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Abstract. We define the weighted relative p(.)-capacity and discuss its

properties in the space W;’p (')(]R”). Also, we investigate some properties of the
weighted variable Sobolev capacity. It is shown that there is a relation between
these two capacities. Moreover, we introduce the notion of thinness related to
this newly defined relative capacity and prove an equivalence statement for this
thinness.

1. Introduction

Kovécik and Rékosnik [17] introduced the variable exponent Lebesgue
space LP()(R™) and the Sobolev space W*P()(R™). The boundedness of the
maximal operator was an open problem in LP()(R") for a long time. Diening
[4] was the first to prove this over bounded domains if p(.) satisfies locally
the log-Holder continuous condition, that is,

C
Ip(z) — p(y)| < m

9 x7y€Q7 ‘x_y|géa

where Q is a bounded domain. We denote by P'°(R™) the class of vari-
able exponents which satisfy the log-Holder continuous condition. Diening
later extended the result to unbounded domains by supposing, in addition,
that the exponent p(.) = p is a constant function outside a large ball. Af-
ter this study, many absorbing and crucial papers appeared in non-weighted
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and weighted variable exponent spaces. For a historical journey, we refer
to [5], [9], [17], [20] and [21]. The Sobolev capacity for constant exponent
spaces has found a great number of uses, see [§8] and [19]. Moreover, the
weighted Sobolev capacity was revealed by Kilpeldinen [15]. He investigated
the role of capacity in the pointwise definition of functions in Sobolev spaces
involving weights of Muckenhoupt’s Ay-class. Harjulehto et al. [13] intro-
duced variable Sobolev capacity in the spaces W1P()(R™). Also, Aydn [2]
generalized some results of the variable Sobolev capacity to the weighted
variable exponent case.

The variational capacity has been used extensively in nonlinear potential
theory on R™. Assume ) C R™ is open and K C ) is compact. Then the
relative variational p-capacity is defined by

cany (K.9) = inf [ [9f(a)"da.

where the infimum is taken over smooth and zero boundary valued func-
tions f in 2 such that f > 1 in K. The set of admissible functions f can be
replaced by the continuous first order Sobolev functions with f > 1 in K.
The p-capacity is a Choquet capacity relative to 2. For more details and
historical background, see [14]. Also, Harjulehto et al. [12] defined a rela-
tive capacity. They studied properties of the capacity and compared it with
the Sobolev capacity.

In [7], the authors have considered a relative capacity and relationship
with the well-known half-plane capacity. It is known that the half-plane ca-
pacity is a particular case because of its applications in geometric function
theory and stochastic processes. Also, they proved some properties of the
defined relative capacity such as the behavior of this capacity under various
forms of symmetrization and under some other geometric transformations.
Moreover, they investigated some applications to bounded holomorphic func-
tions of the unit disk.

Our purpose is to investigate some properties of the Sobolev capacity
and, also, the relative p(.)-capacity as in Harjulehto et al. [12] in the weighted
variable exponent case. Also, we give relationship between these defined two
capacities. Moreover, we present a thinness related to this newly defined
relative capacity and prove an equivalence statement for this thinness.

2. Notation and preliminaries

In this paper, we will work on R™ with Lebesgue measure dz. The mea-
sure u is called doubling if there is a fixed constant ¢y > 1, called the doubling
constant of u, such that

1(B(x0,2r)) < cqu(B(zo, 1))

Analysis Mathematica 46, 2020



RELATIVE CAPACITY AND THINNESS IN VARIABLE EXPONENT SOBOLEV SPACES 149

for every ball B(zg,r) in R™. Also, the elements of the space C§°(R"™) are
the infinitely differentiable functions with compact support. We denote the
family of all measurable functions p(.): R™ — [1,00) (called the variable ex-
ponent on R™) by the symbol P(R™). In this paper, the function p(.) always
denotes a variable exponent. For p(.) € P(R"), put

P~ = ess 1nfp(37), p" = esssupp(z).

ze zeRn

A positive, measurable and locally integrable function ¢: R™ — (0, 00)
is called a weight function. The weighted modular is defined by

poaf) = [ 1 @P0() do

The weighted variable exponent Lebesgue spaces Lg(') (R™) consist of all mea-
surable functions f on R™ endowed with the Luxemburg norm

()
anp(,),ﬁ:inf{bo;/n f@)p

A
When ¥(x) = 1, the space Lg(')(Rn) is the variable exponent Lebesgue space.

9(z) dz < 1}.

The space Lg(')(R”) is a Banach space with respect to |[|. [, ,. Also, some
basic properties of this space were investigated in [1], [2], [16].

Assume ) C R" is bounded and 1 is a weight function. It is known that
a function f € C§°(f2) satisfies Poincaré inequality in L} () if and only if
there is a constant ¢ > 0 such that the inequality

/ f(2)[9(x) dz < ¢(diam Q) / IV f(@)|9() da
Q Q

holds [14].

In recent decades, the variable exponent Lebesgue spaces LP() and the
corresponding variable exponent Sobolev spaces Wk»() have attracted more
and more attention. Let 1 <p~ <p(.) <p" < oo and k € N. The vari-
able exponent Sobolev spaces W*»()(R™) consist of all measurable functions
f € LPO(R™) such that the distributional derivatives D®f are in LP()(R™)
for all 0 < |a| <k where o € Njj is a multiindex, |o| = a1 + a2+ -+ + ay,
and D* = &"16@%8%’ The spaces W#P()(R") are a special class of so-called
generalized Olrhcz Sobolev spaces with the norm

1 llepy = D 1D Flly

0<|e|<k
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We define the weighted variable exponent Sobolev spaces W Fap(. )( R™) by
Wy R = {f € iV ®™) : D f € LV (R™), 0 < |o] < k}

equipped with the norm

1 lepow =D 1D Flloc)

0<|a|<k

It is already known that WI{; P (')(R") is a reflexive Banach space.
Now let 1 <p~ <p(.) <p* < oo, k€ N and 9O € L} (R™). Thus
we have Lg( )(]R”) — L]

Sobolev spaces W Fop(. )(R”) are well-defined by [2, Proposition 2.1].
In particular, the space Wﬁl’p (')(R”) is defined by

(R™) and then the weighted variable exponent

1, . n - n . n
Wyt R = {f € PR < VSl e LY (R}
The function py () 9: Wy L )(R") — [0,00) is shown to satisfy
P1.p()0(f) = Pp()9(f) + pp) o (IVf]).

Also, the norm || fll1 (.0 = | fllp(),0 + IV fllp(.),0 makes the space Wﬁl’p(')(R”)
a Banach space. The local weighted variable exponent Sobolev space

Wﬁ’fo(c)(R") is defined in the classical way. More information on the classic

theory of variable exponent spaces can be found in [17].
As an alternative to the Sobolev p(.)-capacity, Harjulehto et al. [12] in-
troduced the relative p(.)-capacity. Recall that

Co(Q2) = {f: Q — R : f is continuous and supp f C Q is compact},

where supp f is the support of f. Suppose that K is a compact subset of 2.
We denote

Ry (K, Q) = {f e WPD(Q)nCo(Q) : f > 10n K}
and define

*O(K,Q) = inf P dy = inf
cany (K. = inf V@ dr= ot (V).

Further, if U C € is open, then

capy()(U, Q) = Is(lél:l)] cap’ . )(K, ),
compact
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and for an arbitrary set £ C Q

capp(,)(E, Q) = ECH[}fCQ capp(')(U, ).
U open

The number cap,, (£, ) is called the variational p(.)-capacity of E relative

to Q. It is usually called simply the relative p(.)-capacity of the pair or
condenser (E, Q).
Throughout this paper, we assume that p(.) € P°(R") with 1 < p~

1
<p()<p' <ooand ¥ O € Ll (R"™). We write that a ~ b for two quan-
tities if there exists positive constants c1, co such that cia < b < coa. Also,
we will denote

() = /Q 9(x) da.

3. The Sobolev (p(.),?¥)-capacity and the relative
(p(.), ¥)-capacity
A capacity for subsets of R™ was introduced in [2]. To define this capac-
ity we denote
Sp),0(E) = {f € Wg’p(')(R”) : f > 1 in open set containing E}

The Sobolev (p(.),¥)-capacity of E is defined by

C E)=  inf
p()0(E) = fesp()o(E) P1p(),0(f)-
In case S,()g(FE) =0, we set Cp()y(E) =o00. If 1 <p~ <p(.) <ph < oo,
then the set function E' — C)) ¢ (£) is an outer measure. If f € S, ) 9(E),
then min {1, f} € Sp(y9(E) and py )9 (min {1, f}) < pyp0).0(f)- Thus it s
enough to test the Sobolev (p(.), ¥)-capacity for f €Sy g(F ) with 0< f<1.

REMARK 1. In general, it is known that the space C*°(R™)N W;’p(')(]R”)

is not dense in WI; P (')(R”). But Zhikov and Surnachev have investigated a
sufficient condition for this denseness. This condition was formulated in
terms of the asymptotic behavior of the integrals of negative and positive
powers of the weight, see [22]. In this paper, we will assume that this dense-
ness holds.

THEOREM 2. Assume that 1<p~ <p(.)<p* <oo and the space C*(R")
N Wg’p(')(Rn) is dense in Wg’p(')(R”). If K is compact, then

C. K)= inf
p(.),ﬁ( ) fes p(w(K)Pl,p() 9(f),

where S;?~),19(K) = Sp(),0(K) NC>(R™).

Analysis Mathematica 46, 2020



152 C. UNAL and I. AYDIN
ProOF. Take any f € Sp()¢(K) with 0 < f < 1. Since by the assump-
tion C*°(R™) N Wg’p(')(Rn) is dense in Wg’p(')(R”), we can find a sequence

(an)neny € C°(R™)N Wg’p(')(R”) such that a;, — f in Wg’p(')(R"). Now, we
take an open bounded neighborhood U of K such that f =1 in U. Also, we
take a function o € C*°(R™), 0 < o < 1, be such that « =1 in R” — U and
« = 0 in an open neighborhood of K. Then f or « is equal to 1 in R"”. Now
we define 5, =1 — (1 — o). Thus we get

f_ﬂn:(f_an)a+(1_a)(f_1):(f_an)a'

Therefore 3, — f in Wg’p (')(R”). Indeed, first, if we use the definitions of
the functions, then we get

Pp(),0((f — an)a) = /n_U f(z) = o (2)[PDY() dz < pp)o(f — an) — 0.

Similarly, we have py, ) 4(|V(f — ay)]) — 0. Since p™ < 0o, we find that

||f - /BnHLp( 9 H(f - an)aHl,p(.),ﬁ
= I(f = an)all,)9 + IV = an)a)lyy9 = 0-

Finally, since 5, =1— (1 —ay)a € Sp0) o(K), it is clear that Sp0) o(K) is
dense in Sy y(K). This completes the proof. [

As in the proof of [6, Proposition 10.1.10], we can show the following
theorem.

THEOREM 3. Let ACR" and 1 <p~ <p(.)<p' <oo, 1 <q <gql.)
< q" < oo with q(.) < p(.). If Cpy9(A) =0, then Cyyg9(A) = 0.

Now, we will introduce the relative (p(.),)-capacity.

DEFINITION 4. Let p(.) € P(R2) and K C  be a compact subset. We
denote

Ry(y9(K,Q) = {f e WP Q)N Co(Q) : f> 1L on K and f >0},

and set
apy (K, Q)= inf o0 (IVFD
f v ;n(:v
fEle?o K,Q) / V()] () dz
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Moreover, if U C £ is an open subset, then we define

cap,y9(U,Q) = sup cap; K, Q),
p().0(U: ) = sup - capy (K, Q)

compact

and also for an arbitrary set A C 2 we define

capp(')ﬂg(A, Q) = Aci%fcﬂ capp(')ﬂg(U, Q).
U open
We call capy,)y(A,2) the variational (p(.),?)-capacity of A with respect
to 2. We say simply cap,,) 5(A,) the relative (p(.),?)-capacity. It is evi-
dent that the same number cap,() (A, 2) is obtained if the infimum in the

definition is taken over f € R, y(K, Q) with 0 < f < 1; when suitable, we
implicitly assume this extra condition.

By the same arguments as in [6, Propositions 10.2.2 and 10.2.3], we ob-
tain the following Theorems 5 and 6, respectively.

THEOREM 5. Let K C € be a compact subset. We denote
R oK, Q) = {f e WP Q)N Co(Q): f > 1 on K}

Then we have

capy, ()9 (K, Q) = ren inf ) ()0 IV f]).

p(.),? ’

THEOREM 6. Let p(.) € P(Q2) and ¥ be a weight function. Then we have
cap,,y (K, Q) = cap,) (K, €2)

for every compact set K C Q.
Therefore the relative (p(.),d)-capacity is well defined on compact sets.
But, if p™ = oo, then the elements of R;(') oI, Q) do not satisfy equality in
general. Also, the relative (p(.),?)-capacity has the following properties.
(Pl) Capp(_)ﬂg(@, Q) =0.
(P2) If A; C Az C Qo C 4y, then capy(y 9(A1, Q1) < capy) 9(A2, Q2).
(P3) If A is a subset of €, then

inf cap,) (U, Q).

ACUCQ
U open

capp(),9(4, ) =

(P4) If Ky and K5 are compact subsets of 2, then
capp(.)ﬂg(Kl U Ko, Q) + Capp(.)ﬂg(Kl N Ko, Q)
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154 C. UNAL and I. AYDIN
< Capp(')ﬂg(Kl, Q) + Capp(_)ﬂg(KQ, Q)

(P5) Let K, be a decreasing sequence of compact subsets of  for n € N.
Then

Tim_capy ) (Kn, Q) = capy() < ﬂ KnQ>

(P6) If A, is an increasing sequence of subsets of €2 for n € N, then

nh_)rrgo capy(.),9(An, 1) = capy( )9 < U An, Q)

(P7) If A,, C Q for n € N, then

capp() ( U Ay, Q) Z capp() 9(An, Q).

The proof of these properties is the same as in [6], [12], [14]. Hence the
relative (p(.),9)-capacity is an outer measure. A set function which satis-
fies the capacity properties (P1), (P2), (P5) and (P6) is called a Choquet
capacity, see [3]. Therefore we have the following result.

COROLLARY 7. The set function A — capp(.w(A, Q), ACQ, is a Cho-
quet capacity. In particular, all Borel sets A C ) are capacitable, that is,

capp(')ﬂg(A,Q): ir[}fﬂcapp(')ﬂg(U,Q) sup  capp().g 9(K, Q).

ACUC KCA
U open compact

Note that each Borel set is a Suslin set and the definition of Suslin sets
can be reach in [10]. Also, it is not necessary that p* < oo for having all
these properties.

THEOREM 8. If Aj C C Ay CQoC - CQ=2,Qy, then

0o ) 1—p-
Ca’pp(.)719(A17 Q) S < Z (Capp(')ﬂg(An, Qn)) 1-p— ) .
n=1

PROOF. First we can assume that capy,() 9(A1, 1) < oo. Otherwise the
proof is clear. Fix an integer m. Also, let € > 0 and take an open set U C )
such that Ay C U and

(1) capy(),9(U, Q1) < capyy (A1, ) +e.
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Let K1 C U be compact and let f; € Rp(_)ﬂg(Kl, ) be such that
/ |Vf1(a:)\p(x) V(x) dz < capy() 9(K1,) +&.
Q

Also, we can choose f, € Wg’p(')(Q) NCy(), n=2,3,...,m, such that
fn € Rp(),9(Kn, Qy), where K, = supp f,_1, and that

/ ‘an(x)‘p(x)ﬂ(x) dr < capyy g(Kn, Qn) +€
Qn

by induction. Let a,, be a sequence of nonnegative numbers with Y " | a, =1
and define g =" | a, f,. Since the space Wg’p(')(Q) N Cp(N) is a vector
space, g € Wé’p(')(Q) N Co(2) and then g € Ry, 9(K71,9). It is easy to see
that K,, C Q,-1 C A, n > 2. Using the definition of the relative (p(.),?)-
capacity, we have

anV fn(x)
=1

n=

p(z)
capy(y 9(K1,Q) < / I(x) dx

QlUQ2U“‘

<Y / IV £ ()P 9(z) dx
n=1

n

where V f,, # 0 are pairwise disjoint. This yields
capy(),9(K1,Q) < (aﬁ’ capp(),9(K1, Q1) + Z ah - capp( ) 9(Kn, Qn)> +e*

where e* =Y ah . Since K3 C U, we get
capp(),9(K1, 1) < capy() (U, ).
Also, it follows by the definition of the relative (p(.),)-capacity that

capy(y.9(Kn, Q) < cappy 9(An, )

and then
i ab capp( ) 9(Kn, Q) < i al capp(y.9(An, Q).
n=2 n—2
Hence
(2) capy()o(K1,Q) < a capy) (U, ) + i ah capp(y9(An, Q) + €.
n=2
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If we use (1) in (2), then we have

capp(.) ﬁ(Kl, Q)

< <a1 cap,().o(A1, ) + Za” capy( )9 (An, Qn )—i—s*aﬁ’) +&*

m
=S5t a0 )+
where £ = (1+af )e*. Letting e** — 0 we get
capp(.),9(K1,Q Zap capp(.y,9(An, ).

Using the definition of infimum and the relative (p(.),)-capacity, respec-
tively, we obtain

(3) capp(),0(A1, ) < cap,y (U, Q) < Za{ capy),9(An, ).

n=1
Since the equality
m -1
Z [capp() (A, ) (anpp( (Ag, Q)= ) ] =1
n=1

holds, we can choose

an = €apy()y 9(An, Q)

—1
(zcapp( (A2 )

for n=1,2,...,m. If cap,()y 9(An, Q) >0 for every n=1,2,...,m, then
we have

1 —p
Capp Ala anpp An>Q )1+— <an’pp( (Akagk)ﬁ>
k=1

<anpp( (An, Q)T )HD,

When cap,(g(An,2,) =0 for some n, then cap, ), (A41,2) =0 as well

by considering (3), and the proof is obvious. The claim follows by letting
m —o0. U
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REMARK 9. Let Q C R™ be a bounded set. Then the claim of [18, Propo-
sition 2.4] holds even if p(.) = 1. This yields Lg(')(Q) — LL(Q).

THEOREM 10. If capp()y (B(zo,7), B(wo,2r)) > 1 and py is a doubling
measure, then we obtain

Cipwg(B(x0,7)) < capy(yg (B(xo,r), B(wo,2r)) < Capg(B(wo,7))

such that Cy = % and Cy = 2P ¢, max{r—P’jr—p*}_

PRrOOF. Let f € C3°(B(x0,2r)) be a function such that f =1 in B(xg,r)
and |Vf| < % Since py is doubling, we get

(4) capp(.).9 (B(a;o, ), B(xo, 27"))
<[ @) e < 2 camax (577 buo (B, ).
B(xo0,2r)

On the other hand, let 0 < s < r and take a function
fe R;(')ﬂg(B(:vo,8),B(:v0,2r)).
Since capy, ) 9(B(wo,7), B(zo,2r)) > 1, it is easy to see that
PLrO (B(ao,2r) IV ) 21
and then we have
IVFl 120 (Bo2ry) < PLr0 (Bwo,2r) IV
see [18]. Hence if we use the Poincaré inequality in L}(B(z¢,2r)) and the

embedding Lg(')(B(a;O, 2r)) < L} (B(xo,2r)), then we obtain

(5) o (B(x0, 8)) < e / V£ (@) [9(x) da

B(zo,2r)

< CrclvaHLg(’)(B(IOQT)) < CT/B( ) ‘Vf(af)‘l’(x)ﬁ(ﬂf) dx.

If we take the infimum over f € R o(B(zo, ), B(xg,2r)) and letting s —
in inequality (5), then we get
(6) ps(B(zo, 7)) < Creapy) o (B(zo,r), B(zo,2r)).

We conclude the proof by considering the inequalities (4) and (6). Hence it
is clear that we can write yu9(B(zo,7)) & cap,() 9(B(zo,7), B(xo, 2r)) under
the hypotheses. [J
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REMARK 11. Note that the equivalence in Theorem 10 is not true in
general. But if we use the following trick in inequality (5)

1o (B(x0.8)) < er /B @)

<er / max {1,V f(2)|}"®9(x) do
B(xo0,2r)

<er /B oy (TSP ) do < er(pa (B0 20) + oV 11),

then this will allow us to obtain some estimates even in case
capy(.),9 (B(a;o,r),B(xo,Zr)) < 1.

THEOREM 12. If A C B(wo,7), capy)¢(A, B(zo,4r)) > 1 and 0 <r <
s < 2r, then

1
& CPp().0(A, B(2o,2r)) < capp() 9(4, B(zo, 25)) < capy(),(A4, B(wo, 27))

such that C = 2" + 22" +1ce; max {Tl_pi,rl_lﬁ}.

PRrROOF. Since B(xg,2r) C B(zo,2s), it is clear that
capp(.),9(A, B(x0,2s)) < capp ) s(A, B(zo,21)).

Thus, we need to have the first inequality in case s = 2r. Because of
the fact that the relative (p(.),®)-capacity is a Choquet capacity, we can
suppose that A is compact. Let g € C§°(B(x0,2r)), 0 < g <1, be a cut-
off function such that g=1 in B(zg,r) and |Vg| < 2. Also, let the
function f € R;(.)779(A,B($0,4T)) be given. If we use the definition of

R 9(A, B(xg,4r)) and the function g and also the fact that the space
C5°(B(xp,2r)) is dense in W;’p(')(B(xo, 2r)), then we get that

g9f € WyPO(B(ao,2r)) N Co(B(wo, 2r))

such that gf =1 on A. Thus gf € R;(.) 9(A, B(xg,2r)). Therefore, we have

capy (A, Blao,20)) <2 [ 97@)pRie) de
B(zo,2r)
+ 2% max [+ 7P} |f (@) P@9(x) da
B(xo0,2r)
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RELATIVE CAPACITY AND THINNESS IN VARIABLE EXPONENT SOBOLEV SPACES 159

< o' /B . IV £ (2) P9 (z) dar

+ 27" max {r " r_p+}/ P@Y(z) da.

B(xo,4r)

Since capy(.yg (4, B(wo,4r)) > 1, we have
||VfHL§<->(B(xO74r)) < PL§<»)(B(xD,4T))(|Vf|)a

see [18]. Hence if we use the Poincaré inequality in L}(B(z¢,4r)) and the
embedding Lg(')(B(a;O,élr)) < L}(B(w,4r)), then we obtain

/ £ ()P (2) d < 2rc / IV f(2)[9(z) da
B(zo,4r) B(zo,4r)

< 27"001vaHLg(')(B(onr)) < 2P e Bz an)) (IVf])-

This yields
cap,0(A Blzo2) £C [ 9S@I0() da
B(xg,4r
where C' = 20" 4 227"+ ¢e, max{rl_pf,rl_w}. The proof is completed by
taking the infimum over f & R;(.) 9(A, B(xg,4r)) in the last inequality.
Hence it is clear that we can write
capy(.),9(A4, B(xo,25)) = cap) (A, B(zo,2r))
under the hypotheses. [

REMARK 13. By the same arguments as in Theorem 10 the equiv-
alence in Theorem 12 is not true in general. But if we use the same
trick as in Remark 11, then we can find some estimates even in case
cap,(),9(A, B(zo,4r)) <1

THEOREM 14. Let 1<p  <p(.)<pt<oo, 1<qg <q()<q"<x
and p() + () = 1. Assume that ¥ is a weight function such that ¥(x)

>1
forx € R". If 0 <71 <ry<oco and capy()y (A(xo,rl,rg),B(a;O,rg)) >1,
then

wn—1 < C capy( )y (B(xo,r1), B(zo,2))

where A(xzg;ry,r2) is the annulus B(xg,19) — B(xg,7r1). Here

C:chmax{[max{rél n)a* T (1 nq- HA( xo,T1,T2)\]_+a

1

{max {Tgl—n)q+’Tél—n)q’}|A(x0; r, 742)@ e }’
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where |A(xo;71,72)| is the Lebesque measure of A(xg;ri,r2) and cp, is the
constant in the Holder inequality for variable exponent Lebesgue spaces.

PRrOOF. Let feC3°(B(zo,72)) be a function such that f =1 on B(zg,r1).
Then f € R} o(B(zg,71), B(xg,72)). By [11, Lemma 7.14], we get

fly) =

L[ Weuon),

nwy, |z —y|"

Also, it is well known that the (n — 1)-dimensional measure of the unit sphere
wp_1 in R™ equals nw,. Hence the following integral is obtained:

L[ ey,

Wn—1 |HZ - y‘n

fly) =

for all y € R". Since capp()y (A(zo;r1,72), B(wo,72)) > 1, it is easy to
see that p;»0 g, 1, )(\Vf\) >1 and then we have ||VfHL§<.>(B(mO7T2)) <
PLEO (B(zo,ra) (|V f1), see [18]. Also, if we use the Holder inequality for vari-
able exponent Lebesgue spaces, then we find

et = ena o) = / VI = 2) iy ) s () o0 do
A(zo;ri,r2) |$ - 370|

< ch” |z — xo\l_”ﬁ(x)_ﬁ ‘

Lqm(A(xOyT’h?“z))pr() (B(w0,r2)) (‘Vf‘)

for some ¢, > 0 where ﬁ + TIJ = 1. Using the relationship between the
Luxemburg norm and the modular (see [17]), we get

“mﬁS%mm{@mwmmmmﬂﬁ—%ﬂwﬂm7ﬂnﬁ,

(pL‘J(-)(A(xo;rhrg)) (Jz — wo\l_"ﬁ(ﬂf)_ﬁ)) a }PLP” (Baor)) V1)

1

< ¢p max { [max {rél_n)qi?"él_")( }|A(a;0; 1, 7”2)‘] " )

1

[max «{7"§l_n)q+ , Tékn)qi } |A(zo;71,72) ‘] o }pLg<~)(B(gco,T2)) (IV£1])

for some ¢, > 0. Taking the infimum over f € R;(.) o(B(zo, 1), B(zg,72))
in the last inequality, we have the desired result by the continuity of the
integral. [
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4. The relationship between capacities

Now we will give several inequalities between the capacities previously
mentioned.

THEOREM 15. If Q@ C R" is bounded and K C € is compact, then
Cp(y,0(K) < Cmax { capy(.),9 (K, Q)F,capp(_w(K, Q)}

where the constant C depends on the dimension n, the Poincaré inequality
constant and diam(€).

PROOF. We can assume that cap,,)4(K,) < co. Otherwise the proof
is clear. Let 0 <e <1and f € R} o (K, Q) be a function such that

(7) ()0 (IVf]) < cappy (K, Q) +¢

Now let us extend f to be zero outside of €2, that is

_ @), ze,
f(x)_{o, z € R —Q,

and define g = min{1, f}. If we consider the definitions of the relative
(p(.),9)-capacity and the Sobolev capacity, then we get g € 5,,() y(K). Hence

Coa8) < [ (9P + |9 (@) )o(0)

It follows by 0 < g <1 that

2)[P@9(2) dx T ) dx T ) dx
(8) /Q|g< P9z d g/ﬂ|g< )0(z) d §/9|f< )9z d

Also, if we use the Poincaré inequality in L}(2) and Remark 9, then we have

@) Sl = [l < cdiam(Q)[[V £l < cdiam(Q)er [V flp),0
By (8) and (9), we have

K) < /Q (@) [0(z) de + /Q V£ (@) PD0(x) de

< C*[IVF lne,o + o). <|Vfl>]

<C* (max{pp (|Vf|)?*,,0p( 9(IV )7 }+Pp( (‘Vf‘))
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where C* = max{1, cdiam(2)c;}. Considering the fact that 1 < p~ < p(.)
< pt < oo and (7), it is easy to see that

max {py() o IV F1)7% o) 0 (VD7 } + 200 (IV 1)
< 2max {pp() 0 (IVF) 7 pp(0 (V£ }
< 2max { ( capy(y,9 (K, Q) + 6)P_* ;cap,( ) 9(K, Q) + 6}
< 2max{(capp(.)7 (K, Q)) s capy,( ) 9 (K, Q)} et te.
Hence, we get
Cp),0(K) < C’[max{(capp (.0, Q)) s capy ) 9 ( K, Q)} ter + 6]
VDVhere C = 2max{1, cdiam(Q)c; }. This yields the claim as ¢ tends to zero.

The proof of the following theorem is similar to [6, Theorem 10.3.2].
THEOREM 16. If Q C R" is bounded and A C €2, then

Cp(),9(A) < Cmax { capy(.)9 g(A,Q)rF capp(.),9(4, Q)}

where the constant C depends on the dimension n, the Poincaré inequality
constant and diam(2).

COROLLARY 17. Let A C Q. If capy()4(A,Q2) =0, then Cpy9(A) = 0.

Note that the opposite implication of the previous corollary is not always
true. We need to consider an additional hypothesis for this. By the same
arguments as in [6, Proposition 10.3.4], we obtain the following statement.

THEOREM 18. Let A C Q. Assume that the space Wé’p(')(Rn) NC(R™)

is dense in Wﬁl’p(')(R”). If Cpy9(A) =0, then cap, ) 4(4,Q2) = 0.

Now we give a relationship between the Sobolev (p(.),)-capacity and
the relative (p(.),)-capacity.

THEOREM 19. If A C B(zo,7) and cap, ) y(A, B(zo,2r)) > 1, then

1
an()ﬂg(A) S Capp(.)ﬂg(A, B(afo, 27”)) S C’ng(,)ﬂg(A)

where C1 = 1+ cr(1+|B(xo,2r)|) and Cy = 22" (1+ max{r_pf,r_w})
and c is the Poincaré inequality constant.
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PROOF. Suppose that K C B(z,) is compact. Let g € C3°(B(zo,2r)),
0<g<1, be a cut-off function such that ¢ =1 in B(zg,r) and |Vyg]|
<2/r. Also, let the function f € S,)y(K) be given. Thus we get gf
€ER) (A, B(zo,2r)). Therefore

capy (K, Blan 20) <2 [ [V f(@)P0(a) do
B(zo,2r)
+ %" max {r 7 ,r7? }/ (2)|P@Y(z) dx
B(zo,2r)

<2 (L max(r 7)) [ (F@P 95 @)P0)o(w) d

If we take the infimum over f € Sp)y(K) in the last inequality, then we
have

capp ()9 (K, B(zo,2r)) < G20 9(K)

where Cy = 22" (1+ max{r_pf,r_ﬁ}).

Now, we take f € C5°(B(zo,2r)), 0 < f <1, such that f =1 in an open
set containing K. Then fe R} oK, B(wo,2r)). Since cap,, ) 4(A, B(wo,2r))
> 1, it is easy to see that PL2O (B(zo 2T))(|Vf|) >1 and then we have
va”Lg(')(B(mo,zr)) <pLg<.)(B(wo’2r))(\Vf\), see [18]. If we use the fact 0
< f <1, the Poincaré inequality in Lj(B(zo,2r)) and the embedding
Lg(')(B(a:O, 2r)) < LY (B(z0,2r)) , then we obtain

|f (@) P () do < C?“/ [V f()[0(x) d
R™ B(xo0,2r)

<cre / IV f(x)[P®9(z) da.
B(zo,2r)
It follows that

Cy.0(E) < C /B [P0 de

where C7 = 1+ ¢req. This completes the proof for the compact sets if we
take the infimum over f € R;(,),ﬁ(Kv B(zg,2r)) in the last inequality. If we
consider the definition of the relative (p(.),¥)-capacity and use the first part
of the proof, then it is shown that the desired result holds for an arbitrary
set A C B(xg,r). O
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5. (p(.),¥)-thinness

DEFINITION 20. The set A C R™ is called (p(.),9)-thin at zg if

0 / <capp<.>,ﬁ<A N B(zo, 1), B(ao, 2r>>> P dr
0

— < o0.
capy().9(B(zo, 7), B(xo, 2r)) .
We say that A is (p(.),9)-thick at zg if A is not (p(.),9)-thin at .

The integral in inequality (10) is called a Wiener type integral, see [14].
From now on, we write that

Wy (A, 20) = /1 (Capp(.),ﬁ(A N B($0>T)>B(x072T))> Eo dr
p(')?'g L0 0 Ca,pp(')ﬂg(B(xO, T); B(‘T07 2T)) r

for convenience. Also, we denote the Wiener sum by

WS (A, 20) = i capy(),9(A N Blwo,27%), B(xo, 2 7))\ "
p(.),0\£L L0) = P Capp(.)’ﬁ(B(x()’2—@')73(1,0’21_@-)) .

The Wiener sum is more useful than the Wiener type integral in most cases.
Now we give a relationship between these two notions.

THEOREM 21. Assume that the hypotheses of Theorems 10 and 12 are
hold. Then there exist constants C1, Co such that

C’1Wp(.)779(A,:E0) < W;EI)%(A,xo) < CQWP(_)Jg(A,xo)

for every A CR"™ and zo ¢ A. In particular, Wy 9(A, o) is finite if and
only if W;EB%(A,:EO) s finite.

Proor. Using the same methods as in Theorems 12 and 10, it is easy
to see for r < s < 2r that

capy (.9 (A N B(,I(], T)? B(ﬂi’o, 2T)) ~ capy .9 (A N B(,I(], T)v B($07 23))
and
capy(.),9 (B(xo, r), B(xo, 27")) A2 capy(.).9 (B(a;o, s), B(xg, 23))

where the constants in ~ depend on r, p—, p*, the constants of the doubling
measure and the Poincaré inequality. Thus for 2-1=i <y < 27 we have

capp(_)ﬂg(A N B(xo, 1), B(x,2r))
capy(.),9(B(zo, ), B(xo,21))
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o capp(_)ﬂg(A N B(zo,27%), B(zo,2'7%))
capy().0(B(20,27%), B(xg,2'77))
capy()9(AN B(xg,2r), B(xg,47))
capy(),9(B(wo,2r), B(zo,4r))

Hence we obtain that

Wyy(A, o) = Z / cay(),9 (AN Bleo, ), Blxo,2r)) \ i dr
211\ capy(y9(B(wo,7), B(wo,2r)) .

capy().9 9(AN B(x0,27%), B(xo,2'%)) e .
< E ' | _ S
¢ < capy),9(B(zo, 2~ 4), B(zo,2'7%)) ¢ p(-)ﬁ( ,20)

In a similar way we find

W (A, 20) <Z/ capy().9(AN B(xg,27"), B(wo,2')) Wl)flﬁ
’ capyy,9(B(zo,27%), B(xo,217%)) T

Capp A N B($0, 2T) B(IIJ’O, 4T)) P(Io) 1 dr
= A, xp).
C/ < Capp( 9(B(z0,2r), B(z0,47)) r < CWp(),0(4; 20)

This completes the proof. [
Theorem 21 gives us an equivalent claim for (p(.),d)-thinness at .

THEOREM 22. Assume that A C R"™ and x¢ € A.

(i) If A is (p(.),¥)-thin at zq, then there exists an open neighborhood U
of A such that U is (p(.),¥)-thin at xg.

(i) If A is a Borel set and (p(.),)-thick at xo, then there exists a compact
set K C AU{xo} such that K is (p(.),0)-thick at xo.

PROOF. Firstly we denote B; = B(xg,2'~%). Assume that V4 and V; are
(p(.),¥)-thin at zp. By the subadditivity property of the relative (p(.),?)-
capacity, it is clear that V3 UVa is (p(.),¥)-thin at xo. Since zp ¢ A and
xo is the center of the balls B; for each i, we may assume that ANJB; =
(). Moreover, let Uy = R™ and for each ¢ =1,2,... take an open set U; C
B; NU;_1 such that A;, = AN B; C U; and that

(Capp(-),ﬁ(UuBi—l)>W - (Capp(.»ﬂ(AiaBi—l))W;“ Lgit
capy(.)9(Bi; Bi-1) ~ \capy()9(Bi, Bi-1) '
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Let us denote U = |J;2,(U; — Bit1). Then we obtain that A C U, U is open,
and

capy(.), 9(Ui, Bi—1) e
sum U < p < sum A, 1< )
p().0(Us o) Z <Capp( (Bi, Bi1) < Wplip(A, o) +1 < o0

This completes the proof of (i) because of the fact that U is the desired
neighborhood of A.

Now we consider the proof of (ii). Again we denote B; = B(wg,2'™%).
Since the sets AN B; are Borel, we have

capy()9(AN Bi, Bi—1) = sup capy)y(K, Bi-1)
KCAnB,
compac

for all ¢ € N. For each i take a compact K; C AN B; such that

<Capp(~),z9(Az‘, Bi—l)) FenE - <Ca’pp(.),79(Ki7 Bi—l)) penye Lot
capy(.),o(Bi; Bi-1) ~ \capyy9(Bi, Bi—1)

Hence K = |J;2, K; U {xo} is the desired compact set. [

References

[1] I. Aydin, On variable exponent amalgam spaces, An. Stiing. Univ. “Ovidius”
Constanta, Ser. Mat., 20 (2012), 5-20.

[2] 1. Aydin, Weighted variable Sobolev spaces and capacity, J. Funct. Spaces Appl., 2012,
Article ID 132690, 17 pp.

[3] G. Choquet, Theory of capacities, Ann. Inst. Fourier (Grenoble), 5 (1954), 131-295.

[4] L. Diening, Maximal function on generalized Lebesgue spaces L"(')7 Math. Inequal.
Appl., 7 (2004), 245-253.

[5] L. Diening, P. Hist6 and A. Nekvinda, Open problems in variable exponent Lebesgue
and Sobolev spaces, in: Proceedings of the Function Spaces, Differential Opera-
tors and Nonlinear Analysis (FSDONA’ 04), Milovy, Czech (2004), pp. 38-58.

[6] L. Diening, P. Harjulehto, P. Hasté and M. Ruzicka, Lebesgue and Sobolev Spaces with
Variable Exponents, Springer-Verlag (Berlin, 2011).

[7] V. N. Dubinin and M. Vuorinen, Ahlfors—Beurling conformal invariant and relative
capacity of compact sets, Proc. Amer. Math. Soc., 142 (2014), 3865-3879.

[8] L. C. Evans and R. F. Gariepy, Measure Theory and Fine Properties of Functions,

Studies in Advanced Mathematics, CRC Press (Boca Raton, Fla, USA, 1992).
X. Fan and D. Zhao, On the spaces LP(*)(Q) and W*P®)(Q), J. Math. Anal. Appl.,
263 (2001), 424-446.
[10] H. Federer, Geometric Measure Theory, Springer-Verlag (Berlin, 1969).
D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Or-
der, 2nd ed., Springer-Verlag (Berlin, 1983).

[12] P. Harjulehto, P. Hasto and M. Koskenoja, Properties of capacities in variable expo-

nent Sobolev spaces, J. Anal. Appl., 5 (2007), 71-92.

Analysis Mathematica 46, 2020



RELATIVE CAPACITY AND THINNESS IN VARIABLE EXPONENT SOBOLEV SPACES 167

[13] P. Harjulehto, P. Histo, M. Koskenoja and S. Varonen, Sobolev capacity on the space
Wl’p(')(]R”)7 J. Funct. Spaces Appl., 1 (2003), 17-33.

[14] J. Heinonen, T. Kilpeldinen and O. Martio, Nonlinear Potential Theory of Degenerate
Elliptic Equations, Oxford University Press (Oxford, 1993).

[15] T. Kilpeldinen, Weighted Sobolev spaces and capacity, Ann. Acad. Sci. Fenn. Math.,
19 (1994), 95-113.

[16] V. Kokilashvili and S. Samko, Singular integrals in weighted Lebesgue spaces with
variable exponent, Georgian Math. J., 10 (2003), 145-156.

[17] O. Kovécik and J. Rakosnik, On spaces LP(*) and W*P® = Czechoslovak Math. J.,
41(116) (1991), 592-618.

[18] Q. Liu, Compact trace in weighted variable exponent Sobolev spaces wtp@) (Q;v0,11),
J. Math. Anal. Appl., 348 (2008), 760-774.

[19] V. G. Maz’ja, Sobolev Spaces, Springer (Berlin, 1985).

[20] J. Musielak, Orlicz Spaces and Modular Spaces, Lecture Notes in Math., vol. 1034,
Springer-Verlag (1983).

[21] S. Samko, On a progress in the theory of Lebesgue spaces with variable exponent:
maximal and singular operators, Integral Transforms Spec. Funct., 16 (2005),
461-482.

[22] V. V. Zhikov and M. D. Surnachev, On density of smooth functions in weighted
Sobolev spaces with variable exponents, St. Petersburg Math. J., 27 (2016),
415-436.

Analysis Mathematica 46, 2020



	On some properties of relative capacity and thinness in weighted variable exponent Sobolev spaces
	Abstract
	Introduction
	Notation and preliminaries
	The Sobolev ( p(.),theta) -capacity and the relative ( p(.),theta) -capacity
	The relationship between capacities
	( p(.),theta) -thinness
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


