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Abstract

Let T and A be two nonnegative regular summability matrices andr, p) N (% andc4(b)
denote the spaces of all bounded strongigummable sequences with indgx> 0, and bounded
summability domain ofA, respectively. In this paper we show, among other things, thats a
multiplier from W (T, p) NI into c4 (b) if and only if any subseK of positive integers that has
T-density zero implies tha& hasA-density zero. These results are used to characterizé-8iatis-
tical comparisons for both bounded as well as arbitrary sequences. Using the contegtati§tical
Tauberian rate, we also show thag is not a multiplier fromW (T, p) NI into c4 (b) that leads to
a Steinhaus type result.

0 2003 Elsevier Science (USA). All rights reserved.

1. Introduction

Let xy be the characteristic function of the positive integers. In this paper we investigate
if the sequencey is a multiplier fromW (T, p) NI°°, the space of all bounded strongly
T-summable sequences with indgx> 0, into the bounded summability domain (b)
whenT, A are two nonnegative regular summability matrices. For example we show,
among other things, that this is indeed true if and only if any sukiset positive integers

* Corresponding author.
E-mail addresses: demirci@turkuaz.kku.edu.tr (K. Demirci), kazim@math.kent.edu (M.K. Khan),
orhan@science.ankara.edu.tr (C. Orhan).
1 This research was supported by the Scientific and Technical Research Council of Turkey while the second
author was visiting Ankara University.

0022-247X/03/$ — see front mattér 2003 Elsevier Science (USA). All rights reserved.
doi:10.1016/S0022-247X(02)00456-0



28 K. Demirci et al. / J. Math. Anal. Appl. 278 (2003) 27-33

that hasT-density zero implies that it hag-density zero. These results are also used to
characterize thd -statistical comparisons for both bounded as well as arbitrary sequences.
In the final section, using the concept #fstatistical Tauberian rate, we show that is
not a multiplier fromW (T, p) N 1% into c (b) that leads to a Steinhaus type result.
We will use the common notation for matrix summabilityxit= (x;) is a sequence of
real numbers and = (a,x) is an infinite matrix, them x is the sequence whosth term is
given by(Ax), = Y ;o ankXk, Where we assume that the ser}€$- ; anixx is convergent
for eachn € N. If lim,(Ax), = L, we then say that is A-summable ta_. In this case,
we write A-lim x = L. We say thatA is regular if A-lim x = L whenever linx = L [13].
Let X andY be two sequence spacesAlf exists for eachr € X andAx € Y then we say
that A mapsX into Y, and writeA € (X, Y).
Let A be a nonnegative regular summability matrix. Following Freedman and Sember
[6], we say that a sek € N hasA-density if§4(K) := lim, Y7, ank xx (k) exists where
xk is the characteristic function of the s&t. A sequence of real numbexs= (x;) is
A-statistically convergent té. provided that for everg > 0 the setk := K(¢) :={k €
N: |xx — L| > ¢} hasA-density zero [1,3,6,8,14]. By st slg, sty (D), sﬁ (b) we denote the
set of all A-statistically convergent sequences, the set o adkatistically null sequences,
the set of all boundedi-statistically convergent sequences, and the set of all bounded
A-statistically null sequences, respectively. The case in whiehCy, the Cesaro matrix
of order one, reduces to the usual definition of statistical convergence [5,7,19,20].
Statistical convergence, while introduced over nearly fifty years ago, has only recently
become an area of active research. It has been discussed in trigonometric series [21],
summability theory [11], strong summability [1], strong integral summability [2], measure
theory [17,18], Banach space theory [4], and approximation theory [12]. Connections have
also been made between statistical convergence, Tauberian theorems and central limit
theorem [10].
By ¢ and/* we denote the sets of all convergent and bounded sequences, respectively.
From now on the summability field of a matrikwill be denoted by4, i.e.,

cA= [x: lim(Ax), exists},
n

andca (b) :=caN .
Let p be a positive real number and ldt= (a,;) be a nonnegative regular infinite
matrix. Write

o
W(A, p) = :x: lim Zank|xk — L|” =0 for someL };
gyt
in this case we say that is strongly A-summable with indexp > 0. Let W,(A) :=
W(A,1) NI%. There is a deep relationship betweérstatistical convergence and strong
summability [1,6].

We now recall the definition of multipliers. Lab denote the space of all real- (or
complex-) valued sequences. Any linear subspaeeisfcalled a sequence space. Suppose
that two sequence spacdsand F, are given. A multiplier fromE into F is a sequence
such thatux = (u,x,) € F wheneverx € E. The linear space of all such multipliers is
denoted bym(E, F). Hence the inclusiorX C Y may be interpreted as saying that the
sequencey is a multiplier fromX to Y.
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2. Strong and A-statistical comparisons

In this section our primary objective is to give equivalent formggfe m(W (T, p) N
[*°, c4(b)) that compares bounded strong summability fields of the nonnegative regular
summability matriceqd” and A. We will show that this also characterizes thestatistical
comparisons for both bounded as well as arbitrary sequences. The following is an extension
of a result of Maddox [16] so that part of the proof will be omitted, see also [14].

Theorem 1. Let A and T be nonnegative regular summability matrices. The following
statements are equivalent:

() xnvem(W(T, p) NI, ca(D)).
@iy W(T, p)nI® Cca(b).
(i) Ae(W(T,p)NIi*®,c).
(iv) Foranysubset K € N, §7(K) =0impliesthat §4(K) =0.
(V) Ae (W(T, p)Ni*,c)and A preservesthe strong limitsof 7'.

Proof. The first three parts are equivalent is trivial. To show that (iii) implies (iv), assume
that (iii) holds. Suppose the contrary and letbe a subset of nonnegative integers with
37(K) =0 but

lim supz ane > 0. 1)
n keK
Hence,K must be an infinite set sincé is regular and all its columns go to zero. (Since
37(K) =0, andT is regular, it must be thad — K must also be infinite.) Now take a
sequence which is the indicator of the s& . Note that for anyp > 0, we have

lim D Lkl lxx = 07 = lim D twxi = lim >t =87(K)=0.
k k kek
Hence,x € W(T, p) N I*°. Since A € (W(T, p) NI, ¢), it must be that(Ax), is
convergent. Combining this with (1) we see that the derfsjtyk') exists and so

lim(Ax), = 84(K) > 0.

Now consider the matriD that keeps all the columns of whose positions correspond
with the setK and fills the rest of the columns with zeros. Since,lidx), = lim,,(Ax),
> 0, a straight forward extension of an argument of Maddox [16] provides a contradic-
tion.

Assume now (iv) holds, and late W (T, p) NI°°, so that

Ztnk|xk - Llp — 0 (asn — 00),
k
for some numbeL . Hencex is T-statistically convergent. Then for amay> 0, define the

setK = {k: |xy — L| > €}. So we haveSy(K) = 0. By the assumption, it must be that
34(K) = 0. Sincex is bounded, letx;| < C for all k. So, for anyg > 0, we have
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D amlxk = LI =) amlx — LI+ ) amlxx — LI
k keK keK¢
<ROY am+el Y an
keK keK¢
< (zc)q Z ank + €7 Zank-
keK k
Lettingn go to infinity, we see that

lim anklxy — L9 =0.
nXk:nklk |

Hence, in particulargAx), — L and A preserves the strong limit df, which gives (v).
Observe that (v) trivially implies (iii)). O

The following proposition collects various equivalent forms of the last result. For this
purpose we introduce the notation

WE(T, p) = {x: Ii’rln ank|xk —L|? :0}.
k

Proposition 2. Let A and T be nonnegative regular summability matrices. Then the
following statements are equivalent:

(i) str(b) Csta(b).

(iiy W(T,p)NI*® CW(A,q)NI*® for some p,q > 0.

(i) A e (W(T, p)NI®, c)and A preservesthe strong limitsof 7. That is, WX (T, p) N

1° c WE(A, g)NI™ for every L.

(iv) Foranysubset K € N, §7(K)=0implies§4(K) =0.

(v) ) < st ®).

(vi) str(b) Csts(b) and A preservesthe T-statistical limits.

(viiy WE(T, pyni>® c WL(A,g)NI* for some p, ¢ > 0 and some real number L.
(viii) W(T, p) NI C c4(b) for some p > 0.

(ix) sty C sty and A preservesthe T-datistical limits.

(X) sty Csty.

Proof. Make the notation
sth(b) := {x € I™: x is T-statistically convergent té}.
First note that
Str.(b) = WH(T, p) N1
for any p > 0. Hence, taking union over all shows that (i) and (ii) are equivalent.
By Theorem 1, we notice that (iii) and (iv) are equivalent. Taking union dveives
that (iii) implies (ii). To show that (ii) implies (iii), clearly (i) implies thaW (T, p) N

[*° Ccy. Hence,A € (W(T, p) NI, c). Therefore, by Theorem 1, (iv) holds. Therefore,
(iii) holds. Also Theorem 1 implies that (iv) and (viii) are equivalent.
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When (vii) holds for someL, if x € WM (T, p) NI then define a new sequence
yk =xx — M + L. Sincey € WE(T, p) N 1%, we havey € WE(A, g) NI, This implies
that

Dkl — M9 =" auly— LI > 0.
k k

Hence,y € WM (A, g)NI®. Thatis,
WM (T, pynI® c WMA, g)NI*®

for every M. Taking supremum over ali, gives (ii). Now (ii) implies (iii) and then
trivially (iii) implies (vii). Hence (i) and (iii) together imply (vi). Trivially (vi) implies (i).
Furthermore, (vi) implies (v). Conversely (v) implies (vii) with= 0. Hence, (i) through
(viii) are all equivalent.

So far all arguments were for bounded sequences. Now (ix) implies (x), and (x)
implies (i). To show that (i) implies (ix), let € sty with T-statistical limitL. Fore > 0,
definehy = 0 if |xx — L| < € andh = 1 otherwise. Hence, any sughe st.(b) € st (b)
by (v). This implies thatx € sty with L being theA-statistical limit. This finishes the
proof. O

3. Steinhaustype results

The well-known theorem of Steinhaus asserts that ifs a regular matrix theryy

is not a multiplier from/*® into c¢r. The result remains true if regularity condition
on A is replaced by coregularity. Maddox [16] proved that is not a multiplier from
[°° N W(C1, p) into the summability domain of the Borel matrix. We show that this is a
particular case of the following more general result, involving the conceptsthtistical
Tauberian rate. Following [9] and [10], we will say thakQ (x) " oo is anA-statistical
Tauberian rate if the condition

lim liminf min {xm —x,} >0

INO o n<m<n+6882(n)
is an A-statistical Tauberian condition for the nonnegative regular matriin order for
Theorem 2.2 of [9] be applicable, we will assume tfabbeys condition GC of [9], which
ensures thaf2 does not diverge too rapidly. We recall that some results on summability
functions may be found in [15].

Theorem 3. Let A and T be nonnegative regular summability matrices. If $2 is both a
summability function of 7 and a statistical Tauberian rate of A then
xn gm(W(T, p) NI, cad)).

Proof. We will define an infinite subsek € N as follows. Pick a positive integes(1)
and define

K@= {k: w(l) <k < w(l)+w}'

2
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Having pickedw(1), w(2), ..., w(g — 1), and defining

2w())

K(j)={k1 w(i) Sk<w(i)+—

}, j=12,...,q-1,

let

k= Y 1 )
kelJIZTK ()
Pick anw(qg) large enough such thai(g) > w(g — 1) + 2(w(g — 1))/2 and2(w(q))
> 2x. This is possible since&? is a summability function and hence nondecreasing and
diverges to infinity. Then take

2
K(g) = {k: w(g) <k <w(q>+M}.

2

Let K = Uq K(g) and letx = xgx. We claim that the counting functiosy (k) of x is
bounded above by (k). To see this note that our assertion trivially holds over the interval
K (1) since

2 (w(l))

—s

Assuming that the assertion holds up till sogne 1, note that2 (w(q)) > 2« implies that

2(w(g)) > 79(“;(‘1)) e

wherex is as defined ir{2). This implies that our assertion holds foe K (¢). Now since
£2 is a summability function of”, and the counting function of is dominated by?2, it
must be that

Ztnk|xk -0 = Ztnkxk =(Tx),—0, p>0.
k k

2(w®) >

However, since? is a statistical Tauberian rate af by [10] it must be

limsup(Ax), =limsu ank > 0.
SUN(AX), = lim PY . Y am

q keK(q)

The results of last section imply that
W(T, p) NI* & ca(b)

which completes the proof.O

To show how a result of Maddox [16] becomes a special case of this theorem, we
need to recall some terminology from [9] involving convolution methods of summability.
Let p = (po, p1,...) andg = (g0, q1, -..) be two nonnegative sequences of numbers,
each adding up to 1 (which may be considered as discrete probability densities of some
nonnegative integer valued random variables). Construct a summability nfatiose
first row isq. After defining the first: — 1 rows, thenth row of C is the Cauchy product
of the (n — 1)th row with p. The resulting method;, is called a convolution method.
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It is regular if and only ifpg < 1. Borel, Euler, Meyer—Konig methods are special cases
of the convolution method. For instance, if we take= ¢ = (1/en!), we get the Borel
matrix method. As shown in [9]2 (k) = vk is a statistical Tauberian rate for convolution
methods having finite variance (in particular the Borel matrix method). It is easy to see that
o(k) is a summability function for the Cesaro method. Hence, by taliik) = v/ in our

last theorem we get the following result of Maddox [16]:

Theorem 4. The Borel matrix does not sumall sequencesin W(Cy, p) NI%°.

This result, in turn, implies that the bounded summability field of the Borel method
is strictly contained in that of th€'1 method. Since all convolution methods with finite
variance [9] have the statistical Tauberian rate2f) = +/k, similar comparisons with
C1 and other classical summability methods could be deduced.
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