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Abstract
In this paper, we address the problem of extending Korovkin-type approximation theorems
to sequences of monotone and sublinear operators via the concept of power series statistical
convergence (statistical convergence with respect to power series methods), which is incom-
patible with statistical convergence and in general a non-matrix method. It is important to
emphasise that any positive linear operator is monotone sublinear, but the opposite is not
correct. We establish several Korovkin-type theorems under these generalized settings and
demonstrate their applicability with concrete examples.

Keywords Power series method · Statistical convergence · Monotone and sublinear
operators · Choquet integral

Mathematics Subject Classification 40G10 · 41A36 · 47H05

1 Introduction

The field of approximation theory has undergone significant developments with the incor-
poration of statistical convergence methods [21, 28]. These methods facilitate a more
expansive investigation of convergence phenomena, extending beyond the scope of traditional
approaches. Such methods are particularly valuable in instances where traditional pointwise
or uniform convergence may not fully capture the behaviour of operator sequences, partic-
ularly on unbounded intervals [5, 9, 12, 26] . In this context, Korovkin-type approximation
theorems provide a robust framework for analysing the convergence properties of sequences
of linear positive operators [22, 23]. Recently, however, the scope of these theorems has
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been extended to more general operator structures, including monotone and sublinear oper-
ators. This class of operators is much broader and more applicable, because while every
positive linear operator is monotone and sublinear, the converse is not true. These operators
are also characterised by their structural flexibility and applicability to approximation prob-
lems in various function spaces. Following the pioneering works of Gal and Niculescu [17,
19], the use of these operators in Korovkin-type approximation theory has seen a notable
increase, driving further research into their convergence properties and applications (see, for
example [14, 16, 20]). The concept of power series statistical convergence [34, 35], a novel
method that is incompatiblewith classical statistical convergence and represents a non-matrix
approach, allows for the analysis of operator sequences in settings where classical conver-
gence fails, thereby offering amore versatile tool for approximation theory. Researchers have
investigated its properties in various settings, including its relationship to classical conver-
gence methods [30], its applications in summability theory [6, 8], and its extensions to more
general frameworks [3, 7, 11]. It is noteworthy that several studies have focused on power
series statistical convergence, thereby revealing its rich structural properties and potential for
broader applications (see also, [27, 31–33]). By focusing on almost everywhere convergence
and convergence in measure, this approach aligns with modern extensions of Korovkin-type
theorems.

This paper is concerned with the development of Korovkin-type approximation theorems
utilising the power series statistical convergence almost everywhere, inmeasure for sequences
of operators that are monotone and sublinear. By extending statistical convergence concepts
to these classes of operators, we establish a more comprehensive approach to approximation
theory,with the objective of providing both qualitative and quantitative insights. Furthermore,
weaddress the rate of convergence in termsof themodulus of continuity,which is incorporated
to precisely characterize it.

2 Preliminaries

This section serves to recall some fundamental definitions and concepts related to our study,
particularly those associated with Korovkin-type approximation theory, statistical conver-
gence, power series methods, P -Statistical Convergence and finally, monotone and sublinear
operators.

2.1 Statistical convergence

Statistical convergence was initially developed in the context of real sequences. It generalises
the notion of convergence by considering the density of indices at which a sequence deviates
from its limit, thereby making it a powerful tool for applications in approximation theory,
functional analysis, and probability theory. Since the pivotal paper by Gadjiev and Orhan
[13], statistical convergence has gained significant traction in approximation theory, opening
up new avenues beyond classical notions of convergence.

Let E be a subset of N, the set of natural numbers, then the natural density of E, denoted
by δ(E), is given by:

δ(E) := lim
n

1

n
|{k ≤ n : k ∈ E }|

whenever the limit exists, where |.| denotes the cardinality of the set [25]. The sequence x =
{xk} is said to be statistically convergent to L if for every ε > 0, δ({k ∈ N : |xk − L| ≥ ε }) =
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0, i.e. for every ε > 0,

lim
n

1

n
|{k ≤ n : |xk − L| ≥ ε }| = 0 ([21, 28]).

We note that every convergent sequence is statistically convergent, but not conversely.

2.2 Power series methods

Power series methods have emerged as a versatile tool in the study of approximation and
summability, particularly when traditional approaches prove inadequate. By representing
sequences or series of operators as expansions in terms of power series, valuable insights
can be gained into their behaviour. In the context of Korovkin-type theorems, power series
methods offer a powerful means of investigating convergence properties that may elude
standard linear methods, thereby broadening our understanding of approximation processes.

Let {pk} be a non-negative real sequence such that p0 > 0 and the corresponding power
series

p (t) :=
∞∑

k=0

pkt
k

has radius of convergence R with 0 < R ≤ ∞. If the limit

lim
0<t→R−

1

p (t)

∞∑

k=0

pkt
k xk

exists then we say that x = {xk} is convergent in the sense of power series method [24, 29].

Note that the method is regular iff lim0<t→R−
pktk

p (t)
= 0 for every k (see,e.g. [2]).

Remark 1 It follows immediately from the definition that in the case of R = 1, if pk = 1
and pk = 1

k+1 , the power series methods coincide with the Abel summability method and

logarithmic summability method, respectively. In the case of R = ∞ and pk = 1
k! , the power

series method coincides with Borel summability method.

Here and in the sequel, power series method is always assumed to be regular.

2.3 P-statistical convergence

Another noteworthy approach to convergence is P-statistical convergence, which was
recently introduced by Ünver and Orhan [35] (see also [34]). This method represents a
distinct form of statistical convergence derived through power series methods. The authors
provided compelling examples that illustrate the differences between statistical convergence
and P-statistical convergence. Among the various power series methods, the Abel and Borel
methods stand out as particularly effective alternatives to standard convergence.

Let E ⊂ N0. If the limit

δP (E) := lim
0<t→R−

1

p (t)

∑

k∈E
pkt

k

exists, then δP (E) is called the P-density of E . Note that, from the definition of a power
series method and P-density it is obvious that 0 ≤ δP (E) ≤ 1 whenever it exists.
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Let x = {xk} be a sequence. Then x is said to be statistically convergent with respect to
power series method (P-statistically convergent) to L if for any ε > 0

lim
0<t→R−

1

p (t)

∑

k∈Eε

pkt
k = 0

where Eε = {k ∈ N0 : |xk − L| ≥ ε} , that is δP (Eε) = 0 for any ε > 0. This is denoted by
stP − lim xk = L.

2.4 Sublinear andmonotone operators

In this subsection, we revisit some properties related to sublinear and monotone operators,
which are fundamental to our study.

Let M be a metric measure space, denoted by the triple (M, d, μ) where M is a space
equipped with the metric d and the measure μ defined on the sigma field of Borel subsets of
M .

If we consider the vector lattice V L(M) of all real-valued functions defined on M,

endowedwith the pointwise ordering, then important vector sublattices of V L(M) areC(M),

which is the space of functions of all continuous and bounded, and AC(M),which is the space
of functions of all bounded and almost everywhere continuous, and Lq(M) (1 ≤ q < ∞ ),
which is the space of functions of all Borel measurable and Lebesgue integrable with modulo
equality a.e..

On C(M), we consider the uniform norm ‖ f ‖ = supx∈M | f (x)| , while on Lq(M),

1 ≤ q < ∞, we consider the usual q-norm ‖ f ‖q = (∫
M | f (x)|q dx)1/q .

LetM and N be twometric spaces and E and F two respectively ordered vector subspaces
(or the positive cones) of V L(M) and V L(N ) that contain the unity. An operator S : E → F
is called a weakly nonlinear operator (respectively a weakly nonlinear functional when
F = R) if it satisfies the following three conditions:

1. (Sublinearity) S is positively homogeneous and subadditive, that is,

S (α f ) = αS ( f ) and S ( f + g) ≤ S ( f ) + S (g)

for all f , g in E and α ≥ 0,
2. (Monotonicity) f ≤ g in E implies S ( f ) ≤ S (g) ,

3. (Translatability) S( f + α.1) = S( f ) + αS(1) for all f ∈ E and α ≥ 0.

In this paper, we are also interested in the operator which satisfies the following condition:
(Subunital property) S(1) ≤ 1.
If E and F are closed vector sublattices of the Banach lattices C(M) and C(N ), respec-

tively, then every monotone and subadditive operator (functional when F = R) S : E → F
satisfies the inequality

|S ( f ) − S (g)| ≤ S (| f − g|) for all f , g. (1)

If an operator (functional when F = R) S is monotone and positively homogeneous, then
we necessarily have S(0) = 0.

In this paper, we explore the convergence behavior of sequences of operators that are both
monotone and sublinear.
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2.5 Choquet integral

This subsection focuses on the Choquet integral, revisiting its essential definitions and prop-
erties.

Suppose that (M, �) is a measurable space with M 	= ∅ and � is a σ -algebra of subsets
of M . The function m : � → [0,+∞] is said to be a capacity (or monotone set function) iff
m (∅) = 0 and m (E) ≤ m (F) for all E, F ∈ � with E ⊂ F (monotonicity). A capacity m
is submodular if

m (E ∪ F) + m (E ∩ F) ≤ m (E) + m (F) , for all E, F ∈ �.

If m (M) = 1, then a capacity m is said to be normailzed. The capacities provide a non
additive generalization of probability measures, that is, of capacities m having the property
of σ -additivity,

m

( ∞⋃

k=1

Ek

)
=

∞∑

k=1

m (Ek)

for every sequence {Ek} of disjoint sets with ⋃∞
k=1 Ek ∈ �.

Letm be normailzed capacity on�. If f : M → R is�-measurable, then for any E ∈ �,

the Choquet integral is given by

(C)

∫

E

f dm =
+∞∫

0

m
(
Fβ ( f ) ∩ E

)
dβ +

0∫

−∞

[
m

(
Fβ ( f ) ∩ E

) − m (E)
]
dβ,

where Fβ ( f ) = {u ∈ M : f (u) ≥ β} . If (C)
∫

E
f dm ∈ R, then f is called Choquet inte-

grable on E . Note that if f ≥ 0, then
0∫

−∞
. = 0. Also, if m is σ -additive measure, then

the Choquet integral coincides with Lebesgue integral. We now conclude by mentioning the
following assumptions concerning Choquet integrals:

• if f ≥ 0, then (C)
∫

M
f dm ≥ 0,

• f ≤ g implies (C)
∫

M
f dm ≤ (C)

∫

M
gdm,

• for all c ≥ 0, we have (C)
∫

M
cf dm = c(C)

∫

M
f dm,

• (C)
∫

M
1dm = m (M) ,

• if m is submodular, then (C)
∫

M
( f + g) dm ≤ (C)

∫

M
f dm + (C)

∫

M
gdm.

For some other notions about capacity and Choquet integral, we refer the readers to [1, 4,
10, 36, 37] (see also [16, 18], as well as the references therein).

We assume throughout the paper that the test functions are

f0 (x) = 1, f1 (x) = x, f2 (x) = −x, f3 (x) = x2.
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3 Approximation via P-statistical convergence almost everywhere

In this section, we establish and prove Korovkin-type approximation theorems using the
concept of power series statistical convergence almost everywhere. This approach extends
the classical framework of statistical convergence by incorporating power series methods.

Theorem 1 Let M be a locally compact subset of R and we denote a vector sublattice of
V L(M) by E that contains the test functions: fi , i = 0, 1, 2, 3. Suppose that {Sk} is a
sequence of monotone and sublinear operators from E into itself. If

stP − lim Sk ( fi ) = fi a.e., i = 0, 1, 2, 3, (2)

then for all nonnegative functions f in E ∩ AC(M), we have

stP − lim Sk ( f ) = f a.e.. (3)

Moreover, if Sk is translatable, then for all f ∈ E ∩ AC(M), we have

stP − lim Sk ( f ) = f a.e..

Clarifying a point, it is essential to mention that if M is included in [0,∞) , then the test
functions, fi , i = 0, 1, 2, 3, are reduced to 1, −x, x2.

Proof Let f ∈ E ∩ AC(M) and suppose that y is a point of continuity of f with

stP − lim Sk ( fi ) (y) = fi (y) a.e., i = 0, 1, 2, 3.

Since y is a point of continuity of f ,we can write that for every ε > 0, there exists a number
δ > 0 such that | f (x) − f (y)| < ε for all x ∈ M satisfying |x − y| < δ. If |x − y| ≥ δ,

then | f (x) − f (y)| <
2‖ f ‖
δ2

|x − y|2 , hence, for any x ∈ M we have

| f (x) − f (y)| < ε + 2 ‖ f ‖
δ2

|x − y|2 = ε + 2 ‖ f ‖
δ2

{
x2 + 2x (C − y) + 2C (−x) + y2

}

(4)

where C = max {y, 0} . Thanks to inequality (1) and (4), monotonicity and sublinearity of
the operators Sk, we conclude in case f ≥ 0 that

|Sk ( f ) − f (y)|
= |Sk ( f − f (y) + f (y)) − f (y)|
≤ |Sk ( f ) − Sk ( f (y) .1) + f (y) Sk (1) − f (y)|
≤ Sk (| f − f (y)|) + f (y) |Sk (1) − 1|
≤ Sk

(
ε + 2 ‖ f ‖

δ2

{
x2 + 2x (C − y) + 2C (−x) + y2

})
+ f (y) |Sk ( f0) − f0 (y)|

≤ ε + ε |Sk ( f0) − f0 (y)| + 2 ‖ f ‖
δ2

{
Sk ( f3) + 2 (C − y) Sk ( f1) + 2CSk ( f2) + y2Sk ( f0)

}

+ f (y) |Sk ( f0) − f0 (y)|
≤ ε + K

{
Sk ( f3) + 2 (C − y) Sk ( f1) + 2CSk ( f2) + y2Sk ( f0)

+ |Sk ( f0) − f0 (y)|}
where K = max

{
2‖ f ‖
δ2

, ε + f (y)
}

. By our choice of y and in view of the above inequality,

we obtain, for every ε < ε′,
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{
k ∈ N0 : |Sk ( f ) − f (y)| ≥ ε′}

⊂ {
k ∈ N0 : K {

Sk ( f3) + 2 (C − y) Sk ( f1) + 2CSk ( f2) + y2Sk ( f0)

+ |Sk ( f0) − f0 (y)|} ≥ ε′ − ε
}

= {k ∈ N0 : (Sk ( f3) − f3 (y)) + 2 (C − y) (Sk ( f1) − f1 (y))

+2C (Sk ( f2) − f2 (y)) + |Sk ( f0) − f0 (y)| ≥ ε′ − ε

K

}

⊂
{
k ∈ N0 : |Sk ( f3) − f3 (y)| ≥ ε′ − ε

4K

}

∪
{
k ∈ N0 : |Sk ( f1) − f1 (y)| ≥ ε′ − ε

8K (C − y)

}

∪
{
k ∈ N0 : |Sk ( f2) − f2 (y)| ≥ ε′ − ε

8KC

}

∪
{
k ∈ N0 : |Sk ( f0) − f0 (y)| ≥ ε′ − ε

4K

}
.

Thus, we obtain

δP
({
k ∈ N0 : |Sk ( f ) − f (y)| ≥ ε′})

≤ δP

({
k ∈ N0 : |Sk ( f3) − f3 (y)| ≥ ε′ − ε

4K

})

+δP

({
k ∈ N0 : |Sk ( f1) − f1 (y)| ≥ ε′ − ε

8K (C − y)

})

+δP

({
k ∈ N0 : |Sk ( f2) − f2 (y)| ≥ ε′ − ε

8KC

})

+δP

({
k ∈ N0 : |Sk ( f0) − f0 (y)| ≥ ε′ − ε

4K

})

which gives δP
({
k ∈ N0 : |Sk ( f ) − f (y)| ≥ ε′}) = 0 with hypotheses, that is, stP −

lim Sk ( f ) = f (y) . Now suppose in addition that Sk is translatable for all k ∈ N. Since
f + ‖ f ‖ ≥ 0, in view of (3), we get

stP − lim Sk ( f + ‖ f ‖) = f + ‖ f ‖ a.e.

and since Sk is also translatable, we can write

Sk ( f + ‖ f ‖) = Sk ( f ) + ‖ f ‖ Sk (1) = Sk ( f ) + ‖ f ‖ Sk ( f0) .

Thanks to our hypotheses (2), we get, for all f ∈ E ∩ AC(M), stP − lim Sk ( f ) = f a.e..
Notice now that if M is included in [0,∞) , then one can rewrite the inequality ( 4) as

| f (x) − f (y)| < ε + 2 ‖ f ‖
δ2

{
x2 + 2C (−x) + y2

}
.

Hence, we get

|Sk ( f ) − f (y)| ≤ Sk (| f − f (y)|) + f (y) |Sk ( f0) − f0 (y)|
≤ εSk ( f0) + 2 ‖ f ‖

δ2

{
Sk ( f3) + 2CSk ( f2) + y2Sk ( f0)

}

+ f (y) |Sk ( f0) − f0 (y)|
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where f ≥ 0. So the proofs continue as above and we get the desired result. 
�
Remark 2 If we replace the space AC(M) with C(M), then Theorem 1 still works.

Corollary 1 Let R ([a, b]) stands for the vector lattice of all Riemann integrable functions
defined on one dimensional compact interval [a, b] . Suppose that {Sk} is a sequence of
monotone and sublinear operators from R ([a, b]) into R ([a, b]) . If

stP − lim Sk ( fi ) = fi a.e., i = 0, 1, 2, 3,

then for all nonnegative functions f in R ([a, b]) , we have

stP − lim Sk ( f ) = f a.e..

Moreover, if Sk is translatable, then for all f ∈ R ([a, b]) , we have stP − lim Sk( f ) = f
a.e..

4 Approximation via P-statistical convergence inmeasure

This section focuses on approximation theorem of Korovkin type by power series statistical
convergence in measure.

Theorem 2 Suppose that M be a compact subset of R endowed with positive Borel measure
μ and let {Sk} is a sequence of monotone, subunital and sublinear operators from C(M) into
itself. If

stP − limμ ({y ∈ M : |Sk ( fi ) (y) − fi (y)| ≥ ε}) = 0, i = 0, 1, 2, 3, (5)

then for all nonnegative functions f in C(M), we have

stP − limμ ({y ∈ M : |Sk ( f ) (y) − f (y)| ≥ ε}) = 0. (6)

Moreover, if Sk is translatable, then for all f ∈ C(M), we have

stP − limμ ({y ∈ M : |Sk ( f ) (y) − f (y)| ≥ ε}) = 0.

Proof Let f be nonnegative function in C(M) and ε > 0. Thanks to the uniform continuity
of f , by classical method, it can be written that for every ε′ < ε with ε′ > 0, there is
δ > 0,such that

| f (x) − f (y)| < ε′ + 2 ‖ f ‖
δ2

|x − y|2 for all x, y ∈ M .

Then as in Theorem 1, we have

|Sk ( f ) − f (y)| ≤ ε′ + 2 ‖ f ‖
δ2

Sk
(
(x − y)2

) + f (y) |Sk ( f0) − f0 (y)|

≤ ε′ + 2 ‖ f ‖
δ2

{
Sk ( f3) (y) + 2 (C − y) Sk ( f1) (y) + 2CSk ( f2) (y) + y2

}

+ f (y) |Sk ( f0) − f0 (y)|
where C = max {y, 0} . In view of the above inequality, we obtain
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{y ∈ M : |Sk ( f ) (y) − f (y)| ≥ ε}
⊂

{
y ∈ M : ε′ + 2 ‖ f ‖

δ2

{
Sk ( f3) (y) + 2 (C − y) Sk ( f1) (y) + 2CSk ( f2) (y) + y2

}

+ f (y) |Sk ( f0) − f0 (y)| ≥ ε}
= {y ∈ M : (Sk ( f3) − f3 (y)) + 2 (C − y) (Sk ( f1) − f1 (y))

+2C (Sk ( f2) − f2 (y)) + |Sk ( f0) − f0 (y)| ≥ ε − ε′

K

}

⊂
{
y ∈ M : |Sk ( f3) − f3 (y)| ≥ ε − ε′

4K

}

∪
{
y ∈ M : |Sk ( f1) − f1 (y)| ≥ ε − ε′

8K (C − y)

}

∪
{
y ∈ M : |Sk ( f2) − f2 (y)| ≥ ε − ε′

8KC

}

∪
{
y ∈ M : |Sk ( f0) − f0 (y)| ≥ ε − ε′

4K

}

where K = max
{
2‖ f ‖
δ2

, f (y)
}

. Hence, we get

μ ({y ∈ M : |Sk ( f ) − f (y)| ≥ ε})
≤ μ

({
y ∈ M : |Sk ( f3) − f3 (y)| ≥ ε − ε′

4K

})

+μ

({
y ∈ M : |Sk ( f1) − f1 (y)| ≥ ε − ε′

8K (C − y)

})

+μ

({
y ∈ M : |Sk ( f2) − f2 (y)| ≥ ε − ε′

8KC

})

+μ

({
y ∈ M : |Sk ( f0) − f0 (y)| ≥ ε − ε′

4K

})
.

Now, for every η > 0,

{k ∈ N0 : μ ({y ∈ M : |Sk ( f ) − f (y)| ≥ ε}) ≥ η}
⊂

{
k ∈ N0 : μ

({
y ∈ M : |Sk ( f3) − f3 (y)| ≥ ε − ε′

4K

})
≥ η

4

}

∪
{
k ∈ N0 : μ

({
y ∈ M : |Sk ( f1) − f1 (y)| ≥ ε − ε′

8K (C − y)

})
≥ η

4

}

∪
{
k ∈ N0 : μ

({
y ∈ M : |Sk ( f2) − f2 (y)| ≥ ε − ε′

8KC

})
≥ η

4

}

∪
{
k ∈ N0 : μ

({
y ∈ M : |Sk ( f0) − f0 (y)| ≥ ε − ε′

4K

})
≥ η

4

}
.

Thus, we obtain

δP ({k ∈ N0 : μ ({y ∈ M : |Sk ( f ) − f (y)| ≥ ε}) ≥ η})
≤ δP

({
k ∈ N0 : μ

({
y ∈ M : |Sk ( f3) − f3 (y)| ≥ ε − ε′

4K

})
≥ η

4

})
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+δP

({
k ∈ N0 : μ

({
y ∈ M : |Sk ( f1) − f1 (y)| ≥ ε − ε′

8K (C − y)

})
≥ η

4

})

+δP

({
k ∈ N0 : μ

({
y ∈ M : |Sk ( f2) − f2 (y)| ≥ ε − ε′

8KC

})
≥ η

4

})

+δP

({
k ∈ N0 : μ

({
y ∈ M : |Sk ( f0) − f0 (y)| ≥ ε − ε′

4K

})
≥ η

4

})
.

In view of our hypotheses (5), we obtain δP ({k ∈ N0 : μ({y ∈ M : |Sk( f ) − f (y)| ≥ ε})
≥ η}) = 0, i.e.,

stP − limμ ({y ∈ M : |Sk ( f ) − f (y)| ≥ ε}) = 0.

For the second part, suppose now that Sk is also translatable for all k ∈ N. Since f +‖ f ‖ ≥ 0,
in view of (6), we get

stP − limμ ({y ∈ M : |Sk ( f + ‖ f ‖) − ( f + ‖ f ‖) (y)| ≥ ε}) = 0

and as in Theorem 1, we have

Sk ( f + ‖ f ‖) = Sk ( f ) + ‖ f ‖ Sk ( f0) .

Thus, for all f ∈ C(M), we get stP − limμ (y ∈ M : |Sk ( f ) − f (y)| ≥ ε) = 0. 
�
Remark 3 If M is considered to be locally compact, then Theorem 2 remains true under the
following local convergence condition

stP − limμ ({y ∈ E : |Sk ( f ) − f (y)| ≥ ε}) = 0

for every compact subset E of M .

5 Applications to approximation theorems

In this part, we apply the theoretical framework developed in the previous sections to con-
crete problems in approximation theory. We provide detailed examples to demonstrate the
effectiveness of our approach.

Example 1 First, let us consider monotone, sublinear and translatable operators Sk, the pos-
sibilistic Kantorovich operators [15], given by

Sk ( f ) (y) =
k∑

n=0

(
k

n

)
yn (1 − y)k−n sup

{
f (y) : y ∈

[
n

k + 1
,
n + 1

k + 1

]}
.

As it is known, Sk ( f0) (y) = f0 (y) , Sk ( f1) (y) = k
k+1 f1 (y) + 1

k+1 , Sk ( f2) (y) =
k

k+1 f2 (y) and Sk ( f3) (y) =
(

k
k+1

)2
f3 (y) + 2k

(k+1)2
f1 (y) + 1

(k+1)2
(see, also [20]). Using

these operators, we introduce the following

Tk ( f ) (y) = (1 + xk) Sk ( f ) (y) , for all f ∈ E ∩ AC(M),

where {xk} is P-statistically convergent to 0 and, neither statistically nor classically conver-
gent to 0. It is easy to see that each Tk is a monotone, sublinear and translatable operator.
Applying now Theorem 1, it follows that

stP − lim Tk ( f ) = f (y) at each point y of continuity of f .
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Example 2 Let us consider the Bernstein-Kantorovich-Choquet (BKC) polynomial operators
K (1)
k,m : C([0, 1]) → C([0, 1]) by

K (1)
k,m ( f ) (y) =

k∑

n=0

(C)

n+1
k+1∫
n

k+1

f (u) dm (u)

m
([

n
k+1 ,

n+1
k+1

])
(
k

n

)
yn (1 − y)k−n

where m := √
λ with the Lebesque measure λ. It is known from [19] that the operators

monotone, translatable and sublinear. Because of the results given in [17], we can say that
K (1)
k,m ( f0) → f0, K (1)

k,m ( f1) → f1, K (1)
k,m ( f2) → f2 and K (1)

k,m ( f3) → f3 uniformly on
[0, 1] . Now, define the sequence

Kk,m ( f ) (y) =
k∑

n=0

(C)

n+1
k+1∫
n

k+1

f (xku) dm (u)

m
([

n
k+1 ,

n+1
k+1

])
(
k

n

)
yn (1 − y)k−n

where 0 < xk ≤ 1 with stP − lim xk = 1, neither statistically nor classically convergent.
Observe that Kk,m ( f0) = f0, Kk,m ( f1) = xk K

(1)
k,m ( f1) , Kk,m ( f2) = xk K

(1)
k,m ( f2) and

Kk,m ( f3) = x2k K
(1)
k,m ( f3) . Therefore, Kk,m satisfies the conditions of Theorem 2, then for

all f ∈ C([0, 1]), we have

stP − limμ
({
y ∈ [0, 1] : ∣∣Kk,m ( f ) (y) − f (y)

∣∣ ≥ ε
}) = 0.

Example 3 Let us consider the Bernstein-Chlodovsky-Kantorovich-Choquet (BCKC) poly-
nomial operators C (1)

k,m : R ([0, αk]) → R ([0, αk]) by

C (1)
k,m ( f ) (y) =

k∑

n=0

(C)

(n+1)αk+1
k+1∫

nαk+1
k+1

f (u) dm (u)

m
([

nαk+1
k+1 ,

(n+1)αk+1
k+1

])
(
k

n

)(
y

αk+1

)n (
1 − y

αk+1

)k−n

where m := √
λ with the Lebesque measure λ and {αn} is a positive sequence with lim

n
αn =

∞, lim
n

αn
n = 0 [38]. It is important to point out that if m := λ, then the operators become

Bernstein-Chlodovsky-Kantorovich operators and if m := δk (the Dirac measure), then
the operators become Bernstein-Chlodovsky operators. Now, thanks to Choquet integral’s
sublinearity, monotonity and comonotone additivity with a submodular capacity m, we have
these properties for C (1)

k,m .

Clearly, C (1)
k,m ( f0) (y) = f0 (y) . For the convergence of the C (1)

k,m ( f1) (y) , we will first

calculate the integrals (C)

(n+1)αk+1
k+1∫

nαk+1
k+1

udm (u) . We get

(C)

(n+1)αk+1
k+1∫

nαk+1
k+1

udm (u) =
∞∫

0

m

({
u ∈

[
nαk+1

k + 1
,
(n + 1) αk+1

k + 1

]
: u ≥ β

})
dβ
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=
nαk+1
k+1∫

0

m

({
u ∈

[
nαk+1

k + 1
,
(n + 1) αk+1

k + 1

]
: u ≥ β

})
dβ

+
(n+1)αk+1

k+1∫

nαk+1
k+1

m

({
u ∈

[
nαk+1

k + 1
,
(n + 1) αk+1

k + 1

]
: u ≥ β

})
dβ

=
√

αk+1

k + 1

(
nαk+1

k + 1

)
+

(n+1)αk+1
k+1∫

nαk+1
k+1

√
(n + 1) αk+1

k + 1
− βdβ

=
√

αk+1

k + 1

(
nαk+1

k + 1

)
+

αk+1
k+1∫

0

√
ηdη = 3n + 2

3

(
αk+1

k + 1

) 3
2

.

Using this equality in C (1)
k,m ( f1) (y) , we have

C (1)
k,m ( f1) (y) = k

k + 1
y + 2αk+1

3 (k + 1)
.

For the convergenceof theC (1)
k,m ( f2) (y) ,wewill first calculate the integrals (C)

(n+1)αk+1
k+1∫

nαk+1
k+1

(−u)

dm (u) . We get

(C)

(n+1)αk+1
k+1∫

nαk+1
k+1

(−u) dm (u)

=
0∫

−∞

{
m

({
u ∈

[
nαk+1

k + 1
,
(n + 1) αk+1

k + 1

]
: −u ≥ β

})
−

√
αk+1

k + 1

}
dβ

=
0∫

− nαk+1
k+1

{
m

({
u ∈

[
nαk+1

k + 1
,
(n + 1) αk+1

k + 1

]
: u ≤ −β

})
−

√
αk+1

k + 1

}
dβ

+
− nαk+1

k+1∫

− (n+1)αk+1
k+1

{
m

({
u ∈

[
nαk+1

k + 1
,
(n + 1) αk+1

k + 1

]
: u ≤ −β

})
−

√
αk+1

k + 1

}
dβ

=
√

αk+1

k + 1

(−nαk+1

k + 1

)
+

− nαk+1
k+1∫

− (n+1)αk+1
k+1

√
−β1 − nαk+1

k + 1
dβ1 −

√
αk+1

k + 1

(
αk+1

k + 1

)
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=
√

αk+1

k + 1

(−nαk+1

k + 1

)
+

(n+1)αk+1
k+1∫

nαk+1
k+1

√
β − nαk+1

k + 1
dβ −

√
αk+1

k + 1

(
αk+1

k + 1

)

=
√

αk+1

k + 1

(
nαk+1

k + 1

)
+

αk+1
k+1∫

0

√
ηdη −

√
αk+1

k + 1

(
αk+1

k + 1

)
= −3n + 1

3

(
αk+1

k + 1

) 3
2

which gives

C (1)
k,m ( f2) (y) = k

k + 1
(−y) + αk+1

3 (k + 1)
.

Finally, for the convergence of the C (1)
k,m ( f3) (y) , we will first calculate the integrals

(C)

(n+1)αk+1
k+1∫

nαk+1
k+1

u2dm (u) and we get

(C)

(n+1)αk+1
k+1∫

nαk+1
k+1

u2dm (u)

=
∞∫

0

m

({
u ∈

[
nαk+1

k + 1
,
(n + 1) αk+1

k + 1

]
: u ≥ √

β

})
dβ

=

(
nαk+1
k+1

)2
∫

0

m

({
u ∈

[
nαk+1

k + 1
,
(n + 1) αk+1

k + 1

]
: u ≥ √

β

})
dβ

+

(
(n+1)αk+1

k+1

)2
∫

(
nαk+1
k+1

)2

m

({
u ∈

[
nαk+1

k + 1
,
(n + 1) αk+1

k + 1

]
: u ≥ √

β

})
dβ

=
√

αk+1

k + 1

(
nαk+1

k + 1

)2

+

(
(n+1)αk+1

k+1

)2
∫

(
nαk+1
k+1

)2

√
(n + 1) αk+1

k + 1
− √

βdβ

=
√

αk+1

k + 1

(
nαk+1

k + 1

)2

+ 2

αk+1
k+1∫

0

√
η

(
(n + 1) αk+1

k + 1
− η

)
dη

=
√

αk+1

k + 1

(
nαk+1

k + 1

)2

+ 4 (n + 1)

3

(
αk+1

k + 1

) 5
2 − 4

5

(
αk+1

k + 1

) 5
2
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which gives

C (1)
k,m ( f3) (y) = k (k − 1)

(k + 1)2
y2 + 7

3

kαk+1

(k + 1)2
y + 4

3

(
αk+1

k + 1

)2

− 4

5

(
αk+1

k + 1

) 5
2

.

Using now C (1)
k,m, we define the following

Ck,m ( f ) (y) =
k∑

n=0

(C)

(n+1)αk+1
k+1∫

nαk+1
k+1

f (xku) dm (u)

m
([

nαk+1
k+1 ,

(n+1)αk+1
k+1

])
(
k

n

) (
y

αk+1

)n (
1 − y

αk+1

)k−n

where 0 < xk ≤ 1 with stP − lim xk = 1, neither statistically nor classically convergent. It
is easy to see that each Ck,m is a monotone, sublinear and translatable operator and observe
that Ck,m ( f0) = f0, Ck,m ( f1) = xkC

(1)
k,m ( f1) , Ck,m ( f2) = xkC

(1)
k,m ( f2) and Ck,m ( f3) =

x2k C
(1)
k,m ( f3) . Consequently: Applying Corollary 1, for all f ∈ R ([0, αk]) , we have stP −

limCk,m ( f ) = f a.e..

6 Rate of convergence

In this section, we present some estimates of rates of convergence for our Korovkin-type
theorems.

We consider the following usual modulus of continuity:

ω ( f , δ) := sup
x,y∈M : d(x,y)≤δ

| f (x) − f (y)|

where f ∈ C(M) and δ > 0. It is readily seen that, ω ( f , δ) is an increasing function of δ,

| f (x) − f (y)| ≤ ω ( f , d (x, y)) for each x, y ∈ M, ω ( f , δ) ≤ 2 ‖ f ‖ for every δ > 0, and
ω ( f , γ δ) ≤ (1 + γ ) ω ( f , δ) for every γ, δ > 0.

Theorem 3 Let M, E and {Sk} be as in Theorem 1. If
(i) stP − lim Sk ( f0) = f0 a.e.,

(i i) stP − limω ( f , δS) = 0 a.e., where δS :=
√
Sk

(
(. − y)2

)
.

Then for all nonnegative functions f in E ∩ AC(M), we have

stP − lim Sk ( f ) = f a.e..

Moreover, if Sk is translatable, then for all f ∈ E ∩ AC(M), we have stP − lim Sk ( f ) = f

a.e..

Proof Let f ∈ E ∩ AC(M) and suppose that y is a point of continuity of f with

stP − lim Sk ( f0) (y) = f0 (y) a.e. and stP − limω ( f , δS) = 0 a.e..

With the help of monotonicity and sublinearity of the operators Sk and property of modulus
of continuity ω, we get

|Sk ( f ) − f (y)| ≤ Sk (| f − f (y)|) + f (y) |Sk ( f0) − f0|
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≤ Sk

((
1 + (x − y)2

δ2

)
ω ( f , δ)

)
+ f (y) |Sk ( f0) − f0 (y)|

≤ ω ( f , δ) Sk ( f0) + ω ( f , δ)

δ2
Sk

(
(x − y)2

) + f (y) |Sk ( f0) − f0 (y)|

If we choose δ := δS :=
√
Sk

(
(x − y)2

)
, this yield that

|Sk ( f ) − f (y)| ≤ ω ( f , δS) (Sk ( f0) + 1) + f (y) |Sk ( f0) − f0 (y)| .
By our choice of y, we get

stP − lim Sk ( f ) = f (y) .

Now suppose in addition that Sk is translatable for all k ∈ N. Similar to the proof of Theorem
1, we can easily get, for all f ∈ E ∩ AC(M), stP − lim Sk ( f ) = f a.e.. 
�
Theorem 4 Suppose that M, {Sk} be as in Theorem 2. If

(i) stP − limμ ({y ∈ M : |Sk ( f0) (y) − f0 (y)| ≥ ε}) = 0,

(i i) stP − limμ ({y ∈ M : ω ( f , δS) ≥ ε}) = 0 a.e., where δS :=
√
Sk

(
(. − y)2

)
,

then for all nonnegative functions f in C(M), we have

stP − limμ ({y ∈ M : |Sk ( f ) (y) − f (y)| ≥ ε}) = 0.

Moreover, if Sk is translatable, then for all f ∈ C(M), we have

stP − limμ ({y ∈ M : |Sk ( f ) (y) − f (y)| ≥ ε}) = 0.

Proof Let f be nonnegative function in C(M) and ε > 0. As in Theorem 3, we have

|Sk ( f ) − f (y)| ≤ ω ( f , δS) (Sk ( f0) + 1) + f (y) |Sk ( f0) − f0 (y)| .
In view of the above inequality, we obtain

{y ∈ M : |Sk ( f ) (y) − f (y)| ≥ ε}
⊂ {y ∈ M : ω ( f , δS) (Sk ( f0) + 1) + f (y) |Sk ( f0) − f0 (y)| ≥ ε} .

Now considering the above inclusion, the hypotheses (i) , (i i) , the proof is completed at
once. Also, suppose now in addition that Sk is translatable for all k ∈ N. Similar to the proof
of Theorem 3, we can easily get, for all f ∈ C(M),

stP − limμ ({y ∈ M : |Sk ( f ) (y) − f (y)| ≥ ε}) = 0.


�

7 Conclusion

In the present paper, the Korovkin-type approximation theorems have been extended to
sequences of monotone and sublinear operators by introducing the concept of power series
statistical convergence almost everywhere and in measure. The convergence method used in
this paper is incompatible with statistical convergence and is a non-matrix method. Another
important point is that while every positive linear operator is monotone and sublinear, the
converse is not true, highlighting the broader applicability of our results. The theoretical
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framework is applied to concrete problems in the approximation theory. The effectiveness of
our approach is illustrated through detailed examples. Furthermore, the investigation of the
rates of convergences in terms of the modulus of continuity was undertaken.
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