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Abstract

In this paper, we introduce a new type of statistical relative modular convergence for the
first time and we obtain Korovkin theorems for double sequences of positive linear opera-
tors on modular spaces in the sense of this new statistical type convergence with respect to
power series method. Finally, we present an interesting application that satisfies our new
approximation theorem but not satisfies the classical ones. So, we show that our results are
meaningful.
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Mathematics Subject Classification 40A35 - 40G10 - 41A36 - 46E30

1 Introduction

The classical version of Bohman-Korovkin theorem establishes the uniform conver-
gence in the space C([a, b]) of all continuous real functions defined on the interval
[a, b], for a sequence of positive linear operators (7)) acting on C([a, b]), assuming the
convergence only on the test functions 1, x, x> ([1-3]). The list of variations and exten-
sions of this result is very long. General approaches to the Korovkin type approximation
theorems were studied by using summability methods and also, different convergence
methods, mostly in the direction of statistical convergence, which was introduced inde-
pendently by Fast [4] and Steinhaus [5]. The statistical Korovkin theorem studied by
Gadjiev and Orhan [6], for the first time, and then Dirik and Demirci [7] proved the
statistical Korovkin theorem for double sequences. Korovkin theorems were first studied
on modular spaces (these spaces generalize the classical Lebesgue and Orlicz spaces)
in [8] and studied by researchers (e.g., [9—12]). The definition of statistical relative con-
vergence and the use of this convergence in the Korovkin theorem were first studied by
Demirci and Orhan [13]. After this paper, many authors study this type of convergence
and its generalization (e.g., [14—18]). The power series methods, including Abel and
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Borel methods, are well known. These methods are also members of the class of all
continuous summability methods and they are considered in the Korovkin type approxi-
mation theory (e.g., [19-21]). In the present paper, we introduce the statistical relative
modular convergence with respect to power series method and we obtain Korovkin the-
orems for double sequences of positive linear operators on modular spaces in the sense
of this convergence. Finally, we present an interesting application that satisfies our new
approximation theorem but not satisfies the classical ones.

2 Preliminaries

We begin with the concepts of Pringsheim convergence and statistical convergence for
double sequences. The most basic statements reads as follows.

A double sequence x = (xmn) is said to be convergent in Pringsheim’s sense if, for
every € > 0, there exists N = N(g), belonging to the set of all natural numbers, such
that |xmn - L| < € whenever m,n > N, where L is called the Pringsheim limit of x and
denoted by P —lim,, , x,,, = L (see [22] ). We shall call such an x, briefly, “P— conver-
gent”. A double sequence is called bounded if there exists a positive number M such
that |xmn| <M for all (m,n) € N, Unlike a convergent single sequence, a convergent
double sequence need not be bounded.

Statistical convergence of single sequences was introduced by Fast [4] and Steinhaus
[5], independently and studied by many authors. This concept was extended to the dou-
ble sequences by Moricz [23]. If F C N? be a two-dimensional subset of positive inte-
gers and let |.| denote the cardinality of the set. The double natural density of F is given
by

< <!l:(m, F
5y 1= poplln Sk SLi e )

if it exists. The number sequence x = (xmn) is statistically convergent to L provided that for
every € > 0, the set
F :=Fy(e) :z{msk, n<l: |x

mn

—L|Z£}

has natural density zero; in that case we write st, — limx,,, = L. It is a simple matter to see

m,n

that, a P—convergent double sequence is statistically convergent to the same value but its
converse is not always true. Also, as regards statistical convergence, note that a statistically
convergent double sequence need not to be bounded. For more details we refer the reader
to [23].

Also, remember that the statistical convergence for double sequences was characterized
in [23] as given below:

A double sequence x = (xmn) is statistically convergent to L iff there exists a set F C N?
such that the double natural density of F is 1 and

P- m,n—»ooglrgl(m,n)eFxmn =L

Let us turn our attention to power series method.

Let ( mn) be a double sequence of nonnegative numbers with p,, > 0 and such that the
following power series
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p(t,s) 1= 2 Pl s"

m,n=0

has radius of convergence R with R € (0, c0]and ¢, s € (0, R).If for all 7, s € (0, R),

lim s =L
tS—)R p([ S)mz pmn mn

then we say that the double sequence x = ( mn) is convergent to L in the sense of power
series method and denoted by P? — lim X, = L ([24]). The power series method for double
sequences is regular if and only if

[s4) (o)

2" 2P (1)
lim ™ —— =0and lim ——— =0, for any u, o,
ts—R- p(t,s) ts—R= p(t,s)

hold [24].

1
(m+1)(n+1)”
methods coincide with Abel summability method and logarithmic summability method,

respectively. In the case of R = o0 and p,,, = the power series method coincides with
Borel summability method.

Remark 1 Note that in case of R =1, if p,,, =1and p,, = the power series

m'n' ’

Here and throughout the paper, power series method is always assumed to be regular.

Prior to introducing the next definitions, it is worthwhile to point out that, Unver and
Orhan [25] have recently introduced P,—density of E C N, and the definition of P,—
statistical convergence for single sequences. Hence, they showed that statistical conver-
gence and P,— statistical convergence are incompatible. In view of their work, we intro-
duce the definitions of Pi—density of F C Né =Ny X Ny and Pf)—statistical convergence
for double sequences:

Definition 1 Let F C Ng. If the limit

53 (F) :

Z Punt"s"

ts—>R p(t S) (rer

exists, then 5}2, (F) is called the PZ— density of F. Note that, from the definition of a power

series method and P;—density it is obvious that 0 < 6?, (F) < 1 whenever it exists.
P

Definition 2 Let x = (x,,,) be a double sequence. Then x is said to be statistically conver-
gent with respect to power series method (Pz— statistically convergent) to L if for any € > 0

D Pual"s" =0

(m,n)EF,

t, r—>R p(l‘ )

where F, = {(m,n) € N} : |x,,, — L| > €}, that is 52 (F,) = 0 for any £ > 0. In this case
g

. 2 . —
we write sth —limx,,, = L.
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The statistical superior limit and inferior limit for single sequences have been first given
by Fridy and Orhan in [26]. Then, Cakan and Altay [27] have generalized these concepts to
double sequences.

Now, in view of these studies, we can introduce the concepts of Pf,— statistical superior
limit and inferior limit for double sequences. The Pﬁ—statistical superior limit of x = (x,,)
is

. _ J supG,, if G, # @,
sth lim Sup X, = { —00, if Gx =0,

where G, := {ce R : 82 ({(m.n) : x,, > c}) > 0 or does not exist in [R} and @
)

denotes the empty set. Similarly, the Pﬁ—statistical inferior limit of x is

infH,, if H, # @,

P, 0o, ifH =g,

P

st2 —liminfx,, = {

where H, := {de R : 62 ({(m.n) : x,, <d}) >0 ordoes not exist in R}. As in the
P

statistical superior or inferior limit, it is obtained that

2 .. 2 .
Sty ~ liminfx,, < Stp = lim sup x,

mn

and also that, for any double sequence x = (xmn) satisfying
512%({(”1,") ¢ [ %] > M}) = 0 for some M > 0,
st —limx,, = L iff st

2
P P;

— liminfx,,, = st; —limsupx,, = L.
P

»

Now, according to our aim for this work, we shall focus our attention on modular spaces
and convergence methods in these spaces. Let us mention some well known notations and
properties of modular spaces.

Let Z = [a, b] be a bounded interval of the real line R provided with the Lebesgue meas-
ure. Then, by X(Z*) we denote the space of all real-valued measurable functions on Z?
provided with equality a.e. As usual, let C (Zz) denote the space of all continuous real-
valued functions, and C* (Zz) denote the space of all infinitely differentiable functions on
Z%. Then, we say that a functional p : X(Z*) — [0, +oo] is called a modular on X (Z?) if
(i) p(f) = 0 if and only if f = Oa.e. in Z2, (ii) p(—f) = p(f) for every f € X(Z*) and (iii)
plaf + Pg) < p(f) + p(g) for every f,g € X(Z*) and for any a, f > O witha + f = 1.

A modular p is said to be N—quasi convex if there exists a constant N > 1 such that
plaf + pg) < Nap(Nf) + Nfp(Ng) holds for every f,g € X(Zz), a,fp>0witha+f=1.
In particular, if N = 1, then p is called convex. A modular p is said to be N—quasi semicon-
vex if there exists a constant N > 1 such that p(af) < Nap(Nf) holds for every f € X (Z2)
and a € (0, 1]. It is clear that every N—quasi convex modular is N—quasi semiconvex.
Please see details in [10, 28].

Some vector subspaces of X(Z?) are considered by means of a modular p as follows:

L(2%) := {f €X(Z) : lim p(Af) = 0}
and

E’(Z%) :={f e’ (Z%) : p(}f) < +oo forall A >0}
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are called the modular space generated by p and the space of the finite elements of L’ (ZZ),
respectively. It is worthwhile to point out that when p is N—quasi semiconvex, then the
space

{f €X(Z?) : p(f) < +oo for some 4 > 0}

coincides with L? (Zz). It is worth noting that, the main features of modulars can be found
in [28, 29] (see also [30, 31]).
Now, we recall the notion of statistical modular convergence for double sequences.

Definition 3 [12] Let (,,,) be a double function sequence whose terms belong to L (Z?).
Then, (f,,, ) is said to bestatistically modularly convergent to a function f € L?(Z?)iff

Sty — 133’1,;(/10( "m —f)) =0 for some 4y > 0. @)

In addition, if (2) is provided for all 4 > 0, then it is called statistical F—norm convergence
(or, statistical strong convergence), i.e.,
sty —lim p(A(f,,, —f)) = 0 forevery A > 0.
m,n

The two notions of convergence are equivalent if and only if the modular satisfies a 4,—
condition, i.e. there exists a constant M > 0 such that p(2f) < Mp(f) for every f € X(Z?) (see
[29D).

Now we introduce the convergence methods in the sense of power series method in modu-
lar spaces for double sequences:

Definition 4 Let (f,,, ) be a double function sequence whose terms belong to L”(Z?). Then,
(fum) is said to be P2 > —statistically relatively modularly convergent to a function f € L/ (z%)
iff there exists a scale function o € L° (Z%),lo(x, )| # 0 such that

sty — lim,o()»0 <fm" _f>> = 0, for some 4, > 0. (3)
P [0}

In addition, if (3) is satisfied for all A > 0, then it is called P2—stansncal relative F—norm
convergence (or, P2 —statistical relative strong convergence ), 1 e.,

stf,p —lim p< <f’""6 f>> =0 forevery 4> 0. 4)

It can be immediately seen that (3) and (4) are equivalent if and only if the modular p satis-

fies the A,—condition. Indeed, P2—statlstlcal relative strong convergence of the double
sequence (f,,, ) to f is equivalent o the condition st2 —lim,, p(2N A(f’"" =) )) =0, for all

N =1,2,...and some A > 0. Let (f )be P? —statlstlcally relatively modularly convergent to f,
hence, there exists a 4 > 0 such that st2 —lim,, , p(l fmf ) = 0. Also, 4,—condition

implies by induction that p(ZN ﬂ(%) ) < MY (ﬁ(% >.Then, we get

sty = limp<2N/l<fm"T_f>> =0.
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1130 S.Yildizetal.

Also, it will be observed that P> —statistical modular convergence is the special case of Pf’—
statistical relative modular convergence in which the scale function is a non-zero constant.
Below we will present a striking example that our new definition makes more sense.

Example 1 Take Z*> =[0,1]* and let ¢ : [0,00) = [0, 0) be a continuous function for
which the following conditions hold:

® @ is convex,
e 9(0)=0,¢w) > 0foru>0andlim,_ pu) = co.

Hence, consider the functional p® on L° (Zz) defined by

1 1
() i = / / oGy dxdy for f € X2,
0 0

In this case, p? is a convex modular on X(Z%), which satisfies all assumptions listed in this
section. Consider the Orlicz space generated by @ as follows:

L;(Z2) :={f € X(Z*) : p*(Af) < +oo for some 4 > 0}.

For eachm,n € N(m > 2,n > 2),define g,,, : Z*> - R by

[AMEAY)

minxy (x,y) € [0, i] X [0, i]

m=2korn=2I,
4mn — m*n’xy xy) € (i’%] X<i’%];

= m=2korn=2l, 5

0 (%WG(%J]X(%,I];

' m=2korn=2lI,

1, otherwise,
k,1=1,2,..

If p(x) =X for1 < p < 00, x >0, then Lg (Zz) =L, (Zz). Moreover, we have for any func-
tion f € L, (Zz) that p?(f) = |[f||€ .Also, let the power series method be given with
»

pmn={0’ m=2k+1andn =20+ 1 kl=1.2...

1, m=2korn=2I

It is clear that (gmn) converges neither statistically modularly nor modularly. Also, (gmn)
does not converge P>—statistically modularly to g = 0 but converges P;—statistically mod-
ularly relative to a scale function

1, x=0o0ry=0
TEN=N L ) € ©0.11x (0.1]

onL, (Zz).lndeed, for some Ay > 0, with the choice of p = 1 we have p?(g) = ||g||L] ,
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P(Ao(8mn — 8)) =”)“0(gm" - g)“Ll

) I, m=2k+1landn=2/+1 12 (6)
—70Y 2, m=2korn=2I sk l=1,2,..

Thus, we can easily have that, (gmn) does not converge statistically modularly and Pz— sta-
tistically modularly. Now, using the scale function o,

oa5575) - l57)

o
then, we get

AL m=2korn=2l
3mn

i, m=2k+1landn=2/+1
=A<

Ly

st - 1imp(,10(g’""6_g)) =0

p

On the other hand, thanks to (6), we can easily see that ( gmn) neither converges to g =0
statistically modularly nor Pﬁ— statistically modularly on L, (Zz).

We conclude the section by mentioning the following assumptions concerning modular
functionals:

A modular p is monotone if p(f) < p(g) for |f| < |gl, p is said to be finite if y, € L"(Z?)
whenever A is measurable subset of Z2 such that (A) < co. If p is finite and, for every £ > 0,
4> 0, there exists a 6 > 0 such that p(4y,) < € for any measurable subset B C Z* with
u(B) < &, then p is absolutely finite and if y. € E?(Z*), then p is strongly finite. A modular
p is absolutely continuous provided that there exists an @ > 0 such that, for every f € X (Zz)
with p(f) < +oo0, the following condition holds:

e forevery € > O there is 6 > O such that p(af ;(B) < & whenever B is any measurable subset
of 7% with u(B) < 6.

Based upon above concepts (see [8, 10]) if a modular p is monotone and finite, then we have
cZz>HcL (Zz). Similarly, if p is monotone and strongly finite, then C(Z®) C E* (Zz). Also,
if p is monotone, absolutely finite and absolutely continuous, then C*(Z2) = L (Z*). Some
details of above properties may be found in [28, 31-33].

The following section is devoted to present Korovkin type approximation theorems via the
statistical relative modular convergence with respect to power series method and to give some
related results.

3 Korovkin theorems via power series method

Let p be a monotone and finite modular on X (Zz). Assume that D is a set satisfying
C>(Z%) c D c L*(Z*). We will assume that T := (T,,,) is a sequence of positive linear

operators from D into X (Z?) for which there exists a subset X C D with C*(Z?) c X and
an unbounded function o € X (Zz) satisfying o (x, y) # O such that

2 T, (h)
sth —limsupp </1 (T) ) < Rp(Ah), 7
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1132 S.Yildizetal.

holds for every & € X, A > 0 and for an absolute positive constant R.
Throughout the paper we use the test functions f, (r = 0, 1, 2, 3) defined by

foley) = Lfi(xy) =x.f0y) =yand f(x,y) = x* + )%

Theorem 1 Let p be a monotone, strongly finite, absolutely continuous and N—quasi
semiconvex modular on X (Zz). Let T := ( mn) be a sequence of positive linear opera-
tors from D into X (22) satisfying (7) holds for each f € D. Moreover, suppose that ¢
and o, are unbounded scale functions satisfying |o(x,y)| > a > 0 and |6,(x, y)| >a,>0
(r=0,1,2,3). Suppose that

To\fr) =1
sty — limp(ﬁ<ﬂ>> =0, forevery A>0and r=0,1,2,3. (8)
r O'r

Now let f be any function belonging to L? (Zz) such that f — g € Xy for every g € C*® (Zz).

Then we have
T —
st —1imp<AO<M)> =0, for some A, > 0. ©)
14 (o}

Proof We first claim that
. T,.(8)—g
szf,p —hmp<n<’""T =0 (10)

for every g € C(Z2) N D and 5 > 0 where o(x,y) = max {|ar(x,y)|;r =0,1,2, 3}. To see
this it is enough to assume that g belongs to C (Zz) N D and # is any positive number. By
the continuity of g on Z2 and by the linearity and positivity of the operators T, , we easily

mn?

see that (see, for instance [34]), for a given € > 0, there exists a number 6 > 0 such that for
all (u,v), (x,y) € Z*

[806,3) = 8] < £+ 2 {(u =2 + (v = 37’}
namely
—6——{(u—x) +(V—-y }<g(u v) — g(x, y)<6+—{(u—x) +(v-y) }

where M := sup |g(x,y)|. Let max {|x|,|y|} < |a| + |b|, and put c¢ := max {|x|,|y|}.
(x,y)ez?

Since T, is linear and positive, we have

| mn(g.x y) _g(-x Y)|
< e+ K{ T (o) = o) + [T i y) = i)

[T (i0.3) =] + | T lfriy) =]}

4Mc? 4Mc ZLW
27 52 52

where K := max {e + M+ } Now multiplying both sides of the above

inequality by| ( o e get
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(|7 o) = o)
n(3%.5) = )|

T,.(8:x.y) — g(x, y)’ K
o(x,y) Ia(x eyl

’ fl’XY) fl(x)’)|
[T (5.9) = fie9)] .

Hence, the last inequality gives, for any n > 0, that

Tmn(g;x’y) - g(x,y) ‘
o(x,y)

ne
<——— 41K
lo(x, »)| {

Tmn(fo;x’y) —fo(x,Y)

GO(X’ Y)
T (fi5y) =A@ | | T (i y) = fo(x.y)
Ul(x’ )’) Uz(x,y)
Tmn (f3 P y) _f3(x’ y)
03()6, }’) )

Thanks to the above inequality, since p is monotone, we get

P<'1<Tmn(i)_g>> < (ne N K(Tmn(;o) —fo) +’1K<Tmn(;l) _fl>
+’1K<Tm(§) —fz) +ﬂK(T,,m(;) —f3>>.

Since p is N—quasi semiconvex and strongly finite, we may write that, assuming 0 < € < 1
T,.(2)— 5yN T (fo) — 1
p<n< © g)) SN&p(n_) .\ ,,<5,1K( (o) 0>>
[0} (o} (o1}

Tmn( 1) _fl
0

Tmn( 2) _f2
03

Tmn _f

. ,,<s,ﬂ<(_< ) ))

03

For a given £* > 0, choose an € € (0, 1] such that Nep( Sl ) < €*. Now we define the fol-

lowing sets:
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1134 S.Yildizetal.

T -
E,: = {(m,n) : p(n(@)) 25*},
T ) — e* — Nep N
E, : =1(mn): p<4r1K( m"(]:;) fr)) > ( d ) ,

] 4

3
r=0,1,2,3. Then, it is easy to see that E, C |J E, . So, we can write that

r=0
3
5 (E) < X5 (E,,)
r=0
It is evident from hypothesis (8), we get
8, (E,) =0,

which proves our claim (10). Observe that (10) also holds for every g € C®(Z?). Now let
fer (Zz) satisfying f — g € Xy for every g € C*® (Zz). It is evident from ,u(Zz) < oo and
strong finitenessand absolute continuousness of p that p is also absolutely finite on X(Z2)
(see [32]). Using these properties of the modular p, it is known from [28, 33] that the space
C>(Z%) is modularly dense in L”(Z?), i.e., there exists a sequence (g,,,) C C*(Z?) such
that

P- 1}};1;)(32;(5’,”" —f)) =0 for some 4} > 0.

This means that, for every € > 0, there are positive numbers m, = m(€) and n, = ny(e) so
that

p(345(8un —f)) <& forevery m > myandn > ny. an

On the other hand, by the linearity and positivity of the operators 7,

mn?

we may write that

A T (3, 3) = £ 0)| <25

¥
+ Ay

Tmn(f - gmono Xy y))

Tmn(gmono s y) - gmono (x, y)|

¥
+ Ay

gmono(x’y) —f(X,y)’,

holds for every x,y € Z. Multiplying the last inequality by , applying the modular p

1
L L [oCey)]
and moreover considering the monotonicity of p, we have

_ T —
p(/%(Tmn();) f>>5p(3,1;‘;< mn(fagm(,no)))

Tmn Emgny) — Emyn,
o Pl =)
(o2
{ 8myn _f
+p<3,1;(—°° ))
(o2
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Hence, assuming that |6| > a > 0(a = max {a, :r=0,1,2, 3}) and taking into considera-
tion that p is monotone, we may write that

T, - Tmn f_ myn
(=) = (5)
T —
+p(3l;( mn(gmon:;) gm0n0)> (12)

Then, it follows from (11) and (12) that
T —f Tmn f_gmn
p@( ) f))sﬁp(ns( U )>>
c c
Tmn Emyny ) — 8myn
T
o2

So, taking Pi—statistical limit superior in both sides of (13) and also using the facts that
€ C*(Z%) and f — 8myn, € Xt we obtained from (7) that

st,z,p — lim sup p<i("; <W>)

<e+Rp(345(f — &,1.))

T (8mgny) — &
b . « mn \&myn, myn,
+sth — limsup p<3/10< . s
which gives that

T, -
Stf; - limsupp<,1;<M>>
P p

14)
T, 8m, —8m (
<eR+1)+ stf,ﬂ — lim sup p<3/1;;< o (8y) = S ))

(o}

T (8mn ) — &
2 . " mn\&myn,, myng _
Stp = lim p(BAO( . =0,
Tmn 8myny ) — 8myn
stlz,p —limsupp<3ﬁ;’;( ( ”;) > ”>> =0. (15)

Combining (14) with (15), we conclude that

13)

gy

By (10), since

we get
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1136 S.Yildiz et al.

sty — limsupp<ﬁg(w>) <eP+1).

TS
o

Since € > 0 was arbitrary and p(/lé(

sty = 1imp<,1;<—T'””(’;) _f>> =0,

that is, the assertion. O

) ) is non-negative for all m,n € N, we can eas-

ily see that

If the modular p satisfies the 4,—condition, then one can get immediately the fol-
lowing result from Theorem 1.

Theorem 2 Let T := (T,,,), p and o be the same as in Theorem 1. If p satisfies the Ay—
condition, then the following statements are equivalent:

(a) st — limp<i<%’)_f’>> =0,foreveryA>0andr=0,1,2,3,
P »

(b) stlz, - limp(i<w>> =0, for every A >0 provided that f is any function
belonging to L°(Z*) such that f — g € Xy for every g € C® (Zz).

We conclude this section by following Corollaries.
If one replaces the scale function by a nonzero constant, then the condition (7)
reduces to

stp —limsup p(A(T,,,,h)) < Rp(Ah) (16)

for every h € X, 4 > 0 and for an absolute positive constant R. In this case, we obtain the
next results from our main theorems, Theorems 1 and 2.

Corollary 1 Let p be a monotone, strongly finite, absolutely continuous and N—quasi semi-
convex modular on X (Zz). LetT := (Tmn) be a double sequence of positive linear opera-
tors from D into X (Zz) satisfying (16). If (Tm,f,) is Pi —statistically strongly convergent to
[, foreachr=0,1,2,3, then (Tmnf ) is P2—statistically modularly convergent to f provided
that f is any function belonging to L* (szsuch that f — g € Xy for every g € C*® (Zz).

Corollary 2 Let T := (Tmn) and p be the same as in Corollary 1. If p satisfies the A,—con-
dition, then the following statements are equivalent:

(a) Tmnf,) is Pz—statistically strongly convergent to f, for eachr =0, 1,2, 3,
®) (T, ) is Pp—statistically strongly convergent to f provided that fis any function
belonging to L#(Z?) such that f — g € X; for every g € C*(Z?).
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4 An example

In this section, we give an interesting example of positive linear operators that satis-
fies the conditions of Theorem 1 but not satisfies the conditions of Corollary 1 and also
theorems given before.

Example 2 Take Z = [0, 1] and let ¢ : [0, 00) — [0, 00) be a continuous function for which
the following conditions hold:

® @ is convex,
e ¢(0) =0, @) > 0for u > 0 and lim ¢(u) = co.

Hence, consider the functional p® on X(Z*) defined by

1 1
() i= / / (e )dxdy for f € X(22). 17
0 0

In this case, as it is known, p? is a convex modular on X (ZZ). Consider the Orlicz space
generated by @ as follows:

Lg(zz) :={f€X(Z%) : p?(Af) < +o0 for some 1> 0}.
Then consider the following bivariate Bernstein-Kantorovich operator U := (Umn) on the
space LZ, (ZZ) which is defined by:
(k+1)/(m+1) (I+1)/(n+1)

U,,fxy = ZZpi’Z’")(x,y)(m + D+ 1) / / SfQu,vydvdu  (18)

k=0 1=0 k/(m+1) 1/(n+1)

for x,y € Z, where p,ﬁ"}’") (x, ) defined by

Py ) = ( B ) ( ] )xky’(l — "1 =y,

Also, it is clear that,

22wy =1, (19)

k=0 1=0

Observe that the operators U,,, map the Orlicz space L; (Zz) into itself. Because of (19), as
in the proof of Lemma 5.1 ([8]) and similarly to Example 1 ([12]), we can use the Jensen
inequality and obtain that for every f € L; (Zz) and m,n € N there is an absolute constant
M > 0 such that

p?(U,f) < Mp?(f).
Then, we know that, for any function f ELQ(ZZ) such that f—g €& Xy for every

gEC™ (Zz), (Um”f) is modularly convergent to f, with the choice of Xy := LZ(ZZ). If
@(x) =x for 1 <p < oo, x>0, then L},(Z*) = LP(ZZ). Moreover we have p?(f) = |If]|} .
P
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Then, using the operators U,,, we define the sequence of positive linear operators
V= (an)on L, (Zz)asfollows:

V£, 9) = (14 8,0 0)) U,(Fix,y) forf € Ly(Z%), x,y €0, 1], (20)

where (g ) is the same as in (5 ) and we choose o,.(x,y) = o(x,y) (r =0,1,2,3), where

1, x=00ry=0 . .
o(x,y) = le’ % y) € (0,11 x (0, 1] . As in the proof of Lemma 5.1 ([8]) and similarly to

Example 2 ([34]), we get, for every f € L, (Zz), A > 0and for positive constant R, that

\%
sty — ﬁ—m"(f)
o L,

P

lim sup

(=)

where  o,.(x,y) =o0(x,y) for r=0,1,2,3. Observe that U, (fo;x,y) =fo,
i 1

. —m 1 . =
Unn (fl ,x,y) =T 2m+1)’ U (fz,x,y) v 2n+1) and

<RIy, -
We now claim that
st

—lim
PP

=0,r=0,1,2,3, (1)

L

. _ m(m=1)x 2mx 1 n(n—1)y* 2ny
Umn(f3,x,y) = i T T T e T el 3(n+1)2'SO’ we can see,
1 an(()) _fO =H/l(] +gmn)_1
o c L
LI
SHAgmn
o,
then, from Example 1, we know that
2 . Emn
st;, —lim||A =0
P, ” o (22)

Ly

(=05

which guarantees that (21) holds true for r = 0. Also, we get

(=07 sw(on ol )]
L

T m+1
1

and hence

2 p _
sth —lim =0,

Ly

Since the power series method is regular and from (22) we have,

(=01

2 p _
sth — lim =0.

Ly

@ Springer



Korovkin theory via Pp— statistical relative modular convergen... 1139

So (21) holds true for r = 1. Similarly, we have

\% —
sty —lim || M =0.
P
o .
Finally, since
2 an( 3) _fS
o
Ll
3m+1 3 2m 2 3n+1 3
T e e !
2n 2 ( 1 1 ) ' S
t—— |4 + + A + 6| A==
(l’l+ 1)2 || Xy y 3(m+ 1)2 3(l’l+ 1)2 ” x)’”L] pu .

Hence we can easily see that

Vv —
st2 —lim || Ynl3) =15 =0.
P o
Ll

So, our claim (21) holds true for eachr =0, 1,2, 3. (an) satisfies all hypotheses of Theo-
rem 1 and we immediately see that,

Vv —
s —lim Ha(M> =0,
P o

L

onZ =[0,1]for all f € L,(Z%). Also, (gmn) does not converge statistically modularly and
Pi—smtistically modularly, thus (an) does not satisfy statistical modular Korovkin type
approximation theorem ([12]) and Corollary 1.
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