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Abstract In this paper, we present the notion of relative

A-summation process. Then we give a statistical Korovkin-

type approximation theorem via relative A-summation

process in the setting of modular spaces, which includes as

particular cases Lp, Orlicz and Musielak–Orlicz spaces.

Finally, we give an example showing that our results are

proper extensions of the corresponding ones.
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1 Introduction

Classical approximation theory has started with the proof of

Weierstrass theorem which states that every continuous

function defined on a closed interval a; b½ � can be uniformly

approximated as closely as desired by a polynomial func-

tion. After that Korovkin (1960) first established the nec-

essary and sufficient conditions for the uniform convergence

of a sequence Tnf g of positive linear operators to a function

f (see also Altomare 2010; Altomare and Campiti 1994). In

classical Korovkin theorem, most of the classical operators

tend to converge to the value of the function being

approximated. However, at points of discontinuity, they

often converge to the average of the left and right limits of

the function. In this case, the matrix summability methods of

the Cesaro type are applicable to correct the lack of con-

vergence Bojanic and Khan (1992). The main purpose of

using summability theory has always been to make a non-

convergent sequence convergent. More generally, in 1981,

Nishishiraho introduced the notion of A-summation process

on a compact Hausdorff space (Nishishiraho 1981, see also

Nishishiraho 1983). Afterwards Korovkin-type approxima-

tion theorems are studied via A-summation process in var-

ious spaces like weighted spaces (see Atlıhan and Orhan

2007, 2008), modular spaces (Karakus et al. 2010; Orhan

and Demirci 2014). In addition, general versions of the

Korovkin theorem were studied in which a various kind of

convergence methods is used, particularly statistical con-

vergence (Anastassiou and Duman 2008; Duman et al.

2003; Gadjiev and Orhan 2002; Karakus et al. 2008), and it

had become one of the most active areas of research in the

field of approximation theory. Some Korovkin-type theo-

rems in the setting of a general notion of convergence

involving abstract filters were given by Bardaro et al. (2013)

(see also Bardaro et al. 2013; Boccuto et al. 2014; Cande-

loro and Sambucini 2015). In this study, we will investigate

a statistical Korovkin-type theorem via an improved A-

summation process in the settings of modular function

spaces which are the natural generalization of Lp p[ 0ð Þ,
Orlicz, Lorentz, and K öthe spaces.

2 Preliminaries

We begin with some definitions and notations which we

will use in the sequel. First, we focus on modular spaces.

Let I ¼ a; b½ � be a bounded interval of the real line R

provided with the Lebesgue measure. Then, by X Ið Þ, we

denote the space of all real-valued measurable functions on
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& Burçak Kolay

burcakyilmaz@sinop.edu.tr

1 Department of Mathematics, Sinop University, Sinop, Turkey

123

Iran J Sci Technol Trans Sci (2018) 42:683–692

https://doi.org/10.1007/s40995-016-0137-1

http://crossmark.crossref.org/dialog/?doi=10.1007/s40995-016-0137-1&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/s40995-016-0137-1&amp;domain=pdf
https://doi.org/10.1007/s40995-016-0137-1


I provided with equality a.e. As usual, let C Ið Þ denote the

space of all continuous real-valued functions, and C1 Ið Þ
denotes the space of all infinitely differentiable functions

on I . We say that a functional q : X Ið Þ ! 0;þ1½ � is called

a modular on X Ið Þ if (i) q fð Þ ¼ 0 if and only if f ¼ 0 a.e.

in I, (ii) q �fð Þ ¼ q fð Þ for every f 2 X Ið Þ and (iii)

q af þ bgð Þ� q fð Þ þ q gð Þ for every f ; g 2 XðIÞ and for

any a; b� 0 with aþ b ¼ 1.

A modular q is said to be N-quasi convex if there exists

a constant N � 1 such that q af þ bgð Þ�Naq Nfð Þ þ
Nbq Ngð Þ holds for every f ; g 2 X Ið Þ, a; b� 0 with

aþ b ¼ 1. In particular, if N ¼ 1; then q is called convex.

A modular q is said to be N-quasi semiconvex if there

exists a constant N� 1 such that qðaf Þ�NaqðNf Þ holds

for every f 2 X Ið Þ and a 2 ð0; 1�:
It is clear that every N-quasi convex modular is N-quasi

semiconvex. We should recall that the above two concepts

were introduced and discussed in detail by Bardaro et al.

(2003).

We now consider some appropriate vector subspaces of

X(I) by means of a modular q as follows:

Lq Ið Þ :¼ f 2 X Ið Þ : lim
k!0þ

q kfð Þ ¼ 0

� �

and

Eq Ið Þ :¼ f 2 Lq Ið Þ : q kfð Þ\þ1 for all k[ 0f g:

Here, Lq Ið Þ is called the modular space generated by q; and

Eq Ið Þ is called the space of the finite elements of Lq Ið Þ:
Observe that if q is N-quasi semiconvex, then the space

f 2 X Ið Þ : q kfð Þ\þ1 for some k[ 0f g

coincides with Lq Ið Þ. The notions about modulars are

introduced by Musielak (1993) and widely discussed by

Bardaro et al. (2003) (see also Kozlowski 1988; Musielak

1983).

With the help of the notions of modular convergence

and strong convergence, some approximation theorems

were introduced by Bardaro and Mantellini (2007).

Now we recall the convergence notions in modular

spaces.

Let ffng be a function sequence whose terms belong to

Lq Ið Þ: Then, ffng is modularly convergent to a function

f 2 Lq Ið Þ iff

lim
n

q k0 fn � fð Þð Þ ¼ 0 for some k0 [ 0: ð1Þ

In addition, ffng is F-norm convergent (or strongly con-

vergent) to f iff

lim
n

q k fn � fð Þð Þ ¼ 0 for every k[ 0: ð2Þ

It is known from the study by Musielak (1983) that (1) and

(2) are equivalent if and only if the modular q satisfies the

D2-condition, i.e., there exists a constant M[ 0 such that

q 2fð Þ�Mq fð Þ for every f 2 X Ið Þ.
We also recall the definition of relative modular con-

vergence given by Yilmaz et al. (2016). Let ffng be a

function sequence whose terms belong to Lq Ið Þ: Then, ffng
is said to berelatively modularly convergent to a function

f 2 Lq Ið Þ if there exists a function r 2 XðIÞ; called a scale

function satisfying rðxÞj j 6¼ 0 such that

lim
n

q k0

fn � f

r

� �� �
¼ 0 for some k0 [ 0: ð3Þ

In addition, if (3) is provided for all k[ 0; then it is called

relative strong convergence, i.e., if

lim
n

q k
fn � f

r

� �� �
¼ 0 for every k[ 0:

It will be observed that modular convergence is the special

case of relative modular convergence in which the scale

function is a non-zero constant.

A modular q is monotone if qðf Þ� qðgÞ for fj j � gj j; q
is said to be finite if vA 2 Lq Ið Þ whenever A is measurable

subset of I such that l Að Þ\1: If q is finite and, for every

e[ 0, k[ 0; there exists a d[ 0 such that q kvBð Þ\e for

any measurable subset B � I with l Bð Þ\d, then q is ab-

solutely finite and if vI 2 Eq Ið Þ; then q is strongly finite. A

modular q is absolutely continuous provided that there

exists an a[ 0 such that, for every f 2 X Ið Þ with

q fð Þ\þ1, the following condition holds:

• for every e[ 0 there is d[ 0 such that q afvBð Þ\e
whenever B is any measurable subset of I with

l Bð Þ\d.

Observe now that (see Bardaro and Mantellini 2007) if a

modularq is monotone and finite, then we haveCðIÞ � Lq Ið Þ:
In a similar manner, if q is monotone and strongly finite, then

CðIÞ � Eq Ið Þ. In addition, if q is monotone, absolutely finite

and absolutely continuous, then C1 Ið Þ ¼ Lq Ið Þ: Some

important relations between the above properties may be

found in the studies by Bardaro and Mantellini (2006), Bar-

daro et al. (2003), Mantellini (1998), Musielak (1993).

Now, most of the classical operators converge to the

value of the function being approximated. However, at

points of discontinuity, they often converge to the average

of the left and right limits of the function. There are,

however, some exceptions that do not converge at points of

simple discontinuity Bojanic and Cheng (1983). As it is

mentioned before, in this case the matrix summability

methods or more generally A-summation methods are

strong enough to correct the lack of convergence.
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Let A :¼ A nð Þ� �
¼ a

nð Þ
kj

� 	n o
be a sequence of infinite

non-negative real matrices. For a sequence of real numbers,

x ¼ xj
� �

, the double sequence Ax :¼ Axð Þnk : k; n 2 N
� �

defined by Axð Þnk :¼
P1

j¼1a
nð Þ
kj xj is called the A� transform

of x whenever the series converges for all k and n. A

sequence x is said to be A�summable to L if

lim
k

X1
j¼1

a
nð Þ
kj xj ¼ L

uniformly in n (Bell 1973; Steiglitz 1973). If A nð Þ ¼ B for

some matrix B, then A�summability is the ordinary matrix

summability by B. If, a
nð Þ
kj ¼ 1

kþ1
, for n� j� k þ n,

n ¼ 1; 2; . . .ð Þ, and a
nð Þ
kj ¼ 0 otherwise, then A�summa-

bility reduces to almost convergence Lorentz (1948).

Orhan and Demirci (2014) presented A�summation

process on a modular space as follows:

Let D be a set satisfying C1 Ið Þ � D � Lq Ið Þ: A

sequence T :¼ fTjg of positive linear operators from

D into X Ið Þ is called an A�summation process on D if

Tj fð Þ
� �

is A�summable to f (with respect to modular q)

for every f 2 D, i.e.,

lim
k
q k

X
j¼1

1
a

nð Þ
kj Tjf � f

 !" #
¼ 0; uniformly in n; for some k[ 0:

ð4Þ

In addition, they obtained an extension of the classical

Korovkin theorem on a modular space using the statistical

A�summation process. Our interest in the present paper is

to give a Korovkin theorem for a sequence of positive

linear operators using a statistical relative A-summation

process on a modular space, which is an extension of

Theorem 1 by Orhan and Demirci (2014) and as well

Theorem 2 by Orhan and Sakaoglu (2014). Some results

concerning summation processes in the space Lp a; b½ � of

Lebesgue integrable functions on a compact interval may

be found in the study by Orhan and Sakaoglu (2014),

Sakaoğlu Özgüç and Orhan (2013).

Statistical convergence was first introduced indepen-

dently by Fast and Steinhaus (see Fast 1951; Steinhaus

1951) and then developed by many authors (see for

instance Connor and Kline 1996; Demirci 2006; Fridy

1985; Fridy and Orhan 1997). Now we recall some basic

notions and definitions on statistical convergence.

Let B :¼ blkð Þðl; k 2 N :¼ f1; 2; 3; . . .gÞ be an infinite

summability matrix. For a given sequence of real numbers

x :¼ fxkg, the B-transform of x, denoted by Bx :¼ fðBxÞlg;
is given by

ðBxÞl ¼
X1
k¼1

blkxk;

provided the series converges for each l 2 N. We say that B
is regular (see Hardy 1949) if limBx ¼ L whenever lim x ¼
L: Assume that B is a non-negative regular summability

matrix. Then the sequence x ¼ fxkg is called B- statistically

convergent to L provided that, for every e[ 0;

lim
l

X
k: xk�Lj j � e

blk ¼ 0: ð5Þ

We denote this limit by stB � lim x ¼ L (cf. Freedman and

Sember 1981; see also Demirci 2006; Kolk 1993). Actu-

ally, this convergence method is based on the concept of B-

density. Recall the B-density of a subset K � N, denoted

by dBfKg; is given by

dBfKg ¼ lim
l

X1
k¼1

blkvK kð Þ;

provided the limit exists, where vK is the characteristic

function of K, or equivalently

dBfKg ¼ lim
l

X
k2K

blk:

So, by (5), we easily see that stB � lim x ¼ L iff dBfk :
xk � Lj j � eg ¼ 0 for every e[ 0: We should note that if

we take B ¼ C1 :¼ clkð Þ, the Cesáro matrix is defined by

clk :¼
1

l
; if 1� k� l;

0; otherwise,

8<
:

then B-statistical convergence reduces to the concept of

statistical convergence (cf. Fast 1951; see also Fridy and

Orhan 1997). In this case, we write st � lim x ¼ L instead

of stC1
� lim x ¼ L: Further, taking B ¼ I , the identity

matrix, B-statistical convergence coincides with the ordi-

nary convergence, i.e., stI � lim x ¼ lim x ¼ L: Observe

that every convergent sequence (in the usual sense) is B-

statistically convergent to the same value for any non-

negative regular matrix B, but its converse is not always

true. Actually, in the study by Kolk (1993), Kolk proved

that B-statistical convergence is stronger than convergence

when B ¼ blkð Þ is a non-negative regular summability

matrix such that liml maxkfblkg ¼ 0:

The concepts of statistical limit superior and limit

inferior have been introduced by Fridy and Orhan (1997).

B-statistical analogs of these concepts have been examined

by Connor and Kline (1996), and Demirci (2006) as
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follows. The B-statistical limit superior of a number

sequence x ¼ fxkg, denoted by stB� lim sup x; is defined by

stB � lim sup x ¼
supBx; if Bx 6¼ /;

�1; if Bx ¼ /;

�

where Bx :¼ b 2 R : dB k : xk [ bf g 6¼ 0f g and / denotes

the empty set. We note that by dBfKg 6¼ 0 we mean either

dBfKg[ 0 or K fails to have B-density. Similarly, the B-
statistical limit inferior of fxkg; denoted by stB � lim inf x;

is defined by

stB � lim inf x ¼
inf Cx; if Cx 6¼ /;

þ1; if Cx ¼ /;

�

where Cx :¼ c 2 R : dB k : xk\cf g 6¼ 0f g. Of course, if we

take B ¼ C1; then the above definitions reduce to the

concepts of st � lim sup x and st � lim inf x given in Fridy

and Orhan (1997), respectively. As in the ordinary limit

superior or inferior, it was proved that stB �
lim inf x� stB � lim sup x and also that, for any sequence

x ¼ fxkg satisfying dBfk : xkj j[Mg ¼ 0 for some M[ 0;

stB � lim x ¼ L iff stB � lim inf x ¼ stB � lim sup x ¼ L:

3 Korovkin-Type Theorems

Let q be a monotone and finite modular on X Ið Þ, and let

B ¼ blkð Þ be a non-negative regular summability matrix.

Assume that D is a set satisfying C1 Ið Þ � D � Lq Ið Þ: We

will assume that T :¼ fTjg is a sequence of positive linear

operators from D to X Ið Þ and for all k; n 2 N; f 2 D the

series

AT
k;n fð Þ :¼

X
j¼1

1
a

nð Þ
kj Tjf ð6Þ

is absolutely convergent almost everywhere with respect to

Lebesgue measure. In addition, assume that there exists a

subset XT � D with C1 Ið Þ � XT and an unbounded

function r 2 X Ið Þ satisfying r xð Þj j 6¼ 0 such that

stB � lim sup
k

q k
AT
k;n hð Þ
r

 ! !
�Pq khð Þ; uniformly in n

ð7Þ

holds for every h 2 XT; k[ 0 and for an absolute positive

constant P.

A sequence T :¼ fTjg of positive linear operators of

D into X Ið Þ is called a relative A�summation process on

D if Tj fð Þ
� �

is relatively A�summable to f (with respect

to modular q) for every f 2 D, i.e.,

lim
k
q k

AT
k;n fð Þ� f

r

 !" #
¼ 0; uniformlyin n for some k[0: ð8Þ

It will be observed that A-summation process is the special

case of relative A-summation process in which the scale

function is a non-zero constant.

Throughout the paper, we use the test functions ei
defined by eiðxÞ ¼ xiði ¼ 0; 1; 2; . . .Þ:

Theorem 1 Let A ¼ A nð Þ� �
be a sequence of infinite non-

negative realmatrices and letq be amonotone, strongly finite,
absolutely continuous and N-quasi semiconvex modular on

X Ið Þ. Let B ¼ blkð Þ be a non-negative regular summability

matrix and T :¼ fTjg be a sequence of positive linear oper-

ators from D to X Ið Þsatisfying (7) for each f 2 D:Moreover,

suppose that ri xð Þ is an unbounded function satisfying

ri xð Þj j � ai [ 0 ði ¼ 0; 1; 2Þ. Suppose that

stB � lim
k

q k
AT
k;n eið Þ � ei

ri

 ! !
¼ 0; uniformly in n ð9Þ

for every k[ 0 and i ¼ 0; 1; 2: Now let f be any function

belonging to Lq Ið Þ such that f � g 2 XT for every

g 2 C1 Ið Þ. Then we have

stB � lim
k
q k0

AT
k;n fð Þ � f

r

 ! !
¼ 0; uniformly in n ð10Þ

for some k0 [ 0 where r xð Þ ¼ max ri xð Þj j; i ¼ 0; 1; 2f g.

Proof We first claim that

stB � lim
k

q g
AT
k;n gð Þ � g

r

 ! !
¼ 0 uniformly in n ð11Þ

for every g 2 CðIÞ \ D and g[ 0 where AT
k;n gð Þ ¼P1

j¼1 a
nð Þ
kj Tjg . To see this assume that g belongs to C Ið Þ \

D and g is any positive number. By the continuity of g on

I and by the linearity and positivity of the operators Tj; we

easily see that (see, for instance Altomare 2010; Kolk

1993), for a given e[ 0; there exists a number d[ 0 such

that g yð Þ � g xð Þj j\eþ 2M
d2 y� xð Þ2

where M :¼ supx2I
gðxÞj j: Since Tj is a positive linear operator, we get
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X
j¼1

1
a

nð Þ
kj Tj g; xð Þ � g xð Þ














¼
X
j¼1

1
a

nð Þ
kj Tj g :ð Þ � g xð Þ; xð Þ þ g xð Þ







�
X
j¼1

1
a

nð Þ
kj Tj e0ð:Þ; xð Þ � e0ðxÞ

 !





�
X
j¼1

1
a

nð Þ
kj Tj g :ð Þ � g xð Þj j; xð Þ þ g xð Þj j

�
X
j¼1

1
a

nð Þ
kj Tj e0ð:Þ; xð Þ � e0ðxÞ














�
X
j¼1

1
a

nð Þ
kj Tj eþ 2M

d2
:� xð Þ2; x

� �
þ g xð Þj j

�
X
j¼1

1
a

nð Þ
kj Tj e0ð:Þ; xð Þ � e0ðxÞ














� eþ eþMð Þ
X
j¼1

1
a

nð Þ
kj Tj e0ð:Þ; xð Þ � e0ðxÞ














þ 2M

d2

X
j¼1

1
a

nð Þ
kj Tj e2ð:Þ; xð Þ � e2ðxÞ

 !"

� 2e1ðxÞ
X
j¼1

1
a

nð Þ
kj Tj e1ð:Þ; xð Þ � e1ðxÞ

 !

þe2ðxÞ
X
j¼1

1
a

nð Þ
kj Tj e0ð:Þ; xð Þ � e0ðxÞ

 !#

for every x 2 I and n 2 N. The last inequality implies

that

X
j¼1

1
a

nð Þ
kj Tj g;xð Þ� g xð Þ












� eþ eþMþ 2Mc2

d2

� �

X
j¼1

1
a

nð Þ
kj Tj e0ð:Þ;xð Þ� e0ðxÞ














þ 4Mc

d2

X
j¼1

1
a

nð Þ
kj Tj e1ð:Þ;xð Þ� e1ðxÞ














þ 2M

d2

X
j¼1

1
a

nð Þ
kj Tj e2ð:Þ;xð Þ� e2ðxÞ














where c :¼ max xj j. Hence, denoting by K :¼ max

eþMþ 2Mc2

d2
;
4Mc

d2
;
2M

d2

� �
;

X
j¼1

1
a

nð Þ
kj Tj g; xð Þ � g xð Þ












� eþ K

X
j¼1

1
a

nð Þ
kj Tj e0ð:Þ; xð Þ � e0ðxÞ














(

þ
X
j¼1

1
a

nð Þ
kj Tj e1ð:Þ; xð Þ � e1ðxÞ














þ
X
j¼1

1
a

nð Þ
kj Tj e2ð:Þ; xð Þ � e2ðxÞ













)
:

Now we multiply both sides of the above inequality by 1
rðxÞj j

and in view of the fact that for any g[ 0; we have

g

P
j¼1

1
a

nð Þ
kj Tj g;xð Þ�g xð Þ

rðxÞ




















� ge

rðxÞj jþgK

P
j¼1

1
a

nð Þ
kj Tj e0ð:Þ;xð Þ�e0ðxÞ

r0ðxÞ





















8>><
>>:

þ

P
j¼1

1
a

nð Þ
kj Tj e1ð:Þ;xð Þ� e1ðxÞ

r1ðxÞ





















þ

P
j¼1

1
a

nð Þ
kj Tj e2ð:Þ;xð Þ� e2ðxÞ

r2ðxÞ





















9>>=
>>;
:

Applying the modular q on both sides of the above

inequality, since q is monotone, we get

q g
AT
k;n gð Þ � g

r

 ! !
� q

ge
r
þ gK

AT
k;n e0ð Þ � e0

r0

 ! 

þgK
AT
k;n e1ð Þ � e1

r1

 !

þ gK
AT
k;n e2ð Þ � e2

r2

 !!
:

So, we may write that

q g
AT
k;n gð Þ � g

r

 ! !
� q

4ge
r

� �
þ q 4gK

AT
k;n e0ð Þ � e0

r0

 ! !

þ q 4gK
AT
k;n e1ð Þ � e1

r1

 ! !

þ q 4gK
AT
k;n e2ð Þ � e2

r2

 ! !
:

Since q is N-quasi semiconvex and strongly finite, we have,

assuming 0\e� 1,

Iran J Sci Technol Trans Sci (2018) 42:683–692 687

123



q g
AT
k;n gð Þ � g

r

 ! !
�Neq

4gN
r

� �
þ q 4gK

AT
k;n e0ð Þ � e0

r0

 ! !

þ q 4gK
AT
k;n e1ð Þ � e1

r1

 ! !

þ q 4gK
AT
k;n e2ð Þ � e2

r2

 ! !
:

For a given r[ 0; choose an e 2 0; 1ð � such that

Neq 4gN
r

� �
\r: Now we define the following sets:

Gg :¼ k : q g
AT
k;n gð Þ � g

r

 ! !
� r

( )
;

Gg;i :¼ k : q 4gK
AT
k;n eið Þ � ei

ri

 ! !
�

r � Neq 4gN
r

� �
3

( )
; i ¼ 0; 1; 2:

Then, it is easy to see that Gg 	
S2

i¼0 Gg;i. So we can write,

for all l 2 N; thatX
k2Gg

blk �
X
k2Gg;0

blk þ
X
k2Gg;1

blk þ
X
k2Gg;2

blk: ð12Þ

Taking limit as l ! 1 in (12) and using the hypothesis (9),

we get liml

P
k2Gg

blk ¼ 0; which proves our claim (11).

Observe that (11) also holds for every g 2 C1ðIÞ. Now let

f 2 Lq Ið Þ satisfying f � g 2 XT for every g 2 C1 Ið Þ. Since

l Ið Þ\1 and q is strongly finite and absolutely continuous,

we can see that q is also absolutely finite on X(I) (see

Bardaro and Mantellini 2006). Using these properties of the

modular q; it is known from Bardaro et al. (2003); Man-

tellini (1998) that the space C1ðIÞ is modularly dense in

Lq Ið Þ; i.e., there exists a sequence fgkg � C1 Ið Þ such that

limk q 3k
0 gk � fð Þ
� �

¼ 0 for some k
0 [ 0: This means that,

for every e[ 0; there is a positive number k0 ¼ k0ðeÞ so

that

q 3k
0 gk � fð Þ
� �

\e for every k� k0: ð13Þ

On the other hand, by the linearity and positivity of the

operators Tj, we may write that

k
0
X
j¼1

1
a

nð Þ
kj Tjðf ;xÞ� f ðxÞ












�k
0

X
j¼1

1
a

nð Þ
kj Tjðf � gk0

;xÞ













þ k
0

X
j¼1

1
a

nð Þ
kj Tjðgk0

;xÞ� gk0
ðxÞ














þ k
0 gk0
ðxÞ� f ðxÞj j;

holds for every x2 I and n2N. Multiplying the last

inequality by 1
rðxÞj j, applying the modular q and, moreover,

considering the monotonicity of q; we have

q k
0
AT
k;n fð Þ � f

r

 ! !
� q 3k
0

AT
k;n f � gk0
ð Þ
r

 ! !

þ q 3k
0
AT
k;n gk0
ð Þ � gk0

r

 ! !

þ q 3k
0
gk0

� f

r

� �� �
:

Hence, observing that rj j � a[ 0 ða ¼
max ai : i ¼ 0; 1; 2f gÞ and taking into consideration that q
is monotone, we may write that

q k
0
AT
k;nðf Þ � f

r

 ! !
� q 3k
0

AT
k;n f � gk0
ð Þ
r

 ! !

þ q 3k
0
AT
k;n gk0
ð Þ � gk0

r

 ! !

þ q
3k
0
a

gk0
� fð Þ

� �
:

ð14Þ

Then, it follows from (13) and (14) that

q k
0
AT
k;n fð Þ � f

r

 ! !
� eþ q 3k
0

AT
k;n f � gk0
ð Þ
r

 ! !

þ q 3k
0
AT
k;n gk0
ð Þ � gk0

r

 ! !
:

ð15Þ

So taking the B-statistical limit superior as k ! 1 on both

sides of (15) and also using the facts that gk0
2 C1ðIÞ and

f � gk0
2 XT; we obtain from (7) that

stB � limsup
k

q k
0
AT
k;n fð Þ� f

r

 ! !
�eþPq 3k
0ðf �gk0

Þ
� �

þ stB

� limsup
k

q 3k
0
AT
k;n gk0
ð Þ�gk0

r

 ! !
;

which gives

stB � lim sup
k

q k
0
AT
k;n fð Þ � f

r

 ! !

� eðPþ 1Þ þ stB � lim sup
k

q 3k
0
AT
k;n gk0
ð Þ � gk0

r

 ! !
:

ð16Þ

By (11), since stB � lim
k
q 3k
0

AT
k;n gk0ð Þ�gk0

r

� �� �
¼ 0; uni-

formly in n, we get
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stB � lim sup
k

q 3k
0
AT
k;n gk0
ð Þ � gk0

r

 ! !
¼ 0; uniformly in n:

ð17Þ

Combining (16) with (17), we conclude that

stB � lim sup
k

q k
0
AT
k;n fð Þ � f

r

 ! !
� eðPþ 1Þ:

Since e[ 0 is arbitrary, we find stB � lim supk q

k
0
AT
k;n fð Þ�f

r

� 	� 	
¼ 0 uniformly in n. Furthermore, since

q k
0
AT
k;n fð Þ�f

r

� 	� 	
is non-negative for all k; n 2 N, we can

easily show that

stB � lim
k

q k
0
AT
k;n fð Þ � f

r

 ! !
¼ 0; uniformly in n

which completes the proof. h

If the modular q satisfies the D2-condition, then one can

get immediately the following result from Theorem 1.

Theorem 2 Let A ¼ A nð Þ� �
be a sequence of infinite

non-negative real matrices, B ¼ blkð Þbe a non-negative

regular summability matrix and T :¼ fTjg; q and r be the

same as in Theorem 1. If q satisfies the D2-condition, then

the following statements are equivalent:

1. stB � limk q k
AT
k;n eið Þ�ei

ri

� 	� 	
¼ 0 uniformly in n, for

every k[ 0 and i ¼ 0; 1; 2;

2. stB � limk q k
AT
k;n fð Þ�f

r

� 	� 	
¼ 0 uniformly in n, for

every k[ 0 provided that f is any function belonging

to LqðIÞ such that f � g 2 XT for every g 2 C1 Ið Þ.

If one replaces the scale function by a non-zero

constant, then the condition (7) reduces to the condition

(4) by Orhan and Demirci (2014). In this case, the

results which were obtained by Orhan and Demirci in

their study Orhan and Demirci (2014) immediately fol-

low from our Theorems. If one replaces the matrices B
and A nð Þ n� 1ð Þ by the identity matrix and take the scale

function as a non-zero constant, then the condition (7)

reduces to

lim sup
k

q k Tjh
� �� �

�Pq khð Þ ð18Þ

for every h 2 XT; k[ 0 and for an absolute positive con-

stant P. In this case, the next results which were obtained

by Bardaro and Mantellini (2007) immediately follow from

our Theorems.

Corollary 1 (Bardaro and Mantellini (2007)) Let q be a

monotone, strongly finite, absolutely continuous and

N-quasi semiconvex modular on X Ið Þ. Let T :¼ fTjg be a

sequence of positive linear operators from D into X Ið Þ
satisfying (18). If fTjeigis strongly convergent to eifor each

i ¼ 0; 1; 2; then fTjfg is modularly convergent to f pro-

vided that f is any function belonging to Lq Ið Þ such that

f � g 2 XT for every g 2 C1 Ið Þ.

Corollary 2 (Bardaro and Mantellini 2007) Let

T :¼ fTjgand q be the same as in Corollary 1. If q sat-

isfies the D2-condition, then the following statements are

equivalent:

1. fTjeig is strongly convergent to ei for each i ¼ 0; 1; 2;

2. fTjfg is strongly convergent to f provided that f is any

function belonging to LqðIÞ such that f � g 2 XT for

every g 2 C1 Ið Þ.

4 Application

In this section, we give an example of positive linear

operators satisfying the conditions of Theorem 1.

Example 1 Take I ¼ ½0; 1� and let u : 0;1½ Þ ! 0;1½ Þ be

a continuous function such that u is a convex function,

u 0ð Þ ¼ 0, u uð Þ[ 0 for u[ 0 and limu!1u uð Þ ¼ 1.

Hence, consider the functional qu on X(I) defined by

quðf Þ :¼
Z1

0

u f xð Þj jð Þdxforf 2 X Ið Þ: ð19Þ

In this case, qu is a convex modular on X Ið Þ; which sat-

isfies all assumptions listed in Section 1 (see Bardaro and

Mantellini 2007). Consider the Orlicz space generated by u
as follows:

LuðIÞ :¼ f 2 X Ið Þ : qu kfð Þ\þ1 for some k[ 0f g:

Then consider the following classical Bernstein–Kan-

torovich operator U :¼ fUjg on the space LuðIÞ (see Bar-

daro and Mantellini 2007) which is defined by:

Ujðf ; xÞ :¼
X
k¼0

j j

k

� �
xk 1 � xð Þj�k

jþ 1ð Þ
Zkþ1ð Þ= jþ1ð Þ

k= jþ1ð Þ

f tð Þdt for x 2 I:

Observe that the operators Uj map the Orlicz space LuðIÞ
into itself. Moreover, the property (18) is satisfied with the

choice of XU :¼ LuðIÞ: Then, by Corollary 1, we know

that, for any function f 2 LuðIÞ such that f � g 2 XU for

every g 2 C1 Ið Þ, Ujf
� �

is modularly convergent to f.

If u xð Þ ¼ xp for 1� p\1; x� 0; then LuðIÞ ¼ Lp Ið Þ.
Moreover, we have quðf Þ ¼ fk kp

Lp Ið Þ: Now take B ¼ C1 ¼
clkð Þ; the Cesáro matrix of order one. In this case, we know

that C1-statistical convergence coincides with statistical
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convergence denoted by st � lim. Also for each n 2 N;

define gn : 0; 1½ � ! R by

gn xð Þ ¼

3; n ¼ k2

n4x2

1 þ n2x
; 0\x\

1

n
; n 6¼ k2

0; x ¼ 0 or
1

n
� x� 1; n 6¼ k2:

8>>>><
>>>>:

ð20Þ

Now observe that gnf g converges to g ¼ 0 statistical

modular relative to the scale function r xð Þ ¼
1; x ¼ 0
1

x2
; 0\x� 1

(
on L1 0; 1½ �ð Þ: Indeed, for some k0 [ 0;

with the choice of p ¼ 1 we have quðgÞ ¼ gk kL1
and using

the scale function r;

q k0

gn � g

r

� 	� 	
¼ k0

gn � g

r

� 	


 



L1

¼
k0; n ¼ k2

k0

n6

n4

4
þ n3

3
� n2

2
þ n� ln nþ 1ð Þ

� �
; n 6¼ k2

8<
: :

Since limn
k0

n6
n4

4
þ n3

3
� n2

2
þ n� ln nþ 1ð Þ

� 	
¼ 0, we get

st � lim
n

k0

gn � g

r

� 	


 



L1

¼ 0: ð21Þ

However, since st � limnq k0 gn � gð Þð Þ ¼ st � limn k0k
gn � gð ÞkL1

¼ 1
2
; gnf g does not converge to g ¼ 0 statisti-

cal modular. Also assume that A :¼ A nð Þ ¼ a
nð Þ
kj

� 	
is a

sequence of infinite matrices defined by a
nð Þ
kj ¼ 1

kþ1
if

n� j� nþ k; n ¼ 1; 2; . . .ð Þ and a
nð Þ
kj ¼ 0 otherwise. Then,

using the operators Uj; we define the sequence of positive

linear operators V :¼ fVjg on L1 ½0; 1�ð Þ as follows:

Vjðf ; xÞ ¼ 1 þ gj xð Þ
� �

Uj f ; xð Þ for f 2 L1 Ið Þ; x 2 ½0; 1�
and n 2 N; ð22Þ

where fgjg is the same as in (20) and we choose ri xð Þ ¼

r xð Þ ði ¼ 0; 1; 2Þ; where r xð Þ ¼
1; x ¼ 0
1

x2
; 0\x� 1

(
. Since,

for positive constant C, Uj f ; xð Þ


 



L1
�C fk kL1

(Ditzian

and Totik 1987), we can easily see that

st � lim sup
k

k
AV
k;n fð Þ
r













L1

�P kfk kL1
; uniformly in n:

where AV
k;n fð Þ ¼

P1
j¼1 a

nð Þ
kj Vjf as in (6). We now claim that

st � lim
k

k
AV
k;n eið Þ � ei

r













L1

¼ 0; uniformly in n; i ¼ 0; 1; 2

ð23Þ

where ri xð Þ ¼ r xð Þ for i ¼ 0; 1; 2: Observe that Uj e0; xð Þ ¼
e0 xð Þ; Uj e1; xð Þ ¼ jx

jþ1
þ 1

2 jþ1ð Þ and Uj e2; xð Þ ¼ j j�1ð Þx2

jþ1ð Þ2 þ
2jx

jþ1ð Þ2 þ 1

3 jþ1ð Þ2 : So, we can see,

k

P
j¼1

1
a

nð Þ
kj ð1 þ gjÞUj e0ð Þ � e0

r















L1

¼ k

P
j¼n

nþk
1

kþ1
ð1 þ gjÞ � 1

r


















L1

� 1

k þ 1

X
j¼n

nþk

k
gj

r




 



L1

:

As is known, if a sequence is convergent then the arith-

metic mean of the sequence converges to the same value.

Thus, by virtue of statistical convergence and from (21) it

can be easily seen that

st � lim
k

sup
n

1

k þ 1

X
j¼n

nþk

k
gj

r




 



L1

 ! !
¼ 0; ð24Þ

so we get

st � limk k
AV
k;nðe0Þ � e0

r













L1

¼ 0; uniformly in n;

which guarantees that (23) holds true for i ¼ 0: In addition,

we have

k

P
j¼1

1
a

nð Þ
kj Vj e1ð Þ � e1

r















L1

¼ k
X

j¼n

nþk 1

k þ 1

1 þ gj
� �

r
Uj e1ð Þ � e1

r

 !











L1

� kx3 1

k þ 1

X
j¼n

nþk j

jþ 1
� 1

 !











L1

þ kx2 1

k þ 1

X
j¼n

nþk 1

2 jþ 1ð Þ

 !











L1

þ 1

k þ 1

X
j¼n

nþk

k
gjðxÞ
r xð Þ

jx

jþ 1











L1

þ k
gjðxÞ
r xð Þ

1

2 jþ 1ð Þ











L1

 !

\
1

k þ 1

X
j¼n

nþk j

jþ 1
� 1

 !
kx3


 



L1
þ 1

k þ 1

X
j¼n

nþk 1

2ðjþ 1Þ

 !
kx2


 



L1

þ 2
1

k þ 1

X
j¼n

nþk

k
gj

r




 



L1

:
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Since st � lim
k

sup
n

1
kþ1

P
j¼n

nþk
j

jþ1
� 1

 ! !
¼ 0; st �

lim
k

sup
n

1
kþ1

P
j¼n

nþk
1

2ðjþ1Þ

 !
¼ 0 and from (24) we have,

st � lim
k

sup
n

k

P
j¼1

1
a

nð Þ
kj Vj e1ð Þ � e1

r




















L1

0
BBB@

1
CCCA ¼ 0

which gives st � lim
k

k
AV
k;n e1ð Þ�e1

r




 



L1

¼ 0; uniformly in n. So

(23) holds true for i ¼ 1. Finally, since

k

P
j¼1

1
a

nð Þ
kj Vj e2ð Þ � e2

r















L1

¼ k
X
j¼n

nþk 1

k þ 1

ð1 þ gjðxÞÞ
rðxÞ Uj e2; xð Þ � e2 xð Þ

rðxÞ

 !











L1

� kx4 1

kþ1

X
j¼n

nþk
j j�1ð Þ
jþ1ð Þ2

�1

 !












L1

þ kx3 1

kþ1

X
j¼n

nþk
2j

jþ1ð Þ2

 !












L1

þ kx2 1

kþ1

X
j¼n

nþk
1

3 jþ1ð Þ2

 !












L1

þ 1

kþ1

X
j¼n

nþk

k
gjðxÞ
rðxÞ

j j�1ð Þx2

jþ1ð Þ2

 !












L1

0
@

þ k
gjðxÞ
rðxÞ

2jx

jþ1ð Þ2

 !












L1

þ k
gjðxÞ
rðxÞ

1

3 jþ1ð Þ2

 !












L1

1
A

\
1

k þ 1

X
j¼n

nþk
j j� 1ð Þ
jþ 1ð Þ2

� 1

 !
kx4


 



L1
þ 1

k þ 1

X
j¼n

nþk
2j

jþ 1ð Þ2

 !
kx3


 



L1

þ 1

k þ 1

X
j¼1

nþk 1

3 jþ 1ð Þ2

 !
kx2


 



L1

þ3
1

k þ 1

X
j¼n

nþk

k
gj

r




 



L1

and also since st � lim
k

sup
n

1
kþ1

P
j¼n

nþk
j j�1ð Þ
jþ1ð Þ2

� �
¼ 0, st � lim

k

sup
n

1
kþ1

P
j¼n

nþk
2j

jþ1ð Þ2

� �
¼ 0, st � lim

k
sup
n

1
kþ1

P
j¼n

nþk
1

3 jþ1ð Þ2

� �

¼ 0 and from (24) we have,

st � lim
k

sup
n

k

P
j¼1

1
a

nð Þ
kj Vj e2ð Þ � e2

r















L1

0
@

1
A ¼ 0

which gives st � lim
k

k
AV
k;n e2ð Þ�e2

r




 



L1

� �
¼ 0; uniformly in

n. So, our claim (23) holds true for each i ¼ 0; 1; 2. Vj

� �
satisfies all hypothesis of Theorem 1 and we immediately

see that

st � lim
k

k
AV
k;n fð Þ � f

r













L1

¼ 0; uniformly in n; on

I ¼ 0; 1½ � for all f 2 L1ðIÞ:

It can be easily seen that Vjf
� �

is not modularly conver-

gent to f. So, Corollary 1 does not work for the sequence

Vj

� �
. In addition, we can immediately say that our Theo-

rem 1 is a non-trivial generalization of the Korovkin-type

results by Orhan and Demirci (2014).
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