,12,23].
Fridy [14] has introduced the notions of statistical limit point and cluster point and

Fridy and Orhan [15] studied the idea of statistical limit superior and inferior. Conno
Kline [5] and Demirci [9] extended these concepts toA-statistical convergence using
nonnegative regular summability matrixA in place ofC1. Also Connor has introduce
µ-statistical analogue of these concepts using a finitely additive set functionµ taking val-
ues in[0,1] defined on a fieldΓ of subsets ofN such that if|A|< ∞, thenµ(A)= 0; if
A⊂ B andµ(B)= 0, thenµ(A)= 0; andµ(N)= 1 [4,5].

The number sequencex = (xk) is µ-statistically convergent toL provided that
µ({k ∈ N: |xk −L| � ε})= 0 for everyε > 0 [4,5].

Let X �= ∅. A classS ⊆ 2X of subsets ofX is said to be an ideal inX provided that
S is additive and hereditary, i.e., ifS satisfies these conditions: (i)∅ ∈ S, (ii) A,B ∈ S ⇒
A ∪ B ∈ S, (iii) A ∈ S, B ⊆ A ⇒ B ∈ S [18]. An ideal is called nontrivial ifX /∈ S.
A nontrivial idealS in X is called admissible if{x} ∈ S for eachx ∈X [18].

Kostyrko et al. [18,19] introduced two types of “ideal convergence.”
Let I be a nontrivial ideal inN. A sequencex = (xk) of real numbers is said to b

I-convergent toL if for every ε > 0 the setA(ε) := {k ∈ N: |xk − L| � ε} belongs toI
[18]. In this case we writeI-limit x = L.

Let I be an admissible ideal inN. A sequencex = (xk) of real numbers is said to b
I∗-convergent toL if there is a setH ∈ I, such that forM = N\H = {m1 <m2 < · · ·} we
have limk xmk = L. In this case we writeI∗-limit x = L [18].

For every admissible idealI the following relation between them holds: LetI be an
admissible ideal inN. If I∗-limit x = L thenI-limit x = L [18].

Note that for some ideals the converse of this result holds (see [18, Example
Kostyrko et al. have given the necessary and sufficient condition for equivalence ofI and
I∗-convergences. This condition is similar to the additive property for null sets in [4,

An admissible idealI in N is said to satisfy the additive property if for every counta
system{A1,A2, . . .} of mutually disjoint sets belonging toI there exist setsBj ⊆ N (j =
1,2, . . .) such that the symmetric differencesAj�Bj (j = 1,2, . . .) are finite andB =⋃∞

j=1Bj belong toI [18].
It is known [18] thatI-limit x = L ⇔ I∗-limit x = L if and only if I has the additive

property [18]. Some results onI-convergence may be found in [10,18,19].
Demirci [10] has introduced the concepts ofI-limit superior and inferior and studie

some properties ofI-limit superior and inferior for a sequence of real numbers.
For a real number sequencex = (xk) let Bx denote the set

Bx := {
b ∈ R: {k: xk > b} /∈ I

}
.

Similarly,

Ax := {
a ∈ R: {k: xk < a} /∈ I

}
.
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LetI be an admissible ideal andx be a real number sequence. Then theI-limit superior
of x is given by

I- lim supx :=
{

supBx if Bx �= φ,

−∞ if Bx = φ.

Also, theI-limit inferior of x is given by

I- lim inf x :=
{

infAx if Ax �= φ,

+∞ if Ax = φ.

Recall [10] that for a real number sequencex = (xk) the numberβ is theI- limsupx if
and only if for everyε > 0,

{k: xk > β − ε} /∈ I and {k: xk > β + ε} ∈ I.
Also the numberα is theI- lim inf x if and only if for everyε > 0,

{k: xk < α + ε} /∈ I and {k: xk < α − ε} ∈ I.
The I-bounded sequencex is I-convergent if and only ifI- limsupx = I- lim inf x

[10].
Note that if we defineIδA = {K ⊆ N: δA(K) = 0}, IδC1

= {K ⊆ N: δ(K) = 0} and
Iµ = {K ∈ Γ : µ(K) = 0}, then we get Definition 1 of [9], Definition 1 of [15] and Co
nor’s definitions [6] ofµ-statistical superior and inferior, respectively.

Note that the setsIδA , IδC1
and Iµ have the additive property for null sets [6,1

Throughout the paperI will have the additive property.
In this paper we characterize matrices that map every bounded sequence into one

σ -core is a subset of theI-core of the original sequence. The final result follows a re
of Choudhary [1] in giving conditions on matricesT andH so that theσ -core ofT x is
contained in theI-core ofHx.

2. σ -core and I-core

Let "∞ and c be the space of real bounded and convergent sequences, respe
Let σ be a mapping of the set of positive integers into itself. A continuous linear f
tional ϕ on "∞ is said to be an invariant mean or aσ -mean if and only if (1)ϕ(x) � 0
when the sequencex = (xn) hasxn � 0 for all n, (2) ϕ(e) = 1, wheree = (1,1,1, . . .),
and (3)ϕ((σ(n))) = ϕ(x) for all x ∈ "∞. We assume throughout this paperσj (n) �= n for
all n > 0, j � 1. For certain kinds of mappingsσ , every invariant meanϕ extends the
limit functional on the spacec, in the sense thatϕ(x)= lim x for all x ∈ c. Consequently
c ⊂ Vσ , whereVσ is the set of bounded sequences all of whoseσ -means are equal. It i
known [30] that

Vσ =
{
x ∈ "∞: lim

p
tpn(x)= s uniformly in n, s = σ - lim x

}
,

wherep � 0, n > 0, and

tpn(x)= xn + xσ(n) + xσ2(n) + · · · + xσp(n)
. (1)
p+ 1
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Let V : "∞ → R be defined by

V (x)= lim sup
p

sup
n
tpn(x),

wheretpn(x) is given by (1). Theσ -core ofx is defined to be the closed interval

σ -core{x} := [−V (−x),V (x)] [21].

If we takeσ(n) = (n+ 1) thenσ -convergence and almost convergence coincide [
In this caseσ -core{x} is the same asB-core{x} [8,21,26].

Note that ifx is anI-bounded real sequence, then

I-core{x} = [I- lim inf x,I- lim supx] [10].

In [15] Fridy and Orhan introduced the concept of the statistical core of a real nu
sequence, and proved the statistical core theorem. Those results have also been e
to the complex case by them too [16]. Using the same technique as in [16], the c
of I-core of a complex sequence is introduced in [10], and necessary conditions a
tablished for a summability matrixA to yield I-core{Ax} ⊆ I-core{x} wheneverx is a
bounded complex number sequence.

We note that if we defineI := IC1 andσ(n) = (n + 1), thenI-convergence andσ -
convergence are incomparable (see [24]).

LetT = (tnk) be an infinite matrix, and letX andY be two sequence spaces. IfT x exists
for eachx ∈X andT x ∈ Y then we say thatT mapsX intoY . The set of matrices that ma
X into Y is denoted by(X,Y ). The set of matrices that mapX into Y and leave the limit or
sum invariant is denoted by(X,Y ;p). For example, ifT ∈ (c, c;p), then limT x = lim x

for everyx ∈ c. In this caseT is called regular (see [7,28]).
Schaefer [30] has characterized the classes of matrices(c,Vσ ;p) and("∞,Vσ ).
By �I and �I(b) we denote the set of all theI-convergent sequences and

I-convergent bounded sequences.
Note that ifI has the additive property, then using the idea given in Theorem 4.1 o

we can obtain necessary and sufficient conditions to characterize the matrices of th
(�I ∩X,Y ), whereX is a section-closed sequence space containinge andY an arbitrary
sequence space. The proof is similar to Kolk’s proof. So we omit the details.

Now if we takeX = "∞ andY = Vσ , then we get necessary and sufficient condition
characterize the matrices of the class(�I(b),Vσ ;p).

HenceT ∈ (�I(b),Vσ ;p) if and only if T ∈ (c,Vσ ;p) andT [K] ∈ ("∞,Vσ ) for every
K ∈ I, whereT [K] = (dnk) is given bydnk = tnk if k ∈K; K ∈ I anddnk = 0 otherwise.

For typographical convenience we shall use the notationt (n, k) to denote the elemen
tnk of the matrixT .

By Theorems 1 and 2 of [30], this is equivalent to the following

Proposition 1. T ∈ (�I(b),Vσ ;p) if and only if

(i) sup
n

∞∑
k=1

∣∣t (n, k)∣∣<∞;

(ii) σ - lim t (n, k)= 0 for every k;

n
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(iii ) σ - lim
n

∞∑
k=1

t (n, k)= 1; and

(iv) lim
p

∑
k∈K

∣∣∣∣∣
1

p + 1

p∑
j=0

t
(
σ
j

(n), k
)∣∣∣∣∣ = 0 uniformly in n for every K ∈ I.

Now we have

Theorem 2. Let T : l∞ → l∞ and γ (x) := I- limsupx . Then

V (T x)� γ (x) for every x ∈ l∞ (2)

if and only if

(a) T ∈ (
�I(b),Vσ ;p);

(b) lim
p

∞∑
k=1

∣∣∣∣∣
1

p+ 1

p∑
j=0

t
(
σ
j

(n), k
)∣∣∣∣∣ = 1 uniformly in n.

Proof. Assume (2) holds andx ∈ l∞. ThenT x ∈ l∞; and also we have

−γ (−x)� −V (−T x)� V (T x)� γ (x).

If x ∈ �I(b), thenγ (x) = −γ (−x), henceT maps�I(b) into Vσ and Vσ - lim T x =
I- lim x, which proves (a).

Next we are going to show that

lim
p

∞∑
k=1

∣∣t (p,n, k)∣∣ = 1 uniformly inn,

where

t (p,n, k) := 1

p + 1

p∑
j=0

t
(
σ
j

(n), k
)
.

By condition (iii) of Proposition 1,

lim inf
p

sup
n

∞∑
k=1

∣∣t (p,n, k)∣∣ � lim inf
p

∞∑
k=1

t (p,n, k)→ 1 asp → ∞.

Hence,

lim inf
p

sup
n

∞∑
k=1

∣∣t (p,n, k)∣∣ � 1.

By a theorem similar to Theorem 12 of [31] it is proved in [22] that there is a sequ
x ∈ "∞ such that‖x‖∞ � 1 and

lim sup
p

sup
n

∞∑
t (p,n, k)xk = lim sup

p
sup
n

∞∑∣∣t (p,n, k)∣∣. (3)

k=1 k=1
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Hence,

1 � lim inf
p

sup
n

∞∑
k=1

∣∣t (p,n, k)∣∣ � lim sup
p

sup
n

∞∑
k=1

∣∣t (p,n, k)∣∣

= lim sup
p

sup
n

∞∑
k=1

t (p,n, k)xk (by (3))

� γ (x) (by hypothesis)

� ‖x‖∞ � 1

from which we get (b).
Conversely assume (a) and (b) hold, andx ∈ "∞. ThenT x ∈ "∞ andγ (x) is finite.

Given ε > 0, letE1 := {k: xk > γ (x) + ε}. HenceE1 ∈ I and if k ∈ E2 := N\E1 then
xk � γ (x) + ε. For any real numberz we write z+ := max{z,0} andz− := max{−z,0},
whence

|z| = z+ + z−, z= z+ − z−, |z| − z= 2z−.
Let

t+(p,n, k) := 1

p + 1

p∑
j=0

t+
(
σ
j

(n), k
)
,

t−(p,n, k) := 1

p + 1

p∑
j=0

t−
(
σ
j

(n), k
)
.

Then for a fixed positive integerm, we write

tpn(T x)=
∑
k<m

t (p,n, k)xk +
∑
k�m

t(p,n, k)xk

=
∑
k<m

t (p,n, k)xk +
∑
k�m

t+(p,n, k)xk −
∑
k�m

t−(p,n, k)xk

=
∑
k<m

t (p,n, k)xk +
∑
k�m
k/∈E1

t+(p,n, k)xk +
∑
k�m
k/∈E2

t+(p,n, k)xk

−
∑
k�m

t−(p,n, k)xk

� ‖x‖∞
∑
k<m

∣∣t (p,n, k)∣∣ + (
γ (x)+ ε

) ∑
k�m

∣∣t (p,n, k)∣∣

+ ‖x‖∞
∑
k�m

∣∣t (p,n, k)∣∣ + ‖x‖∞
∑
k�m

(∣∣t (p,n, k)∣∣ − t (p,n, k)
)
.

Now Proposition 1 and (b) imply that

V (T x)� γ (x)+ ε.

Sinceε is arbitrary we conclude that(2) holds hence the proof is completed.✷
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Similarly we could getα(x) := I- lim inf x � −V (−T x), and hence we have the fo
lowing result.

Theorem 3. If T : l∞ → l∞, then

σ -core{T x} ⊆ I-core{x} for every x ∈ "∞

if and only if conditions (a) and (b) of Theorem 2 hold.

If we takeσ(n) = (n + 1), then we getVσ = F , the set of all almost convergent s
quences. The case in whichI = IC1 yields thatF1(b) = st(b), the set of all bounde
statistically convergent sequences. Hence, the following two results are immediat
Theorem 3.

Corollary 4. If T : l∞ → l∞, then

B-core{T x} ⊆ I-core{x} for every x ∈ "∞

if and only if

(i) T ∈ (�I(b),F ;p);

(ii) lim
p

∞∑
k=1

∣∣∣∣∣
1

p + 1

p∑
j=0

t (n+ j, k)

∣∣∣∣∣ = 1 uniformly in n.

The next result appears as Theorem 4 in [27].

Corollary 5. If T : l∞ → l∞, then

B-core{T x} ⊆ st-core{x} for every x ∈ "∞

if and only if

(i) T ∈ (
st(b),F ;p)

;

(ii) lim
p

∞∑
k=1

∣∣∣∣∣
1

p + 1

p∑
j=0

t (n+ j, k)

∣∣∣∣∣ = 1 uniformly in n.

Theorem 6. Let H be a triangular matrix with nonzero diagonal entries, and denote its
triangular inverse by H−1. For an arbitrary matrix T , in order that, whenever Hx ∈ l∞,
T x should exist and be bounded and satisfy

σ -core{T x} ⊆ I-core{Hx}, (4)

it is necessary and sufficient that

(i) C := TH−1 exists;

(ii) C ∈ (
�I(b),Vσ ;p)

;

(iii ) lim
p

∞∑∣∣∣∣∣
1

p + 1

p∑
c
(
σ
j

(n), k
)∣∣∣∣∣ = 1;
k=1 j=0
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(iv) lim
ν

ν∑
k=0

∣∣∣∣∣
∞∑

j=ν+1

t (n, j)h−1(j, k)

∣∣∣∣∣ = 0 for any fixed n.

Proof. Necessity. If (T x)n exists for eachn wheneverHx ∈ l∞, then by Lemma 2 o
Choudhary [1], (i) and (iv) hold. By the same lemma, we also haveT x = Cy, where
y = Hx. By hypothesisT x ∈ l∞, henceCy ∈ l∞. Now (4) implies thatσ -core{Cy} ⊆
I-core{y}. By Theorem 3, we get (ii) and (iii).

Sufficiency. Conditions (i)–(iv) imply the conditions of Lemma 2 of Choudhary [1];
it follows from that lemma thatCy ∈ l∞, and henceT x ∈ l∞. Now Theorem 3 yields
that σ -core{Cy} ⊆ I-core{y}, and sincey = Hx andCy = T x, we haveσ -core{T x} ⊆
I-core{Hx}, whence the result follows.✷
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