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Abstract. In this paper, we use the power series methods to study Korovkin-
type approximation theorems for sequences of operators that are mono-
tone and sublinear. It is important to point out that any positive linear
operator is monotone sublinear but the converse is not true. We also calcu-
late the rate of convergence in terms of modulus of continuity. Finally, we
provide some examples that satisfy our theorems and give quantitative es-
timates. We also define Bernstein-Chlodovsky-Kantorovich-Choquet (BCKC)
polynomial operators similar to those given before and obtain approxi-
mation estimate.
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1. Introduction

Korovkin-type theorems, a fundamental concept in the field of approxima-
tion theory, have an important place thanks to their applications in various
mathematical disciplines. Based on the fundamental work of Korovkin [20,21],
who established convergence conditions for sequences of positive linear opera-
tors on continuous functions, researchers have studied various generalizations.
These investigations aimed to reduce the linearity and positivity requirements
imposed by Korovkin’s theorem (see e.g. [6,11,14,28,35]) by taking different
conditions such as sublinearity, monotonicity and various convergence modes
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(see e.g. [2,10,13,14,17-19,23]). This pursuit has led to a deeper understand-
ing of approximation processes and has been a source of inspiration for new
work.

In the Korovkin-type approximation theory, the concept of uniform con-
vergence, which has further increased the interest of researchers, has been re-
placed by a variety of convergence types, such as almost convergence, measur-
able convergence, and statistical convergence. Among these, the power series
method emerges as an important type of convergence and has led to the charac-
terization of new convergence theorems (see, for example, [5,7,8,24,25,27,29—
32]). Utilizing these methods, researchers have extended this theorem to in-
clude alternative properties such as sublinearity or monotonicity instead of
the traditional linearity or positivity conditions. This has enriched the field
of approximation theory and opened new avenues for applications in various
mathematical fields.

The focus of this paper is to advance the current line of research by
examining approximation results for sequences of monotone and nonlinear op-
erators using power series methods. In this way, our objective is to generalize
the known Korovkin-type theorems and derive new convergence rates using
the modulus of continuity. Furthermore, we introduce and analyse a new class
of operators, the Bernstein-Chlodovsky-Kantorovich-Choquet (BCKC) oper-
ators, extending previously studied operators. Also, we provide quantitative
estimates for the operators’ approximation behaviour. By providing illustrative
examples, we demonstrate the applicability of our results in concrete settings.

Our research not only advances existing investigations in the field of
approximation theory but also introduces novel methodologies and operators.
These contributions expand the field of approximation theory and enhance its
potential applications across various mathematical disciplines.

2. Preliminaries

This section reviews some essential definitions and concepts related to our
study, particularly those associated with Korovkin-type approximation theory,
monotone and sublinear operators, and power series methods.

2.1. Sublinear and Monotone Operators

Let M be a metric measure space, denoted by the triple (M, d, ) where M is
a space equipped with the metric d and the measure u defined on the sigma
field of Borel subsets of M.

If we consider the vector lattice VL(M) of all real-valued functions de-
fined on M, endowed with the pointwise ordering, then important vector sub-
lattices of VL(M) are C'(M), which is the space of functions of all continuous
and bounded, and AC(M), which is the space of functions of all bounded and
almost everywhere continuous, and LY(M) (1 < ¢ < oo ), which is the space of
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functions of all Borel measurable and Lebesgue integrable with modulo equal-
ity a.e..
On C(M), we consider the uniform norm || f|| = sup,c,, |f(2)], while on

LY(M), 1 < g < oo, we consider the usual g-norm || f||, = ([, [f(z)|* dx)l/q.

Let M and N be two metric spaces and E and F' two respectively ordered
vector subspaces (or the positive cones) of VL(M) and VL(N) that contain
the unity. An operator T' : E — F' is called a weakly nonlinear operator
(respectively a weakly nonlinear functional when F' = R) if it satisfies the
following three conditions:

1. (Sublinearity) T is positively homogeneous and subadditive, that is,
T(af)=aT (f) and T (f+g) <T(f)+T(9)

for all f,gin E and a > 0,
2. (Monotonicity) f < g in E implies T (f) < T (g),
3. (Translatability) T(f + «.1) =T( f) + aT(1) for all f € E and a > 0.

In this paper, we also interested in the operator which satisfies the fol-
lowing condition:

(Subunital property) T(1) < 1.

If E and F are closed vector sublattices of the Banach lattices C'(M) and
C(N), respectively, then every monotone and subadditive operator (functional
when FF=R) T : E — F satisfies the inequality

T () =T (@I <T(f —gl) forall f,g. (1)

If an operator (functional when F' = R) T' is monotone and positively homo-
geneous, then we necessarily have T'(0) = 0.

In this paper, we investigate the convergence behavior of sequences of
operators that are both monotone and sublinear.

2.2. Power Series Methods

Power series methods have emerged as a highly effective tool in studying ap-
proximation and summability, especially when traditional approaches are in-
sufficient. With this method, sequences or series of operators can be written
in terms of power series and valuable information about their convergence can
be obtained. In the study of Korovkin-type theorems, the power series meth-
ods offer a powerful method for investigating convergence properties beyond
standard linear methods, thus extending our perspective on approximation
processes.

Let {pi} be a non-negative real sequence such that pg > 0 and the cor-
responding power series

p(t):=> put*
k=0
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has radius of convergence R with 0 < R < oo. If the limit

lim the
0<t—R~ p Z Pk F

exists then we say that @ = {xx} is convergent in the sense of power series
k
Dit

p(t)

method [22,26]. Note that the method is regular iff limg;_ - = 0 for

every k (see,e.g. [3]).

Remark 1. In the case of R = 1, if pp = 1 and py = I%',—l’ the power series
methods give us Abel method and logarithmic method, respectively. Also, if
R =00 and p; = k,, then the power series method gives us Borel method.

Here and in the sequel, power series method is always assumed to be
regular.
We assume throughout the paper that the test functions are

fo(x)=1,fi(x) =2 f2(zx) = —x, f3(v) = z2.

3. Approximation via Power Series Method Almost Everywhere

The following result and its proof were suggested by Theorem 2 in [17].

Theorem 1. Let M be a locally compact subset of R and we denote a vector
sublattice of VL(M) by E that contains the test functions: f;, i = 0,1,2,3.
Suppose that {Ty} is a sequence of monotone and sublinear operators from E
into itself such that

oo

Z ()| prt* < o0 ae.. (2)

O<t
If
li ) =fi ae,i=0,1,2
0<t11>nR* St (fz) fz a.c.; 1 07 ’ a35 (3)
then for all nonnegative functions f in E N AC(M), we have

im S(f) =/ ae (4)
where Sy (.) == p(t) > neo Tk () pt®. Moreover, if Ty, is translatable, then for

all f € ENAC(M), we have limg;_.z- St (f) = f a.e..
If M is included in [0,00), then the test functions, f;, i = 0,1,2,3, are

reduced to 1, —x, z2.
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Proof. Let f € EN AC(M) and suppose that y is a point of continuity of f
with

lim S (f;)(y)=fi(y) ae.,i=0,1,2,3.

0<t—R—

Since y is a point of continuity of f, for every € > 0, there exists a number
4 > 0 such that |f (z) — f(y)| < € for all € M satisfying |z —y| < 6. If
|z —y| > 0, then |f (z) — f (y)| < %mfyﬁ, hence, for any z € M we
have

Hfll o —
2 Hfll
52

If (@)= f)| <e+ ="l —yl

{2? 422 (C —y) +2C (—z) + y*} (5)

where C' = max {y,0} . Thanks to inequality (1) and using (5), monotonicity
and sublinearity of the operators T}, we conclude in case f > 0 that

IS¢ (f) = f ()| = Ti (f) prt® = f (v)

3/~
M2

ES
Il
=}

Ti (f = f (W) + f ) pit® = f ()

bS]

Il
=
]38

B
Il
o

(T (f) = T (f () 1) + f () Tie (1)) piet®™ — £ ()

(t

hS]

IN
J~
M8

k=0
- %go W (1f = F @)) pt® + £ () ﬁkzonk (1) ppt® — 1
SSt( ||f||{ + 2z (C_y)+2C(—x)+y2}>

@) ISt (o) — fo )]
2””‘ (S0 (f3) +2(C —9) S (f1) + 2050 (f2) + 5251 (fo)}

+f () ISt (fo) fo W)l
< €St (fo) + K {St (f3) + 2(C — y) St (f1) + 2CSt (f2) + y>St (fo)
+1St (fo) — fo )1}

< eS¢ (

where K = max {%, f (y)} . By our choice of y, we get

m |5 (f) = f (W)l <e,

0<t—R~

since € > 0 is arbitrary, we obtain that limg;_.z- S¢ (f) = f (v) . Now suppose
in addition that T}, is translatable for all k¥ € N. Since f + || f|| > 0, in view of
(4), we get

i S (F ) = £+ 7] e
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and since T}, is also translatable, we can write

5.0+ = 5 ZTk (7 + 171wt
1 o0
0] kZZO{Tk () + 1 T (1)} pit”
1 o0
= o X D G ZTk (1) pit*
= 5, () + 117115 (fo) -

Thanks to our hypotheses (3), we get, for all f € ENAC(M), limgs_.g— St (f)
= f a.e.. Notice now that if M is included in [0, 00), then one can rewrite the
inequality (5) as

£~ F)l <t 2M G2 o0 () 147}
Hence, we get
1S (f) = F I < Self = fF W)+ f () [Se (fo) = fo (y)]
St (fo) + 2Hf” {S: (f3) +2CS; (f2) + y*Se (fo)}
f )5S (fo) fo ()]

where f > 0. So the proofs continue as above and we get the desired result.
O

Remark 2. If we replace the space AC(M) with C(M), then Theorem 1 still
works.

Corollary 1. Let R ([a,b]) stands for the vector lattice of all Riemann integrable
functions defined on one dimensional compact interval [a, b] . Suppose that {T}}
is a sequence of monotone and sublinear operators from R ([a,b]) into R ([a, b])
such that

sup Ty (1)| prt® < o0 a.e..
o<t<r D (t Z

If

O<£ii>nR* St (f’L) = fZ a.e., = 05 172737

then for all nonnegative functions f in R ([a,b]), we have

lim S;(f)=f ae.
0<t—R~

Moreover, if Ty, is translatable, then for all f € R ([a,b]), we have limg.;_, p-

Se(f)=f ae..
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4. Approximation via Power Series Method in Measure

The proof of the following result is inspired by Theorem 4 in [17].

Theorem 2. Suppose that M be a compact subset of R endowed with positive
Borel measure p and let {T}} is a sequence of monotone, subunital and sub-
linear operators from C(M) into itself such that

Z|Tk fo)l pit* < oc. (6)

O<t<R P(
If

0<1t1mR p{y € M:|Se(fi)(y) — fi(y)| =e})=0,i=0,1,2,3,  (7)

then for all nonnegative functions f in C (M), we have

lim p({y € M:|S:(f)(y) = fy)l =€}) =0 (8)

0<t—

where Sy (\) := p(t Zk o T () pt®. Moreover, if Ty, is translatable, then for

all f € C(M), we have limozy .- 1 ({y € M : |S: () (4) — £ (4)] = £}) = 0.

Proof. Let f be nonnegative function in C'(M) and € > 0. Thanks to the
uniform continuity of f, for every ¢’ < & with € > 0, there is § > 0, such that

F@) - fl <+ 2,

Then as in Theorem 1, we have
S — sl <&+ 2Ws (@ - 0)?) + £ )15 o)~ fo )

<+ 2||f” {S (y) +2(C —y)Se(f1) (y) +2CS: (fz)(y)‘FyQ}
+f(y )\Sz (fo)*fo ]

where C' = max {y,0} . In view of the above inequality, we obtain
{fyeM:|S:(f) () — fW)l = e}
c{verr:e+ 2 sy w20 -0 50 )+ 205 (1) )+ 47}

+f (W) St (fo) = fo (y)| > €}
={ye M:(Se(fs) = f3(y) +2(C —y) (S (f1) = f1(y))

+2C (St (f2) — fo (1)) + e (fo) = fo ()| > = }6/}

y|* for all z,y € M.

c{venr:ism-pwz 5

U{yeM:|St(f1)—f1 y >i}
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U{yeM:|st(fz)—f2(y)| 2 ;é}

ofvensisii - pwlz <5}

where K = max{mg” f (y)} . Hence, we get
pn{y e M:|Se(f) = f ()l =e})

<p ({y €M :[S:(f3) = fa(y)| > 84_1(61})
tu <{ye M8 () = 10 2 g e - }>
9

)

+M<{yeM;|st(f2>—f2(y)_ C}
+4 ({ye M :|S¢ (fo) — fo (y)| > €4K€/})

In view of our hypotheses (7), we obtain

limp({y € M |5, (f) ~ £ (y)] =€) =0.

For the second part, suppose now that T} is also translatable for all £ € N.
Since f + ||f|| > 0, in view of (8), we get

im —p({y e M:[Se(f+IfID = (F+ D) W) =e}) =0

0<t—R~

and as in Theorem 1, we have

Se(f+FID = Se (f) + LF1 St (fo) -
Thus, for all f € C(M), we get limgy .g- p(y € M : [S. (f) — f(y)] > ) =0.
U

Remark 3. If M is considered to be locally compact, then Theorem 2 remains
true under the following local convergence condition

JJm gy € B S (f) = f(y)l ze}) =0

for every compact subset E of M.

5. Rate of Convergence

In this section, we present some estimates of rates of convergence for our
Korovkin-type theorems.
We consider the following usual modulus of continuity:

w(f,0):= sup If (x) = f (y)]

z,yEM: d(z,y)<d
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where f € C(M) and 6 > 0. It is readily seen that, w (f,d) is an increasing
function of §, |f (z) — f (v)| < w (f,d (z,y)) for each x,y € M, w (f,0) <2|f|l
for every § > 0, and w (f,79) < (1 +7)w (f, ) for every v,6 > 0.

Theorem 3. Let M, E and {T}} be as in Theorem 1. If
(1) limg<;—r- St (fo) = fo a.e.,
(id) limgey— g~ w (f,0¢) = 0 a.e., where §; := /St (( - y)z)
Then for all nonnegative functions f in E N AC(M), we have

lim S:(f)=1Ff ae.
0<t—R~

Moreover, if Ty, is translatable, then for all f € ENAC(M), we have limg;_, p-

Se(f)=f ae..

Proof. Let f € EN AC(M) and suppose that y is a point of continuity of f
with

()<}51£>an St (fo) () = fo (y) a.e. and 0<1t1ian w(f,01) =0 a.e..

With the help of positive linear operators Ty and property of modulus of
continuity w, we get

1Sc(F) = F W < Se(lf = £ W) + f W) [Se (fo) = fol

< S ((1 ) > I W) 1St (fo) — fo (v)]
(

(105 (o) + LSV, (2~ ) + 1 W) 154 (o)~ 1o W)

If we choose § := §; := 4/ S; ((x — y)2), this yield that

15¢ (f) = F W) <w (f,0¢) (S (fo) +1) + f (y) St (fo) — fo ()]

By our choice of y, we get

li S, = .

oo St (f) =1

Now suppose in addition that T} is translatable for all £ € N. Similar to the
proof of Theorem 1, we can easily get, for all f € ENAC(M), limg;_,g— St (f)
= f ae.. O

Theorem 4. Suppose that M, {Ty} be as in Theorem 2. If

(1) limo<y—r- 1 ({y € M = |S; (fo) (v) — fo (y)| > €}) =0,
(1) limge; p- p({y € M : w(f,6:) > €}) =0 a.e., where o :

=4/5 ((- —y)Q),
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then for all nonnegative functions f in C(M), we have

lim p({y € M:1S:(f)(y) - fy)l = €}) =0.

0<t—

Moreover, if Ty, is translatable, then for all f € C(M), we have

oJm g ({y € M8 (f) (y) — f W)l 2 €}) =0.

Proof. Let f be nonnegative function in C(M) and € > 0. As in Theorem 3,
we have

15¢ (f) = F W) <w (f,0¢) (St (fo) +1) + f (y) St (fo) — fo ()]

In view of the above inequality, we obtain

lye M (S (f)(y) — f(y)] =€}
Clye M :w(f,0:) (S (fo) +1)+ f () IS: (fo) — fo(y)| > €}

Now considering the above inclusion, the hypotheses (i), (i7), the proof is
completed at once. Also, suppose now in addition that T} is translatable for all
k € N. Similar to the proof of Theorem 3, we can easily get, for all f € C(M),

lin g ({y € M 2150 () () — £ )] 2 ) =0,

0<t—R~

6. Applications to Approximation Theorems

In this section we provide some examples that satisfy our theorems and give
quantitative estimate. We also define Bernstein-Chlodovsky-Kantorovich-
Choquet (BCKC) polynomial operators similar to given before and obtain
approximation estimate.

Example 1. Firstly, let us consider monotone, sublinear and translatable op-
erators T}, the possibilistic Kantorovich operators [12], given by

k

5w =3 () a-w s {rove [ ] -

n=0

As it is known, Ty, (fo) (y) = fo (y)éTk (f) W) = Z5h W +57 T (f2) (y) =
i o () and T (f) () = (1) F )+ 252 1 (9)+ Gy (see, also [18]).
Using these operators, we introduce the following

L () w) = (1+ (0" T () )

for all f € ENAC(M). It is easy to see that each Ly, is a monotone, sublinear
and translatable operator. Let the power series method is given with py = 1,
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k=20,1,.... Then, (fl)k is convergent in the sense of power series method to
0 and also, observe that

Z|Lk fo)l prt* = sup Z‘lJr k‘pktk:2<oo.

O<t<1 p 0<t<1 P

Applying now Theorem 1, it follows that

Z y) prt® = f (y) at each point y of continuity of f.
<t~>1*
k

Before next examples, let us recall some notations:

Suppose that (M,Y) is a measurable space with M # @ and X is a o-
algebra of subsets of M. The function m : 3 — [0, +00] is said to be a capacity
(or monotone set function) iff m (&) =0 and m (E) < m(F) forall E,F € ¥
with £ C F (monotonicity). A capacity m is submodular if

m(EUF)+m(ENF)<m(E)+m(F), forall E,F € X.

If m (M) = 1, then a capacity m is said to be normailzed. The capacities pro-
vide a non additive generalization of probability measures, that is, of capacities
m having the property of o-additivity,

k=1 k=1

o0
for every sequence {Ey} of disjoint sets with |J Ey € X.
k=1
Let m be normailzed capacity on X. If f: M — R is X-measurable, then

for any F € %, the Choquet integral is given by

“+o0 0
(C)/fdm= /m(Fﬁ(f)ﬂE)dﬁJr / [m (Fs (f) N E) — m (E)| B,
E 0 —00

where Fg (f) ={ue M : f(u) > 3}.If (C)[fdm € R, then f is called Cho-

E
quet integrable on F. Note that if f > 0, then fi)oo. = 0. Also, if m is o
-additive measure, then the Choquet integral coincides with Lebesgue inte-
gral. We now conclude by mentioning the following assumptions concerning
Choquet integrals:

e if f >0, then (C) [,, fdm >0,

o [ < g implies (C) [, fdm < (C) [ gdm,

M

o for all ¢ > 0, we have (C) [,, cfdm = ¢(C) [ fdm,
M

C) [y 1dm =m (M),
if m is submodular, then (C) [,, (f +g)dm < (C) [,, fdm+(C) [,, gdm.
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For some other notions about capacity and Choquet integral, we refer
the readers to [1,4,9,33,34] (see also [15] and [13], as well as the references
therein).

Example 2. Let us consider the Bernstein-Kantorovich-Choquet (BKC) poly-
nomial operators KS?)W : C([0,1]) — C([0,1]) by

where m := v/ with the Lebesque measure \. It is known from [16] that the
operators monotone, translatable and sublinear. Because of the results given

n [14], we can say that K,glr)n (fo) — fos K,ilzl (fr) — f1, K,glfn (f2) — f2 and
K ,ilr)n (f3s) — f3 uniformly on [0, 1]. Now, define the sequence

Kim () () = (14 (=D") K, (£ ().

Let the power series method is given with pp = 1, k = 0,1, .... Then, (—1)k is
convergent in the sense of power series method to 0 and also, observe that

Z|Kkm (fo)l prt" < oo.

0<t<1 p(

Therefore, Ky, ,,, satisfies the conditions of Theorem 2, then for all f € C([0, 1)),
we have limg ;- ({y €[0,1]: ﬁ kz K (f) (y) pit® — f(y)‘ > E})
=0

Now, we also prove a quantitative estimate of BKC for all nonnegative

function f € C([0,1]). Let S, (K,S)n ( f)) = ol S Ky, (f) pit*. Then,
for arbitrarily fixed y, as in Theorem 3, we obtain

|5 (K0, () = £ W)

()ZK,SZnuf—f(yn)pktuf(y) i o Wt -1
k=0 k=0
b S ) _ k
< p( ) P (|f f(y)Dpkt

w0+ 805, (k) (- wp))
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and choosing § := \/St (K,glfn (( _ y)2)>, we get
St (KD () = 1 )] < 2 (f, Jst (& (- y>2))>
< % (ﬁ \/St (Kkn () +2u80 (KD, (=) + y?) .

Example 3. Let us define the Bernstein-Chlodovsky-Kantorovich-Choquet
(BCKC) polynomial operators C,(ng@ : R ([0, o)) — R ([0, ax]) by

(n+1)agy g

. () na{+1 f (w) dm (u) n k—n
o) () =3 m([niill ey @ (ay+) <1‘a3+1>

k+1 k+1

where m := v/A with the Lebesque measure A and {ay} is a positive sequence
with lim,, o, = oo, lim,, S = 0. It is important to point out that if m := A,
then the operators become Bernstein-Chlodovsky-Kantorovich operators and if
m := J, (the Dirac measure), then the operators become Bernstein-Chlodovsky
operators. Now, thanks to Choquet integral’s sublinearity, monotonity and
comonotone additivity with a submodular capacity m, we have these properties
for C’]ST)n

Clearly, C’,(j,)n (fo) () = fo (y) . For the convergence of the C,glfn (f1) (v),

(n+Dag
k+1
we will first calculate the integrals (C) [ wudm (u). We get
SR
(ntl)agyq
E+1 s} ( + 1) o
nok4+1 n k+1
= Tu >
() / udm (u) /m({ue{k—kl’ ) } u_ﬂ})dﬁ
nagiq 0
E+1
"L(Xk+l
k1

noagrr (n+1)omg |
/m({ue{k_’_l, 1 }.uZﬂ})dﬁ
0

(n+1)o¢k+1
k+1

nagrr M+ 1) apgr|
+ / m({ue{k+1, 1 }.uEﬂ})dﬁ

’VLCYk+1
k+1
(n+l)ogyq
k+1 ( + 1)
Qf+1 NAk+1 n A1
_ ST DAkt g
k+1(k+1>+ / k+1 pap
"LOLk+1

k+1
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Okl
EF1

3
k41 [ NQky1 3n+2 [ kg1 \?
N el Y e h dn = 24
\/k+1<k+1>+ /ﬁ” 3 (k+1)
0

Using this equality in C,glgn (f1) (y), we have

k 2a
Ciom (N ®) = 17V 5004 1"

For the convergence of the C’](Clz% (f2) (y) , we will first calculate the integrals (C')

(n4Dogyq

k+1
(—u)dm (u). We get

nop
EF1
(n+Dagiq
s —
© [ (winw
nAk+1
[
| (n+1)
nakg+1 (n+1) aptr Q1
= —u > — d
/{m({ue[k-i-l’ k+ 1 } “—B}) k+1} g
nagyr (n+1) artr k1
= cu < — — d,
/ {m({ue{kﬂ’ k+1 us—p rr1) %
_MOh4
k+1
_nog4
i n+1)a a
nagyr (n k1 k+1
cu < — — d
+ / {m({ue[k+1’ k+ 1 } v 5}) k+1}5
(A Doy
e
_nensn
A1 —NA&k41 —,@ Tlak+1 A1 Af+1
k+1\ k—+1 ' k+1\k+1
(n+1)o¢k+1
(n+l)oagyq
k+1
_ [k (Tnoni) / g nak1 ak+1 CYkJrl
k+1 k+1 k+ 1
nagqq
k+1
k41

3

Qry1 [ NOgs1 g1 [ Q41 —3n+1 [ aptr 2
dn — —

k+1<k+1>+ /\/ﬁ" \/k+1(k+1) 3 (k+1)

which gives

k Qk41

(17)n (f2) (y) = il (—y) + 3+ 1)
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Finally, for the convergence of the C,(:T)n (f3) (y), we will first calculate the

(n+1)ak+l
e —
integrals (C) [ w?*dm (u) and we get
e
(nt+1)ag g
k+1
(©) / w2dm (u)
7L04k+1
k+1
T (n+1)
nogsr (n+1)aggs
= N >
/m<{"€ [k+1’ k1 } “‘ﬁ})dﬁ
0
(") (1)
nagyr (n+1) ok
= N > d
/ m<{”€ {kﬂ’ Rl } “ﬁ}> ’
0
(('rHr;)flkJrl)z
nogr1 (n+1) agqr
U >
+ / m({“e[k+1’ k1 uz By )ds
(")
(n+1)ﬂk+1
2 ( k+1
g1 [ NOGet1 0lk+1
= d
k+1<k+1>+ / V/ k+1 - VBdp
7Lak+1
T+l
k1

which gives

k(k—1 7 ka 4 e\ 4 /e
<$;mﬂwzuxﬂgf+3fﬂy+3<kH>_<kH)

Using now CY  we define the following

km’

Crm () () = (1+ (=D*) €0, (N ).

It is easy to see that each C} ., is a monotone, sublinear and translatable
operator. Let the power series method is given with pp =1, k =0, 1, .... Then,
(—1)k is convergent in the sense of power series method to 0 and also, observe
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that

> [Crom (fo) | prt* < oo

k=0

1
sup ——
o<t<1 P (t)

Consequently: Applying Corollary 1, for all f € R ([0, ay]) , we have limg;_.1-
ﬁ Z;O:() Ck,m (f) pk’tk = f a.c..
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