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Abstract

In this work, we obtain a Korovkin-type approximation theorem for double sequences
of real-valued functions by using the power series method in two-dimensional
weighted spaces. We also study the rate of convergence by using the weighted modulus
of continuity, and in the last section, we present an application that satisfies our new
Korovkin-type approximation theorem but does not satisfy classical one.
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1 Introduction

The Korovkin theory has a big impact on the development of approximation theory
[10]. The first study that considers summability theory in Korovkin-type approxima-
tion theory is Gadjiev and Orhan’s paper [9]. Within this scope, many mathematicians
investigate and improve this theory via different spaces and convergence methods
[1,4,7,18]. The concept of power series method is more effective than ordinary con-
vergence, which includes Abel and Borel methods which are many well-known
summability methods. Both methods’ definitions are based on power series, and
they are not matrix methods. Power series methods are considered in the Korovkin-
type approximation theory first time with the Abel summability method in [15],
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and many authors show how this concept can be applied to approximation the-
ory [11,12,14,16,17]. The subject of this paper is to give Korovkin theorem for
double sequences of real-valued functions by using the power series method in two-
dimensional weighted spaces. We study the rate of convergence by using the weighted
modulus of continuity and present an application that satisfies our new Korovkin-
type approximation theorem but does not satisfy classical one. Let (p;,,,) be a double
sequence of nonnegative numbers with pgp > 0 and such that the following power
series

00
p(t,s) = Z Pmnt™s"

m,n=0

has radius of convergence R with R € (0,00] and #,s € (0, R). If, for all ¢,s €
0, R),

o0

1
im Z Pont™s" X = A,
t,s—R-p (t, s)m —

then we say that the double sequence x = (x,,,) is convergent to A in the sense of
power series method [5]. The power series method for double sequences is regular if
and only if

OO_ tm 00_ n

fim Zm=0Pm™ o fim Zn=0Puns” o g wou, (1)
y

ts—R- p(t,s) ts—R= p(t,s)

hold [5]. Throughout the paper, we suppose that power series method is regular.

Remark 1 Note thatinthe caseof R = 1, if p,,,, = l and pp,, = m, the power
series methods coincide with Abel summability method and logarithmic summability
method, respectively. In the case of R = oo and p,, = ﬁ, the power series method
coincides with Borel summability method.

The convergence of a sequence of positive linear operators defined on weighted
space was first studied by Gadjiev [8], and recently, Cao and Liu [6] study Korovkin-
type theorems for two-variable functions by means of single sequence on weighted
spaces. More recently, Akdag [2] studied this theorem for double sequences.

We now remind some notations and properties of weighted spaces in two variables.

A function p is called a weight function if it is continuous on R2, the real two-
dimensional Euclidean space, and for all (x, y) € R2,

p(x,y)>land Ilim p(x,y) =o0. 2)

x24y2—o00

Let B, denote the weighted space which is the space of real-valued functions f
defined on R? and satisfying | f (x, y)| < Myp (x,y) (for all (x,y) € R?), where
M is a constant depending on the function f. The weighted subspace C,, of B, is
given by

Cp:= {f € B, : f is continuous over Rz} .
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The spaces B, and C,, are Banach spaces with the norm

|f (s )l

L1l = .
P (x,y)eR2 P (x,y)

Let p1 and p; be two weight functions satisfying (2). Assume also that the condition

i p1(x,y)
1m

S oaP2 (1Y)

holds. If L is a positive linear operator from C,, into B,,, then the operator norm is
given by

3

ILlc, ~5,, = sup ILfly, =ILoill,,.
loy=
Now, let us remind of the concept of Pringsheim convergence for double sequences
and Korovkin-type approximation theorem via this convergence method.

Definition 1 [13] A double sequence x = (x,,;,) is said to be convergent in Pring-
sheim’s sense or P-convergent if for every € > 0, there exists N = N(¢) € N, the set
of all natural numbers such that |x,,, — [| < ¢ whenever m, n > N and [ is called the
Pringsheim limit of x (denoted by P — Lilrzlxmn =1).

A double sequence is called bounded if there exists a positive number M such that
|%mn| < M forall (m, n) € N2. We note that contrary to the case for single sequences,
a convergent double sequence need not to be bounded.

Throughout this paper, we use the test functions F; (i =0, 1, 2, 3) defined by

p1(x,y) xp1(x,y)
Fox,y) = —222 _Fi(x,y) = ——22_
0(x,y) T+x2+4 )2 1(x,y) T2 2
2 2
yp1 (x,y) x“+y7) p1(x,y)
Fz(x,y)=mand1’3(x,y)=( 1+x)2+y2 :

Theorem 1 [2]. Assume that the functions py and p> are weight functions satisfying
(3), and let (L) be a sequence of positive linear operators from Cp, into B, . Then,
forall f e Cp,

P —lim ||Lyy f = fllp, =0

if
P —lm|| Ly, F; — Fill,, =0, i=0,1,2,3.
m,n
2 Approximation via Power Series Method

In this section, we study a Korovkin theorem via power series method for a double
sequence of positive linear operators from Cy, into B,, and we obtain the rate of
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convergence by using the weighted modulus of continuity. We give the proofs in
consideration of revised proofs in [3].

Now, we begin the following.

Let (L;u,) be a sequence of positive linear operators from Cp, into B, such that
for every f € Cp,

sup
0<t,s<RP (t S)

Z Pount™" | Lonn £l 5, < “)

holds. Throughout the paper, the operators fulfill conditions (1) and (4). Also, using
(3), (4) and after some simple calculations, we get

sup | Tisllc,, ~5,, = sup [ Tispill, < 00
O<t,s<R 0<t,s<R
where
1
Tis (f (. 0):x.3) = — P Z Pont™s" Ly (f (,0) 5 x,y) . 1,5 € (0, R).

Hence, T;; is also a positive linear operator from Cp, into Bp,.
We now give with the following lemma before our main theorem.

Lemma 1 Let (L;,,) be a double sequence of positive linear operators from Cy, into
By, where py and py are weight functions satisfying the condition (3). If

lim |7 F; — Fill,, =0, i=0,1,2,3, (5

t,s—> R~

then, for any z > 0 and for all f € Cp,, we have

|Tes (fsx,9) — f (x, »)l

hH}e ITes f = fllpy[—z.2) = liH}r sup (x, ) =0
t,s— 15— \/mfz Py

Proof Let f € C,, and y/x2 + y2 < z. Since f is continuous on R?, given & > 0,
there exists a § > 0 such that | f (u, v) — f (x, y)| < & whenever |u — x| < § and
[v—y| < 4. When |[u — x| >4 or|v—y| >4, wehave

1 ) = f (e 9] < 2M i (5, 9) Fo () (142 +07)

< 4M o1 (5, 3) Fo v) (= 0% + @ = %)

< 1+ x2 42 )
X 3 2—l—l
(u—=x)"+@-y)

< Kpy r3) (=02 4+ 0= 9)?) Fo (. v)

@ Springer



Approximation via Power Series Method in Two-Dimensional... 3875

where K, (x,y) = 4Myspi (x,y) (1 + 1+x;_2+y2) For all (u,v) € R? and

Vx2 4+ y2 < z, we see that

1F (,0) = f ()] < 4 Ky (609 (=007 + 0 = 9)2) Fow,v). (6)

Then, we can write

1 o0
ITis (f5x,y) = fx, )] = Y s)mgz:opmnt”’s"Lmn (fix,y)— fx,y)
1 — m _n .
< p(t,s)méopmnt " Lo (I f u,0) — f (2, 9)]5 %, )
+1f ()l p(t’s)méopnlnt $"Ln (15 x, y) — 1
< e+ Ky () [T (0= 0)?

+ —y)z) Fo (u, v);x,y)‘
+E+1f G, ITs (1;x) =17

Also, we have

Sup |T[S(fv-x7y)_f(-x’y)|

x24yr<z
<e+H sup T (((u -+ (v - y)2> Fo (u,v); x, y)
2 yi<z
+H; sup Ty (1;x,y) — 1] (7N
where H; = H;(s) := sup Ky (x,y) and Hy = Hy(s) = ¢ +
x2yr<z
sup |f (x,y)|.Foranyz € R, we obtain
N2 y2<z
sup T (((u —x)+ (v — y)z) Fo (u,v) 3 x, y)
x2+yi<z
= sup {T,s ((u2 + v2) Fo (u,v); x, y) —2xL; uFy(u,v);x,y)
A/ X2 4yr<z

~2yLi (WFo (. v): 2, 3) + (¥ +3%) T (Fo (. 0):x, ) |
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< sup {|Tis (F3(u,v);x,y) — F3(x, )|
Vil 4y2<:
+2 x| [Tis (F1 (u,v); x,y) — F1 (x, y)|
+ 2|y Tts (F2 (u, v) 5 x,y) — Fa (x, y)|
+ (¥ 92) ITis (Fo (0, 0) 5.5, 9) = Fo e, w1
< H3{|ITisFo — Foll,, + 1 T Fi — Fill,,
+ 1T F2 = Fallpy + 1 Tis F3 — F3llp, } (3)

where

H3 := Hj (s) := max sup  p1(x,¥),2 sup |x[p1 (x,),

N X24y2<z x24y2<z

2 sup |ylpi(x,y), sup (x2+y2)m(x,y)
x24y2<z N x2yi<z

Since Fy € Cp, and

Fo (e, y)|Ths (15 x,y) = 1] < | Ty (Fo (u,v) 5 x,y) — Fo (x, y)]
+TIS (|F0 (M, U) - FO (xs )’)| ;X y)v

it follows from (6) that

|Tis (1; x, y) — {ITts (Fo (u,v);x,y) — Fo (x, )| +&Tis (1 x, y)

"= Ry
+ Kp, (x,¥) Ty (((u -0 4 - y)2> Fo (u,v); x, y)} .

Hence, we have for any z € R that

sup  |Tps (I;x,y) — 1]

N x2yi<z
Tis (1;x,y)
< Hy Ty Fo— Foll,, +¢  sup 220
/32 y2<z p1 (x,y)
+Hs swp Ty (W= + 0=y Fo@wixy) O

N x2y2<z
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K ,
where Hy := Hy(s) :==  sup g{‘)gi)) and Hs := Hs(s) :==  sup A)Jl(ixyy)).
a2 ry?<z x2y2<z

Considering (7)-(9), we have

sup  |Tis (f3x.9) — f .| <&+ H{ellTslll,, + 1T Fo — Foll,,
2 yZ<z
+ 1Ty Fi — Fillpy + 1T Fa — Fallpy + I Tis F3 — Fally, }

where H := H3 (H) + H»Hs) + HyHy. By using (4 ) and taking
M =max {1+ H | T;s1ll,, . H},

we get
3

ITisf = Fllpp e <M Je+ Y TiFi = Filly, ¢ -
i=0

for all #,s € (0, R). Taking limit as 7, s — R~ and using (5), we get the desired
result. =

Now, we can give our main Korovkin-type approximation theorem.

Theorem 2 Let p| and p; be as in Lemma 1. Suppose that (L) be a double sequence
of positive linear operators from C,, into B,,. Then for all f € C,,,

lim |75 f — fll,, =0 (10)
t,s— R~
provided that
lim |TisFi — Fill,, =0, i=0,1,2,3. (1D
t,s—R~

Proof Observe that the hypothesis (11) implies T;s (F;; x, y) — F; (x,y) € By, and
hence Ty (Fi;x,y) € By, fori = 0,1,2,3. Since p1 = Fy + F3, we also get
Tisp1 € By, . Hence if f € C,, then we obtain T} f € B,,. Hence, we get

I Tislic, 5, = I1Tsprl,
T; ;X
_ Izs(mxy)ISM1<oo‘
(x,y)eR? P1 (x, y)
Therefore, we may write for a given f € C,, that
ITis fll oy = W Tislic,, B, 1F N = Mullfll, - (12)

Now for givene > 0, pick an zo > 0 such that % < eforevery /x2 4 y2 > zg.
This is possible by (3). Using the fact, we may write for f € Cp, that

|Tis (f;x,y) — f (x, 9]
Ty f = fll,, = sup —
(X,y)ERZ P2 (-xv )’)

@ Springer



3878 K. Demirci et al.

- |Tis (f3x,y) — f (x, )]
< sup

/322 <z0, p2(x,y)

\Tis (fs %, 9) — f (. 9] p1(x, y)
+ sup

e P2 (X, ¥) p1 (X, Y)
S WTisf — fllpyi—z0.200 T ENTes f — flp,
ST f = Fllippiezezo + € Ts Ul + 1 £, -

and by (12), we immediately get

ITos f = fllpy < WTos f = Fllpyicsozor + & £ 1L, (M1 +1).

Hence, using Lemma 1, the proof is completed. O

Now, defining the weight function p; in Theorem 2 by p; (x, y) = 1 4+ x>+ y* on
R?, we obtain the rate of convergence by using the following weighted modulus of
continuity:

wp, (f,8) = sp @O fEN

/(ufx)2+(vfy)2§5 p1(x,y)

where § is a positive constant and f € C,,. It can be easily seen that, for any ¢ > 0
and all f € Cp|,

wp, (f,¢8) < (1 +[cDhwp, (f,6)

where [c] is defined to be the greatest integer less than or equal to c.
Following [2], and if we use the same operators L,,, in Theorem 2, we can write,
for any § > 0, that

[Tis (fsx,y) = f(x, ] < Tig (I f (u, v)

—fGnx,y)+ 1 f G0 Ts (Fos x, y) — Fo (x, y)|

Ju—02+@-y?
)

+|f(-x? )’)| |TIS (F0§x, )’) - FO (-x» )’)|

— 024 (v —y)?
smx,y)wm(f,sms(w((” al 82(” y)>;x,y)

<Tis | o1 (x,y)wp | f.6 1X, Y

+1f G, WIHTis (Fos x, y) — Fo (x, )l
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1
< p1(x, y) wpy, (f,3) {Tzs (p1;x,y) + 8—2Tm (00w X, y)}
+|f(-x’ y)l |TIS (FOHC’ )’) - FO (-x7 Y)|

where @y yy (1, v) 1= (u — x)% + (v — y)?, and we obtain that
ITes = Fll2 < lleill o, wo, (f8) {ITso1 = pillp, + o1l 5,

1
+35 vl
+1fllpy 1ot py 1 T2 Fo — Foll p,

provided that Ti5¢(x,y) € Bp,.

3 Concluding Remarks

We now present an example of a double sequence of positive linear operators that
satisfies the conditions of Theorem 2 but does not satisfy the conditions of Theorem 1,
and we analyze that the results were given in the previous sections by graphs.

Example1 Let p; (x,y) = 1 + x4+ y2 and po (x,y) = 1+ x4+ y4. In this case,
the test functions F; become Fy(x,y) = 1, Fi(x,y) = x, Fp(x,y) = y and
F3(x,y) = x2 + yz. Then, consider the following bivariate Bernstein—Kantorovich
operator (U,,,) which is defined by:

m n
Unn(fix.3) = Y3 pie” (x.9) (m+ 1) (n
J=0k=0
(+D/m+1) (k+1)/(n+1)
+1) / / f (u, v) dvdu (13)
J/(m+1) k/(n+1)

where p;”;(’") (x, y) is defined by

P (x,y) = (’7) (Z)xf W= 0" (1= yyrE

Using the operators (Upy,), we define the sequence of positive linear operators
L = (Lin) as follows:

Liyn(f;x,9) = (L4 Smn) Una (f5 x,y), for f € Cpl»

where s,,, = 1, m, n are squares and 0 otherwise. AlsoletR =1, p (¢, s) = m

and form,n > 0, p,, = 1. As itis well known, in this case the power series method
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coincides with Abel method. Then, (s;,,) is convergent to O in the sense of power
series method. Now, observe that
Liyn(Fo; x,¥) = 1+ S,

Lo (Fri s y) = (14 s (2 4 —
mn ]axay - Smn m+1 2(m+1) L)

1
Ly (Fy; x., y>—(1+smn>< ol +2(n+1))

Lo (F3: %, ¥) = (14 $ym) (m (m —1)x? N 2mx N 1
m+1%  (m+D> 3(m+1)?
nn—1)y? 2ny N 1 >
n+1?  (+1)? 30+ 1)

Also, we get

m(m — 1))52 2mx 1
+ +
(m+1)? m+1D%  3m+1)>?
nn—1)y> 2ny 1 )
_l’_
(n+1)% n+1?> 3m+1)?
< 12p2(x,y)

Lun(p1;x,y) =14+ spn + (1 + Simn) <

which yields sup ||T,S||Cp1%3p < 00 where

O<t,s<R
Tis (f5x,y) = (l S) Z pmnt 8" Linn (fix,y).
Now observe that
1 Tis Fo — F()”pl = Punt™ " Syun
pt.s) =,

p1

Since (sy,,,) is convergent to 0 in the sense of power series method, we get

lim [T, Fo — Foll, = 0.

t,s—R

Also, we have

L = N 1
ITuFi = Fil,, < | - (t’s)m;opmnt s <smn+ﬁ> ,
o o1
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using the method’s regularity, and since (s, ) is convergent to 0 in the sense of power
series method, we have
lim (|75 Fy — Fill,, = 0.
t,s—R~
Similarly, we get
lim ;s F2 — Fl, = 0.

t,s—

Finally, since

I Tvs F3 — F3ll,

1 e dm +2 dn +2
t"s™ | sy + + )
P, s)méop’”” ( ") 1)

o1

we have
limi | T;s F3 — F3||p1 =0.

t,s—R

Therefore, we can say that our sequence (L,,,) satisfies all assumptions of Theorem 2
and we conclude that for all f € Cp,, lim ||T;5 (f) — fll,, = 0. However, since
t,s—>R~

(smn) is not convergent to zero in Pringsheim sense, (L, ) does not satisfy Theorem 1.
2,02 .

Let us consider the function f € C,, given by f(x,y) = m:n—nﬂ Figures 1

and 2 show that the convergence in the sense of power series method holds. Also,

Fig. 2 illustrates the operator does not satisfy Theorem 1. Finally, Fig. 3 shows and

compares the error of approximation.

x10% fx.y) L, (Exy) fxy) -L, (Fxy) g0
55— x107* 17 s
5.5 0.9
5 -
5 08 ¢
45 4 | 4
4.5 0.7 3
44 06
47 2
3.5 > 05
0.4 1
0.3
. ] 0
0.2
0.1 -
1
15 , = : 05 0
0 0.5 0 : 0 0 05
X y y X

Fig.1 The function and the operator for m = 50, n = 110
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104 f(x,y) <10 L,..(fxy) fxy) - L (Fxy)
1
5 10
0.9
2
4.5 - 94 0.8
4 - 8 - 0.7 25
0.6
3.5 7
=05 3
34 6 0.4
3.5
25 5 - 0.3
0.2 -4
2 4 -
0.1

—#—m=110, n=4,16,25,36,49,64 —#—n=50, m=4,16,25,36,49,64
=0 m=100, n=4,16,25,36,49,64 =0 n=121, m=4,16,25,36,49,64

0 10 20 30 40 50 60 70 0
n

Fig.3 Error of approximation
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