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Abstract. We define the weighted relative p(.)-capacity and discuss its

properties in the space W
1,p(.)
ϑ (Rn). Also, we investigate some properties of the

weighted variable Sobolev capacity. It is shown that there is a relation between
these two capacities. Moreover, we introduce the notion of thinness related to
this newly defined relative capacity and prove an equivalence statement for this
thinness.

1. Introduction

Kováčik and Rákosńık [17] introduced the variable exponent Lebesgue
space Lp(.)(Rn) and the Sobolev space W k,p(.)(Rn). The boundedness of the
maximal operator was an open problem in Lp(.)(Rn) for a long time. Diening
[4] was the first to prove this over bounded domains if p(.) satisfies locally
the log-Hölder continuous condition, that is,

|p(x)− p(y)| ≤ C

− ln |x− y| , x, y ∈ Ω, |x− y| ≤ 1

2
,

where Ω is a bounded domain. We denote by P log(Rn) the class of vari-
able exponents which satisfy the log-Hölder continuous condition. Diening
later extended the result to unbounded domains by supposing, in addition,
that the exponent p(.) = p is a constant function outside a large ball. Af-
ter this study, many absorbing and crucial papers appeared in non-weighted
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and weighted variable exponent spaces. For a historical journey, we refer
to [5], [9], [17], [20] and [21]. The Sobolev capacity for constant exponent
spaces has found a great number of uses, see [8] and [19]. Moreover, the
weighted Sobolev capacity was revealed by Kilpeläinen [15]. He investigated
the role of capacity in the pointwise definition of functions in Sobolev spaces
involving weights of Muckenhoupt’s Ap-class. Harjulehto et al. [13] intro-

duced variable Sobolev capacity in the spaces W 1,p(.)(Rn). Also, Aydın [2]
generalized some results of the variable Sobolev capacity to the weighted
variable exponent case.

The variational capacity has been used extensively in nonlinear potential
theory on R

n. Assume Ω ⊂ R
n is open and K ⊂ Ω is compact. Then the

relative variational p-capacity is defined by

capp(K,Ω) = inf
f

∫
Ω
|∇f(x)|p dx,

where the infimum is taken over smooth and zero boundary valued func-
tions f in Ω such that f ≥ 1 in K. The set of admissible functions f can be
replaced by the continuous first order Sobolev functions with f ≥ 1 in K.
The p-capacity is a Choquet capacity relative to Ω. For more details and
historical background, see [14]. Also, Harjulehto et al. [12] defined a rela-
tive capacity. They studied properties of the capacity and compared it with
the Sobolev capacity.

In [7], the authors have considered a relative capacity and relationship
with the well-known half-plane capacity. It is known that the half-plane ca-
pacity is a particular case because of its applications in geometric function
theory and stochastic processes. Also, they proved some properties of the
defined relative capacity such as the behavior of this capacity under various
forms of symmetrization and under some other geometric transformations.
Moreover, they investigated some applications to bounded holomorphic func-
tions of the unit disk.

Our purpose is to investigate some properties of the Sobolev capacity
and, also, the relative p(.)-capacity as in Harjulehto et al. [12] in the weighted
variable exponent case. Also, we give relationship between these defined two
capacities. Moreover, we present a thinness related to this newly defined
relative capacity and prove an equivalence statement for this thinness.

2. Notation and preliminaries

In this paper, we will work on R
n with Lebesgue measure dx. The mea-

sure μ is called doubling if there is a fixed constant cd ≥ 1, called the doubling
constant of μ, such that

μ(B(x0, 2r)) ≤ cdμ(B(x0, r))
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for every ball B(x0, r) in R
n. Also, the elements of the space C∞

0 (Rn) are
the infinitely differentiable functions with compact support. We denote the
family of all measurable functions p(.) : Rn → [1,∞) (called the variable ex-
ponent on R

n) by the symbol P(Rn). In this paper, the function p(.) always
denotes a variable exponent. For p(.) ∈ P(Rn), put

p− = ess inf
x∈Rn

p(x), p+ = ess sup
x∈Rn

p(x).

A positive, measurable and locally integrable function ϑ : Rn → (0,∞)
is called a weight function. The weighted modular is defined by

ρp(.),ϑ(f) =

∫
Rn

|f(x)|p(x)ϑ(x) dx.

The weighted variable exponent Lebesgue spaces L
p(.)
ϑ (Rn) consist of all mea-

surable functions f on R
n endowed with the Luxemburg norm

‖f‖p(.),ϑ = inf

{
λ > 0 :

∫
Rn

∣∣∣f(x)
λ

∣∣∣p(x)ϑ(x) dx ≤ 1

}
.

When ϑ(x) = 1, the space L
p(.)
ϑ (Rn) is the variable exponent Lebesgue space.

The space L
p(.)
ϑ (Rn) is a Banach space with respect to ‖.‖p(.),ϑ. Also, some

basic properties of this space were investigated in [1], [2], [16].
Assume Ω ⊂ R

n is bounded and ϑ is a weight function. It is known that
a function f ∈ C∞

0 (Ω) satisfies Poincaré inequality in L1
ϑ(Ω) if and only if

there is a constant c > 0 such that the inequality
∫
Ω
|f(x)|ϑ(x) dx ≤ c(diamΩ)

∫
Ω
|∇f(x)|ϑ(x) dx

holds [14].
In recent decades, the variable exponent Lebesgue spaces Lp(.) and the

corresponding variable exponent Sobolev spaces W k,p(.) have attracted more
and more attention. Let 1 < p− ≤ p(.) ≤ p+ < ∞ and k ∈ N. The vari-
able exponent Sobolev spaces W k,p(.)(Rn) consist of all measurable functions
f ∈ Lp(.)(Rn) such that the distributional derivatives Dαf are in Lp(.)(Rn)
for all 0 ≤ |α| ≤ k where α ∈ N

n
0 is a multiindex, |α| = α1 + α2 + · · · + αn,

and Dα = ∂|α|

∂
α1
x1 ∂

α2
x2 ···∂αn

xn
. The spaces W k,p(.)(Rn) are a special class of so-called

generalized Orlicz–Sobolev spaces with the norm

‖f‖k,p(.) =
∑

0≤|α|≤k

‖Dαf‖p(.) .
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We define the weighted variable exponent Sobolev spaces W
k,p(.)
ϑ (Rn) by

W
k,p(.)
ϑ (Rn) = {f ∈ L

p(.)
ϑ (Rn) : Dαf ∈ L

p(.)
ϑ (Rn), 0 ≤ |α| ≤ k}

equipped with the norm

‖f‖k,p(.),ϑ =
∑

0≤|α|≤k

‖Dαf‖p(.),ϑ.

It is already known that W
k,p(.)
ϑ (Rn) is a reflexive Banach space.

Now let 1 < p− ≤ p(.) ≤ p+ < ∞, k ∈ N and ϑ
− 1

p(.)−1 ∈ L1
loc(R

n). Thus

we have L
p(.)
ϑ (Rn) ↪→ L1

loc(R
n) and then the weighted variable exponent

Sobolev spaces W
k,p(.)
ϑ (Rn) are well-defined by [2, Proposition 2.1].

In particular, the space W
1,p(.)
ϑ (Rn) is defined by

W
1,p(.)
ϑ (Rn) = {f ∈ L

p(.)
ϑ (Rn) : |∇f | ∈ L

p(.)
ϑ (Rn)}.

The function ρ1,p(.),ϑ : W
1,p(.)
ϑ (Rn) → [0,∞) is shown to satisfy

ρ1,p(.),ϑ(f) = ρp(.),ϑ(f) + ρp(.),ϑ(|∇f |).

Also, the norm ‖f‖1,p(.),ϑ = ‖f‖p(.),ϑ+‖∇f‖p(.),ϑ makes the spaceW
1,p(.)
ϑ (Rn)

a Banach space. The local weighted variable exponent Sobolev space

W
1,p(.)
ϑ,loc (R

n) is defined in the classical way. More information on the classic

theory of variable exponent spaces can be found in [17].
As an alternative to the Sobolev p(.)-capacity, Harjulehto et al. [12] in-

troduced the relative p(.)-capacity. Recall that

C0(Ω) = {f : Ω → R : f is continuous and supp f ⊂ Ω is compact},
where suppf is the support of f . Suppose that K is a compact subset of Ω.
We denote

Rp(.)(K,Ω) = {f ∈ W 1,p(.)(Ω) ∩ C0(Ω) : f ≥ 1 on K}
and define

cap∗p(.)(K,Ω) = inf
f∈Rp(.)(K,Ω)

∫
Ω
|∇f(x)|p(x) dx = inf

f∈Rp(.)(K,Ω)
ρp(.)(|∇f |).

Further, if U ⊂ Ω is open, then

capp(.)(U,Ω) = sup
K⊂U

compact

cap∗p(.)(K,Ω),
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and for an arbitrary set E ⊂ Ω

capp(.)(E,Ω) = inf
E⊂U⊂Ω
U open

capp(.)(U,Ω).

The number capp(.)(E,Ω) is called the variational p(.)-capacity of E relative

to Ω. It is usually called simply the relative p(.)-capacity of the pair or
condenser (E,Ω).

Throughout this paper, we assume that p(.) ∈ P log(Rn) with 1 < p−

≤ p(.) ≤ p+ < ∞ and ϑ
− 1

p(.)−1 ∈ L1
loc(R

n). We write that a ≈ b for two quan-
tities if there exists positive constants c1, c2 such that c1a ≤ b ≤ c2a. Also,
we will denote

μϑ(Ω) =

∫
Ω
ϑ(x) dx.

3. The Sobolev (p(.), ϑ)-capacity and the relative
(p(.), ϑ)-capacity

A capacity for subsets of Rn was introduced in [2]. To define this capac-
ity we denote

Sp(.),ϑ(E) = {f ∈ W
1,p(.)
ϑ (Rn) : f ≥ 1 in open set containing E}.

The Sobolev (p(.), ϑ)-capacity of E is defined by

Cp(.),ϑ(E) = inf
f∈Sp(.),ϑ(E)

ρ1,p(.),ϑ(f).

In case Sp(.),ϑ(E) = ∅, we set Cp(.),ϑ(E) = ∞. If 1 < p− ≤ p(.) ≤ p+ < ∞,
then the set function E → Cp(.),ϑ (E) is an outer measure. If f ∈ Sp(.),ϑ(E),
then min {1, f} ∈ Sp(.),ϑ(E) and ρ1,p(.),ϑ (min {1, f}) ≤ ρ1,p(.),ϑ(f). Thus it is
enough to test the Sobolev (p(.), ϑ)-capacity for f ∈Sp(.),ϑ(E) with 0≤f≤1.

Remark 1. In general, it is known that the space C∞(Rn)∩W
1,p(.)
ϑ (Rn)

is not dense in W
1,p(.)
ϑ (Rn). But Zhikov and Surnachev have investigated a

sufficient condition for this denseness. This condition was formulated in
terms of the asymptotic behavior of the integrals of negative and positive
powers of the weight, see [22]. In this paper, we will assume that this dense-
ness holds.

Theorem 2. Assume that 1<p−≤p(.)≤p+<∞ and the space C∞(Rn)

∩W
1,p(.)
ϑ (Rn) is dense in W

1,p(.)
ϑ (Rn). If K is compact, then

Cp(.),ϑ(K) = inf
f∈S∞

p(.),ϑ(K)
ρ1,p(.),ϑ(f),

where S∞
p(.),ϑ(K) = Sp(.),ϑ(K) ∩ C∞(Rn).
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Proof. Take any f ∈ Sp(.),ϑ(K) with 0 ≤ f ≤ 1. Since by the assump-

tion C∞(Rn) ∩W
1,p(.)
ϑ (Rn) is dense in W

1,p(.)
ϑ (Rn), we can find a sequence

(αn)n∈N ⊂ C∞(Rn)∩W
1,p(.)
ϑ (Rn) such that αn → f in W

1,p(.)
ϑ (Rn). Now, we

take an open bounded neighborhood U of K such that f = 1 in U . Also, we
take a function α ∈ C∞(Rn), 0 ≤ α ≤ 1, be such that α = 1 in R

n − U and
α = 0 in an open neighborhood of K. Then f or α is equal to 1 in R

n. Now
we define βn = 1− (1− αn)α. Thus we get

f − βn = (f − αn)α+ (1− α)(f − 1) = (f − αn)α.

Therefore βn → f in W
1,p(.)
ϑ (Rn). Indeed, first, if we use the definitions of

the functions, then we get

ρp(.),ϑ((f − αn)α) =

∫
Rn−U

|f(x)− αn(x)|p(x)ϑ(x) dx ≤ ρp(.),ϑ(f − αn) → 0.

Similarly, we have ρp(.),ϑ(|∇(f − αn)|) → 0. Since p+ < ∞, we find that

‖f − βn‖1,p(.),ϑ = ‖(f − αn)α‖1,p(.),ϑ
= ‖(f − αn)α‖p(.),ϑ + ‖∇((f − αn)α)‖p(.),ϑ → 0.

Finally, since βn = 1− (1− αn)α ∈ S∞
p(.),ϑ(K), it is clear that S∞

p(.),ϑ(K) is

dense in Sp(.),ϑ(K). This completes the proof. �
As in the proof of [6, Proposition 10.1.10], we can show the following

theorem.

Theorem 3. Let A ⊂ R
n and 1 < p− ≤ p(.) ≤ p+ < ∞, 1 < q− ≤ q(.)

≤ q+ < ∞ with q(.) ≤ p(.). If Cp(.),ϑ(A) = 0, then Cq(.),ϑ(A) = 0.

Now, we will introduce the relative (p(.), ϑ)-capacity.

Definition 4. Let p(.) ∈ P(Ω) and K ⊂ Ω be a compact subset. We
denote

Rp(.),ϑ(K,Ω) = {f ∈ W
1,p(.)
ϑ (Ω) ∩ C0(Ω) : f > 1 on K and f ≥ 0},

and set

cap∗p(.),ϑ(K,Ω) = inf
f∈Rp(.),ϑ(K,Ω)

ρp(.),ϑ(|∇f |)

= inf
f∈Rp(.),ϑ(K,Ω)

∫
Ω
|∇f(x)|p(x)ϑ(x) dx.

Analysis Mathematica 46, 2020



RELATIVE CAPACITY AND THINNESS IN VARIABLE EXPONENT SOBOLEV SPACES153

Moreover, if U ⊂ Ω is an open subset, then we define

capp(.),ϑ(U,Ω) = sup
K⊂U

compact

cap∗p(.),ϑ(K,Ω),

and also for an arbitrary set A ⊂ Ω we define

capp(.),ϑ(A,Ω) = inf
A⊂U⊂Ω
U open

capp(.),ϑ(U,Ω).

We call capp(.),ϑ(A,Ω) the variational (p(.), ϑ)-capacity of A with respect

to Ω. We say simply capp(.),ϑ(A,Ω) the relative (p(.), ϑ)-capacity. It is evi-

dent that the same number capp(.),ϑ(A,Ω) is obtained if the infimum in the

definition is taken over f ∈ Rp(.),ϑ(K,Ω) with 0 ≤ f ≤ 1; when suitable, we
implicitly assume this extra condition.

By the same arguments as in [6, Propositions 10.2.2 and 10.2.3], we ob-
tain the following Theorems 5 and 6, respectively.

Theorem 5. Let K ⊂ Ω be a compact subset. We denote

R∗
p(.),ϑ(K,Ω) = {f ∈ W

1,p(.)
ϑ (Ω) ∩ C0(Ω) : f ≥ 1 on K}.

Then we have

cap∗p(.),ϑ(K,Ω) = inf
f∈R∗

p(.),ϑ(K,Ω)
ρp(.),ϑ(|∇f |).

Theorem 6. Let p(.) ∈ P(Ω) and ϑ be a weight function. Then we have

cap∗p(.),ϑ(K,Ω) = capp(.),ϑ(K,Ω)

for every compact set K ⊂ Ω.

Therefore the relative (p(.), ϑ)-capacity is well defined on compact sets.
But, if p+ = ∞, then the elements of R∗

p(.),ϑ(K,Ω) do not satisfy equality in

general. Also, the relative (p(.), ϑ)-capacity has the following properties.

(P1) capp(.),ϑ(∅,Ω) = 0.

(P2) If A1 ⊂ A2 ⊂ Ω2 ⊂ Ω1, then capp(.),ϑ(A1,Ω1) ≤ capp(.),ϑ(A2,Ω2).

(P3) If A is a subset of Ω, then

capp(.),ϑ(A,Ω) = inf
A⊂U⊂Ω
U open

capp(.),ϑ(U,Ω).

(P4) If K1 and K2 are compact subsets of Ω, then

capp(.),ϑ(K1 ∪K2,Ω) + capp(.),ϑ(K1 ∩K2,Ω)
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≤ capp(.),ϑ(K1,Ω) + capp(.),ϑ(K2,Ω).

(P5) Let Kn be a decreasing sequence of compact subsets of Ω for n ∈ N.
Then

lim
n→∞ capp(.),ϑ(Kn,Ω) = capp(.),ϑ

( ∞⋂
n=1

Kn,Ω

)
.

(P6) If An is an increasing sequence of subsets of Ω for n ∈ N, then

lim
n→∞ capp(.),ϑ(An,Ω) = capp(.),ϑ

( ∞⋃
n=1

An,Ω

)
.

(P7) If An ⊂ Ω for n ∈ N, then

capp(.),ϑ

( ∞⋃
n=1

An,Ω

)
≤

∞∑
n=1

capp(.),ϑ(An,Ω).

The proof of these properties is the same as in [6], [12], [14]. Hence the
relative (p(.), ϑ)-capacity is an outer measure. A set function which satis-
fies the capacity properties (P1), (P2), (P5) and (P6) is called a Choquet
capacity, see [3]. Therefore we have the following result.

Corollary 7. The set function A → capp(.),ϑ(A,Ω), A ⊂ Ω, is a Cho-
quet capacity. In particular, all Borel sets A ⊂ Ω are capacitable, that is,

capp(.),ϑ(A,Ω) = inf
A⊂U⊂Ω
U open

capp(.),ϑ(U,Ω) = sup
K⊂A

compact

capp(.),ϑ(K,Ω).

Note that each Borel set is a Suslin set and the definition of Suslin sets
can be reach in [10]. Also, it is not necessary that p+ < ∞ for having all
these properties.

Theorem 8. If A1 ⊂ Ω1 ⊂ A2 ⊂ Ω2 ⊂ · · · ⊂ Ω =
⋃∞

n=1Ωn, then

capp(.),ϑ(A1,Ω) ≤
( ∞∑

n=1

(
capp(.),ϑ(An,Ωn)

) 1

1−p−

)1−p−

.

Proof. First we can assume that capp(.),ϑ(A1,Ω1) < ∞. Otherwise the
proof is clear. Fix an integer m. Also, let ε > 0 and take an open set U ⊂ Ω1

such that A1 ⊂ U and

(1) capp(.),ϑ(U,Ω1) ≤ capp(.),ϑ(A1,Ω1) + ε.
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Let K1 ⊂ U be compact and let f1 ∈ Rp(.),ϑ(K1,Ω1) be such that
∫
Ω1

|∇f1(x)|p(x) ϑ(x) dx ≤ capp(.),ϑ(K1,Ω1) + ε.

Also, we can choose fn ∈ W
1,p(.)
ϑ (Ω) ∩ C0(Ω), n = 2, 3, . . . ,m, such that

fn ∈ Rp(.),ϑ(Kn,Ωn), where Kn = supp fn−1, and that
∫
Ωn

∣∣∇fn(x)
∣∣p(x)ϑ(x) dx ≤ capp(.),ϑ(Kn,Ωn) + ε

by induction. Let an be a sequence of nonnegative numbers with
∑m

n=1 an=1

and define g =
∑m

n=1 anfn. Since the space W
1,p(.)
ϑ (Ω) ∩ C0(Ω) is a vector

space, g ∈ W
1,p(.)
ϑ (Ω) ∩ C0(Ω) and then g ∈ Rp(.),ϑ(K1,Ω). It is easy to see

that Kn ⊂ Ωn−1 ⊂ An, n ≥ 2. Using the definition of the relative (p(.), ϑ)-
capacity, we have

capp(.),ϑ(K1,Ω) ≤
∫
Ω1∪Ω2∪···

∣∣∣∣
m∑

n=1

an∇fn(x)

∣∣∣∣
p(x)

ϑ(x) dx

≤
m∑

n=1

ap
−

n

∫
Ωn

∣∣∇fn(x)
∣∣p(x)ϑ(x) dx

where ∇fn �= 0 are pairwise disjoint. This yields

capp(.),ϑ(K1,Ω) ≤
(
ap

−

1 capp(.),ϑ(K1,Ω1) +
m∑

n=2

ap
−

n capp(.),ϑ(Kn,Ωn)

)
+ ε∗

where ε∗ = ε
∑m

n=1 a
p−
n . Since K1 ⊂ U , we get

capp(.),ϑ(K1,Ω1) ≤ capp(.),ϑ(U,Ω1).

Also, it follows by the definition of the relative (p(.), ϑ)-capacity that

capp(.),ϑ(Kn,Ωn) ≤ capp(.),ϑ(An,Ωn)

and then
m∑

n=2

ap
−

n capp(.),ϑ(Kn,Ωn) ≤
m∑

n=2

ap
−

n capp(.),ϑ(An,Ωn).

Hence

(2) capp(.),ϑ(K1,Ω) ≤ ap
−

1 capp(.),ϑ(U,Ω1) +

m∑
n=2

ap
−

n capp(.),ϑ(An,Ωn) + ε∗.
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If we use (1) in (2), then we have

capp(.),ϑ(K1,Ω)

≤
(
ap

−

1 capp(.),ϑ(A1,Ω1) +
m∑

n=2

ap
−

n capp(.),ϑ(An,Ωn) + ε∗ap
−

1

)
+ ε∗

=
m∑

n=1

ap
−

n capp(.),ϑ(An,Ωn) + ε∗∗

where ε∗∗ = (1 + ap
−

1 )ε∗. Letting ε∗∗ → 0 we get

capp(.),ϑ(K1,Ω) ≤
m∑

n=1

ap
−

n capp(.),ϑ(An,Ωn).

Using the definition of infimum and the relative (p(.), ϑ)-capacity, respec-
tively, we obtain

(3) capp(.),ϑ(A1,Ω) ≤ capp(.),ϑ(U,Ω) ≤
m∑

n=1

ap
−

n capp(.),ϑ(An,Ωn).

Since the equality

m∑
n=1

[
capp(.),ϑ(An,Ωn)

1

1−p−

( m∑
k=1

capp(.),ϑ(Ak,Ωk)
1

1−p−

)−1]
= 1

holds, we can choose

an = capp(.),ϑ(An,Ωn)
1

1−p−

( m∑
k=1

capp(.),ϑ(Ak,Ωk)
1

1−p−

)−1

for n = 1, 2, . . . ,m. If capp(.),ϑ(An,Ωn) > 0 for every n = 1, 2, . . . ,m, then
we have

capp(.),ϑ(A1,Ω) ≤
m∑

n=1

capp(.),ϑ(An,Ωn)
1+ p−

1−p−

( m∑
k=1

capp(.),ϑ(Ak,Ωk)
1

1−p−

)−p−

=

( m∑
n=1

capp(.),ϑ(An,Ωn)
1

1−p−

)1−p−

.

When capp(.),ϑ(An,Ωn) = 0 for some n, then capp(.),ϑ (A1,Ω) = 0 as well

by considering (3), and the proof is obvious. The claim follows by letting
m → ∞. �
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Remark 9. Let Ω ⊂ R
n be a bounded set. Then the claim of [18, Propo-

sition 2.4] holds even if p(.) = 1. This yields L
p(.)
ϑ (Ω) ↪→ L1

ϑ(Ω).

Theorem 10. If capp(.),ϑ
(
B(x0, r),B(x0,2r)

) ≥ 1 and μϑ is a doubling
measure, then we obtain

C1μϑ(B(x0, r)) ≤ capp(.),ϑ
(
B(x0, r), B(x0, 2r)

) ≤ C2μϑ(B(x0, r))

such that C1 =
C
r and C2 = 2p

+

cd max{r−p−
, r−p+}.

Proof. Let f ∈ C∞
0 (B(x0,2r)) be a function such that f = 1 in B(x0, r)

and |∇f | ≤ 2
r . Since μϑ is doubling, we get

capp(.),ϑ
(
B(x0, r), B(x0, 2r)

)
(4)

≤
∫
B(x0,2r)

|∇f(x)|p(x)ϑ(x) dx ≤ 2p
+

cdmax
{
r−p−

, r−p+}
μϑ(B(x0, r)).

On the other hand, let 0 < s < r and take a function

f ∈ R∗
p(.),ϑ

(
B(x0, s), B(x0, 2r)

)
.

Since capp(.),ϑ(B(x0, r), B(x0, 2r)) ≥ 1, it is easy to see that

ρLp(.)
ϑ (B(x0,2r))

(|∇f |) ≥ 1

and then we have

‖∇f‖Lp(.)
ϑ (B(x0,2r))

< ρLp(.)
ϑ (B(x0,2r))

(|∇f |),

see [18]. Hence if we use the Poincaré inequality in L1
ϑ(B(x0, 2r)) and the

embedding L
p(.)
ϑ (B(x0, 2r)) ↪→ L1

ϑ(B(x0, 2r)), then we obtain

μϑ(B(x0, s)) ≤ cr

∫
B(x0,2r)

|∇f(x)|ϑ(x) dx(5)

≤ crc1‖∇f‖Lp(.)
ϑ (B(x0,2r))

≤ Cr

∫
B(x0,2r)

|∇f(x)|p(x)ϑ(x) dx.

If we take the infimum over f ∈ R∗
p(.),ϑ(B(x0, s),B(x0,2r)) and letting s → r

in inequality (5), then we get

(6) μϑ(B(x0, r)) ≤ Cr capp(.),ϑ
(
B(x0, r), B(x0, 2r)

)
.

We conclude the proof by considering the inequalities (4) and (6). Hence it
is clear that we can write μϑ(B(x0, r)) ≈ capp(.),ϑ(B(x0, r), B(x0, 2r)) under
the hypotheses. �
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Remark 11. Note that the equivalence in Theorem 10 is not true in
general. But if we use the following trick in inequality (5)

μϑ(B(x0, s)) ≤ cr

∫
B(x0,2r)

|∇f(x)|ϑ(x) dx

≤ cr

∫
B(x0,2r)

max
{
1, |∇f(x)|}p(x)

ϑ(x) dx

≤ cr

∫
B(x0,2r)

(1+ |∇f(x)|p(x))ϑ(x) dx ≤ cr(μϑ(B(x0, 2r))+ρp(.),ϑ(|∇f |)),

then this will allow us to obtain some estimates even in case

capp(.),ϑ (B(x0, r), B(x0, 2r)) < 1.

Theorem 12. If A ⊂ B(x0, r), capp(.),ϑ(A,B(x0, 4r)) ≥ 1 and 0 < r ≤
s ≤ 2r, then

1

C
capp(.),ϑ(A,B(x0, 2r)) ≤ capp(.),ϑ(A,B(x0, 2s)) ≤ capp(.),ϑ(A,B(x0, 2r))

such that C = 2p
+

+ 22p
++1cc1max

{
r1−p−

, r1−p+}
.

Proof. Since B(x0, 2r) ⊂ B(x0, 2s), it is clear that

capp(.),ϑ(A,B(x0, 2s)) ≤ capp(.),ϑ(A,B(x0, 2r)).

Thus, we need to have the first inequality in case s = 2r. Because of
the fact that the relative (p(.), ϑ)-capacity is a Choquet capacity, we can
suppose that A is compact. Let g ∈ C∞

0 (B(x0, 2r)), 0 ≤ g ≤ 1, be a cut-
off function such that g = 1 in B(x0, r) and |∇g| ≤ 2

r . Also, let the
function f ∈ R∗

p(.),ϑ(A,B(x0, 4r)) be given. If we use the definition of

R∗
p(.),ϑ(A,B(x0, 4r)) and the function g and also the fact that the space

C∞
0 (B(x0, 2r)) is dense in W

1,p(.)
ϑ (B(x0, 2r)), then we get that

gf ∈ W
1,p(.)
ϑ (B(x0, 2r)) ∩ C0(B(x0, 2r))

such that gf = 1 on A. Thus gf ∈ R∗
p(.),ϑ(A,B(x0, 2r)). Therefore, we have

capp(.),ϑ(A,B(x0, 2r)) ≤ 2p
+

∫
B(x0,2r)

|∇f(x)|p(x)ϑ(x) dx

+ 22p
+

max
{
r−p−

, r−p+} ∫
B(x0,2r)

|f(x)|p(x)ϑ(x) dx
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≤ 2p
+

∫
B(x0,4r)

|∇f(x)|p(x)ϑ(x) dx

+ 22p
+

max
{
r−p−

, r−p+} ∫
B(x0,4r)

|f(x)|p(x)ϑ(x) dx.

Since capp(.),ϑ (A,B(x0, 4r)) ≥ 1, we have

‖∇f‖Lp(.)
ϑ (B(x0,4r))

< ρLp(.)
ϑ (B(x0,4r))

(|∇f |),
see [18]. Hence if we use the Poincaré inequality in L1

ϑ(B(x0, 4r)) and the

embedding L
p(.)
ϑ (B(x0, 4r)) ↪→ L1

ϑ(B(x0, 4r)), then we obtain∫
B(x0,4r)

|f(x)|p(x)ϑ(x) dx ≤ 2rc

∫
B(x0,4r)

|∇f(x)|ϑ(x) dx

≤ 2rcc1‖∇f‖Lp(.)
ϑ (B(x0,4r))

≤ 2rcc1ρLp(.)
ϑ (B(x0,4r))

(|∇f |).
This yields

capp(.),ϑ(A,B(x0, 2r)) ≤ C

∫
B(x0,4r)

|∇f(x)|p(x)ϑ(x) dx

where C = 2p
+

+ 22p
++1cc1max{r1−p−

, r1−p+}. The proof is completed by
taking the infimum over f ∈ R∗

p(.),ϑ(A,B(x0, 4r)) in the last inequality.

Hence it is clear that we can write

capp(.),ϑ(A,B(x0, 2s)) ≈ capp(.),ϑ(A,B(x0, 2r))

under the hypotheses. �
Remark 13. By the same arguments as in Theorem 10 the equiv-

alence in Theorem 12 is not true in general. But if we use the same
trick as in Remark 11, then we can find some estimates even in case
capp(.),ϑ(A,B(x0, 4r)) < 1.

Theorem 14. Let 1 < p− ≤ p(.) ≤ p+ < ∞, 1 < q− ≤ q(.) ≤ q+ < ∞
and 1

p(.) +
1

q(.) = 1. Assume that ϑ is a weight function such that ϑ(x) ≥ 1

for x ∈ R
n. If 0 < r1 < r2 < ∞ and capp(.),ϑ

(
A(x0; r1, r2), B(x0, r2)

) ≥ 1,
then

ωn−1 ≤ C capp(.),ϑ
(
B(x0, r1), B(x0, r2)

)
where A(x0; r1, r2) is the annulus B(x0, r2)− B(x0, r1). Here

C = chmax
{[

max
{
r
(1−n)q+

2 , r
(1−n)q−

2

}|A(x0; r1, r2)|
] 1

q+

,

[
max

{
r
(1−n)q+

2 , r
(1−n)q−

2

}|A(x0; r1, r2)|
] 1

q−
}
,
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where |A(x0; r1, r2)| is the Lebesgue measure of A(x0; r1, r2) and ch is the
constant in the Hölder inequality for variable exponent Lebesgue spaces.

Proof. Let f ∈C∞
0 (B(x0, r2)) be a function such that f=1 on B(x0, r1).

Then f ∈ R∗
p(.),ϑ(B(x0, r1), B(x0, r2)). By [11, Lemma 7.14], we get

f(y) =
1

nωn

∫
Rn

∇f(x)(y − x)

|x− y|n dx.

Also, it is well known that the (n−1)-dimensional measure of the unit sphere
ωn−1 in R

n equals nωn. Hence the following integral is obtained:

f(y) =
1

ωn−1

∫
Rn

∇f(x)(y − x)

|x− y|n dx

for all y ∈ R
n. Since capp(.),ϑ

(
A(x0; r1, r2), B(x0, r2)

) ≥ 1, it is easy to

see that ρLp(.)
ϑ (B(x0,r2))

(|∇f |) ≥ 1 and then we have ‖∇f‖Lp(.)
ϑ (B(x0,r2))

<

ρLp(.)
ϑ (B(x0,r2))

(|∇f |), see [18]. Also, if we use the Hölder inequality for vari-

able exponent Lebesgue spaces, then we find

ωn−1 = ωn−1f(x0) =

∫
A(x0;r1,r2)

∇f(x)(x0 − x)

|x− x0|n ϑ(x)
1

p(x)ϑ(x)
− 1

p(x) dx

≤ ch‖|x− x0|1−nϑ(x)
− 1

p(.)‖
Lq(.)(A(x0;r1,r2))

ρLp(.)
ϑ (B(x0,r2))

(|∇f |)

for some ch > 0 where 1
p(.) +

1
q(.) = 1. Using the relationship between the

Luxemburg norm and the modular (see [17]), we get

ωn−1 ≤ chmax
{(

ρLq(.)(A(x0;r1,r2))(|x− x0|1−nϑ(x)
− 1

p(.) )
) 1

q+

,

(
ρLq(.)(A(x0;r1,r2))(|x− x0|1−nϑ(x)

− 1

p(.) )
) 1

q−
}
ρLp(.)

ϑ (B(x0,r2))
(|∇f |)

≤ chmax
{[

max{r(1−n)q+

2 , r
(1−n)q−

2 }|A(x0; r1, r2)|
] 1

q+

,

[
max{r(1−n)q+

2 , r
(1−n)q−

2 }|A(x0; r1, r2)|
] 1

q−
}
ρLp(.)

ϑ (B(x0,r2))
(|∇f |)

for some ch > 0. Taking the infimum over f ∈ R∗
p(.),ϑ

(
B(x0, r1), B(x0, r2)

)
in the last inequality, we have the desired result by the continuity of the
integral. �
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4. The relationship between capacities

Now we will give several inequalities between the capacities previously
mentioned.

Theorem 15. If Ω ⊂ R
n is bounded and K ⊂ Ω is compact, then

Cp(.),ϑ(K) ≤ Cmax{ capp(.),ϑ(K,Ω)
1

p+ , capp(.),ϑ(K,Ω)}
where the constant C depends on the dimension n, the Poincaré inequality
constant and diam(Ω).

Proof. We can assume that capp(.),ϑ(K,Ω) < ∞. Otherwise the proof

is clear. Let 0 < ε < 1 and f ∈ R∗
p(.),ϑ(K,Ω) be a function such that

(7) ρp(.),ϑ(|∇f |) ≤ capp(.),ϑ(K,Ω) + ε.

Now let us extend f to be zero outside of Ω, that is

f(x) =

{
f(x), x ∈ Ω,

0, x ∈ R
n − Ω,

and define g = min{1, f}. If we consider the definitions of the relative
(p(.), ϑ)-capacity and the Sobolev capacity, then we get g ∈ Sp(.),ϑ(K). Hence

Cp(.),ϑ(K) ≤
∫
Rn

(|g(x)|p(x) + |∇f(x)|p(x))ϑ(x) dx.

It follows by 0 ≤ g ≤ 1 that

(8)

∫
Ω
|g(x)|p(x)ϑ(x) dx ≤

∫
Ω
|g(x)|ϑ(x) dx ≤

∫
Ω
|f(x)|ϑ(x) dx.

Also, if we use the Poincaré inequality in L1
ϑ(Ω) and Remark 9, then we have

(9) ‖fϑ‖1 = ‖f‖1,ϑ ≤ c diam(Ω)‖∇f‖1,ϑ ≤ c diam(Ω)c1‖∇f‖p(.),ϑ.
By (8) and (9), we have

Cp(.),ϑ(K) ≤
∫
Ω
|f(x)|ϑ(x) dx+

∫
Ω
|∇f(x)|p(x)ϑ(x) dx

≤ C∗[‖∇f‖p(.),ϑ + ρp(.),ϑ(|∇f |)]
≤ C∗

(
max{ρp(.),ϑ(|∇f |) 1

p+ , ρp(.),ϑ(|∇f |) 1

p− }+ ρp(.),ϑ(|∇f |)
)
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where C∗ = max{1, c diam(Ω)c1}. Considering the fact that 1 < p− ≤ p(.)
≤ p+ < ∞ and (7), it is easy to see that

max{ρp(.),ϑ(|∇f |) 1

p+ , ρp(.),ϑ(|∇f |) 1

p− }+ ρp(.),ϑ(|∇f |)
≤ 2max{ρp(.),ϑ(|∇f |) 1

p+ , ρp(.),ϑ(|∇f |)}
≤ 2max

{
( capp(.),ϑ(K,Ω) + ε)

1

p+ , capp(.),ϑ(K,Ω) + ε
}

≤ 2max
{
( capp(.),ϑ(K,Ω))

1

p+ , capp(.),ϑ(K,Ω)
}
+ ε

1

p+ + ε.

Hence, we get

Cp(.),ϑ(K) ≤ C
[
max{( capp(.),ϑ(K,Ω)

) 1

p+ , capp(.),ϑ(K,Ω)}+ ε
1

p+ + ε
]

where C = 2max{1, c diam(Ω)c1}. This yields the claim as ε tends to zero.
�

The proof of the following theorem is similar to [6, Theorem 10.3.2].

Theorem 16. If Ω ⊂ R
n is bounded and A ⊂ Ω, then

Cp(.),ϑ(A) ≤ Cmax{ capp(.),ϑ(A,Ω)
1

p+ , capp(.),ϑ(A,Ω)}
where the constant C depends on the dimension n, the Poincaré inequality
constant and diam(Ω).

Corollary 17. Let A ⊂ Ω. If capp(.),ϑ(A,Ω) = 0, then Cp(.),ϑ(A) = 0.

Note that the opposite implication of the previous corollary is not always
true. We need to consider an additional hypothesis for this. By the same
arguments as in [6, Proposition 10.3.4], we obtain the following statement.

Theorem 18. Let A ⊂ Ω. Assume that the space W
1,p(.)
ϑ (Rn) ∩ C(Rn)

is dense in W
1,p(.)
ϑ (Rn). If Cp(.),ϑ(A) = 0, then capp(.),ϑ(A,Ω) = 0.

Now we give a relationship between the Sobolev (p(.), ϑ)-capacity and
the relative (p(.), ϑ)-capacity.

Theorem 19. If A ⊂ B(x0, r) and capp(.),ϑ(A,B(x0, 2r)) ≥ 1, then

1

C1
Cp(.),ϑ(A) ≤ capp(.),ϑ(A,B(x0, 2r)) ≤ C2Cp(.),ϑ(A)

where C1 = 1 + cr(1 + |B(x0, 2r)|) and C2 = 22p
+(

1 + max{r−p−
, r−p+})

and c is the Poincaré inequality constant.

Analysis Mathematica 46, 2020



RELATIVE CAPACITY AND THINNESS IN VARIABLE EXPONENT SOBOLEV SPACES163

Proof. Suppose that K ⊂ B(x0, r) is compact. Let g ∈ C∞
0 (B(x0,2r)),

0 ≤ g ≤ 1, be a cut-off function such that g = 1 in B(x0, r) and |∇g|
≤ 2/r. Also, let the function f ∈ Sp(.),ϑ(K) be given. Thus we get gf
∈ R∗

p(.),ϑ(A,B(x0, 2r)). Therefore

capp(.),ϑ(K,B(x0, 2r)) ≤ 2p
+

∫
B(x0,2r)

|∇f(x)|p(x)ϑ(x) dx

+ 22p
+

max
{
r−p−

, r−p+} ∫
B(x0,2r)

|f(x)|p(x)ϑ(x) dx

≤ 22p
+(

1 + max{r−p−
, r−p+})

∫
Rn

(|f(x)|p(x) + |∇f(x)|p(x))ϑ(x) dx.

If we take the infimum over f ∈ Sp(.),ϑ(K) in the last inequality, then we
have

capp(.),ϑ(K,B(x0, 2r)) ≤ C2Cp(.),ϑ(K)

where C2 = 22p
+(

1 + max{r−p−
, r−p+}).

Now, we take f ∈ C∞
0 (B(x0,2r)), 0 ≤ f ≤ 1, such that f = 1 in an open

set containingK. Then f ∈R∗
p(.),ϑ(K,B(x0,2r)). Since capp(.),ϑ(A,B(x0,2r))

≥ 1, it is easy to see that ρLp(.)
ϑ (B(x0,2r))

(|∇f |) ≥ 1 and then we have

‖∇f‖Lp(.)
ϑ (B(x0,2r))

< ρLp(.)
ϑ (B(x0,2r))

(|∇f |), see [18]. If we use the fact 0

≤ f ≤ 1, the Poincaré inequality in L1
ϑ(B(x0, 2r)) and the embedding

L
p(.)
ϑ (B(x0, 2r)) ↪→ L1

ϑ(B(x0, 2r)) , then we obtain

∫
Rn

|f(x)|p(x)ϑ(x) dx ≤ cr

∫
B(x0,2r)

|∇f(x)|ϑ(x) dx

≤ crc1

∫
B(x0,2r)

|∇f(x)|p(x)ϑ(x) dx.

It follows that

Cp(.),ϑ(K) ≤ C1

∫
B(x0,2r)

|∇f(x)|p(x)ϑ(x) dx

where C1 = 1 + crc1. This completes the proof for the compact sets if we
take the infimum over f ∈ R∗

p(.),ϑ(K,B(x0, 2r)) in the last inequality. If we

consider the definition of the relative (p(.), ϑ)-capacity and use the first part
of the proof, then it is shown that the desired result holds for an arbitrary
set A ⊂ B(x0, r). �
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5. (p(.), ϑ)-thinness

Definition 20. The set A ⊂ R
n is called (p(.), ϑ)-thin at x0 if

(10)

∫ 1

0

(
capp(.),ϑ(A ∩B(x0, r), B(x0, 2r))

capp(.),ϑ(B(x0, r), B(x0, 2r))

) 1

p(x0)−1 dr

r
< ∞.

We say that A is (p(.), ϑ)-thick at x0 if A is not (p(.), ϑ)-thin at x0.

The integral in inequality (10) is called a Wiener type integral, see [14].
From now on, we write that

Wp(.),ϑ(A,x0) =

∫ 1

0

(
capp(.),ϑ(A ∩B(x0, r), B(x0, 2r))

capp(.),ϑ(B(x0, r), B(x0, 2r))

) 1

p(x0)−1 dr

r

for convenience. Also, we denote the Wiener sum by

W sum
p(.),ϑ(A,x0) =

∞∑
i=0

(
capp(.),ϑ(A ∩B(x0, 2

−i), B(x0, 2
1−i))

capp(.),ϑ(B(x0, 2−i), B(x0, 21−i))

) 1
p(x0)−1

.

The Wiener sum is more useful than the Wiener type integral in most cases.
Now we give a relationship between these two notions.

Theorem 21. Assume that the hypotheses of Theorems 10 and 12 are
hold. Then there exist constants C1, C2 such that

C1Wp(.),ϑ(A,x0) ≤ W sum
p(.),ϑ(A,x0) ≤ C2Wp(.),ϑ(A,x0)

for every A ⊂ R
n and x0 �∈ A. In particular, Wp(.),ϑ(A,x0) is finite if and

only if W sum
p(.),ϑ(A,x0) is finite.

Proof. Using the same methods as in Theorems 12 and 10, it is easy
to see for r ≤ s ≤ 2r that

capp(.),ϑ
(
A ∩B(x0, r), B(x0, 2r)

) ≈ capp(.),ϑ
(
A ∩ B(x0, r), B(x0, 2s)

)

and

capp(.),ϑ
(
B(x0, r), B(x0, 2r)

) ≈ capp(.),ϑ
(
B(x0, s), B(x0, 2s)

)

where the constants in ≈ depend on r, p−, p+, the constants of the doubling
measure and the Poincaré inequality. Thus for 2−1−i ≤ r ≤ 2−i we have

capp(.),ϑ(A ∩B(x0, r), B(x0, 2r))

capp(.),ϑ(B(x0, r), B(x0, 2r))
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≤ C
capp(.),ϑ(A ∩B(x0, 2

−i), B(x0, 2
1−i))

capp(.),ϑ(B(x0, 2−i), B(x0, 21−i))

≤ C
capp(.),ϑ(A ∩B(x0, 2r), B(x0, 4r))

capp(.),ϑ(B(x0, 2r), B(x0, 4r))
.

Hence we obtain that

Wp(.),ϑ(A,x0) =
∞∑
i=0

∫ 2−i

2−1−i

(
capp(.),ϑ(A ∩B(x0, r), B(x0, 2r))

capp(.),ϑ(B(x0, r), B(x0, 2r))

) 1

p(x0)−1 dr

r

≤ C
∞∑
i=0

(
capp(.),ϑ(A ∩B(x0, 2

−i), B(x0, 2
1−i))

capp(.),ϑ(B(x0, 2−i), B(x0, 21−i))

) 1

p(x0)−1

= CW sum
p(.),ϑ(A,x0).

In a similar way we find

W sum
p(.),ϑ(A,x0) ≤

∞∑
i=0

∫ 2−i

2−1−i

(
capp(.),ϑ(A ∩ B(x0, 2

−i), B(x0, 2
1−i))

capp(.),ϑ(B(x0, 2−i), B(x0, 21−i))

) 1

p(x0)−1 dr

r

≤ C

∫ 1

0

(
capp(.),ϑ(A ∩B(x0, 2r), B(x0, 4r))

capp(.),ϑ(B(x0, 2r), B(x0, 4r))

) 1

p(x0)−1 dr

r
≤ CWp(.),ϑ(A,x0).

This completes the proof. �

Theorem 21 gives us an equivalent claim for (p(.), ϑ)-thinness at x0.

Theorem 22. Assume that A ⊂ R
n and x0 �∈ A.

(i) If A is (p(.), ϑ)-thin at x0, then there exists an open neighborhood U
of A such that U is (p(.), ϑ)-thin at x0.

(ii) If A is a Borel set and (p(.), ϑ)-thick at x0, then there exists a compact
set K ⊂ A ∪ {x0} such that K is (p(.), ϑ)-thick at x0.

Proof. Firstly we denote Bi = B(x0,2
1−i). Assume that V1 and V2 are

(p(.), ϑ)-thin at x0. By the subadditivity property of the relative (p(.), ϑ)-
capacity, it is clear that V1 ∪ V2 is (p(.), ϑ)-thin at x0. Since x0 �∈ A and
x0 is the center of the balls Bi for each i, we may assume that A ∩ ∂Bi =
∅. Moreover, let U0 = R

n and for each i = 1, 2, . . . take an open set Ui ⊂
Bi ∩ Ui−1 such that Ai = A ∩Bi ⊂ Ui and that

(
capp(.),ϑ(Ui, Bi−1)

capp(.),ϑ(Bi, Bi−1)

) 1

p(x0)−1

≤
(
capp(.),ϑ(Ai, Bi−1)

capp(.),ϑ(Bi, Bi−1)

) 1

p(x0)−1

+ 2−i−1.
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Let us denote U =
⋃∞

i=0(Ui−Bi+1). Then we obtain that A ⊂ U , U is open,
and

W sum
p(.),ϑ(U, x0) ≤

∞∑
i=0

(
capp(.),ϑ(Ui, Bi−1)

capp(.),ϑ(Bi, Bi−1)

) 1

p(x0)−1

≤ W sum
p(.),ϑ(A,x0)+1 < ∞.

This completes the proof of (i) because of the fact that U is the desired
neighborhood of A.

Now we consider the proof of (ii). Again we denote Bi = B(x0, 2
1−i).

Since the sets A ∩ Bi are Borel, we have

capp(.),ϑ(A ∩ Bi, Bi−1) = sup
K⊂A∩Bi
compact

capp(.),ϑ(K,Bi−1)

for all i ∈ N. For each i take a compact Ki ⊂ A ∩Bi such that

(
capp(.),ϑ(Ai, Bi−1)

capp(.),ϑ(Bi, Bi−1)

) 1

p(x0)−1

≤
(
capp(.),ϑ(Ki, Bi−1)

capp(.),ϑ(Bi, Bi−1)

) 1

p(x0)−1

+ 2−i.

Hence K =
⋃∞

i=0Ki ∪ {x0} is the desired compact set. �

References

[1] I. Aydın, On variable exponent amalgam spaces, An. Ştiinţ. Univ. “Ovidius”
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[5] L. Diening, P. Hästö and A. Nekvinda, Open problems in variable exponent Lebesgue
and Sobolev spaces, in: Proceedings of the Function Spaces, Differential Opera-
tors and Nonlinear Analysis (FSDONA’ 04), Milovy, Czech (2004), pp. 38–58.
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