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Abstract

By applying Mountain Pass Lemma, Ekeland’s variational principle and Fountain
Theorem, we prove the existence and multiplicity of solutions for the following Robin
problem

—div (a(x) |V P2 Vu) =Ab(x) u|?D 2y, x e
a(x) [VulP&=2 38 4 B(x) |uP) =2y =0, x €082,

under some appropriate conditions in the space Wa1 ’}f “ (£2).
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1 Introduction

Let a and b be weight functions. In this paper the Robin problem

{ —div (a(x) [Vu|P® 72 Vu) = 1b(x) [u|? 2 u, x € 2 n

a(x) |[Vu[P@=2 34 4 g(x) u|P® 72y =0, x €982,
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is investigated with respect to some suitable assumptions, where - 1s the outer unit
normal derivative of u# with respect to 952, p, g are continuous functlons on £, i.e.
p.q € C(2) withinf g p(x) > 1, B € L™ (3£2) such that B~ = infrepp B(x) >
0,and 2 c RV (N > 2) is a bounded smooth domain.

In recent years, variable exponent function spaces, especially Sobolev spaces, have
been very useful for exploring the existence of solutions of partial differential equations
involving p(x)-Laplacian. There are also several applications in this area, such as
electrorheological fluids, image processing, elastic mechanics, fluid dynamics and
calculus of variations [17,27,28,34]. In the last years many p(x) -Laplacian problems
have been investigated by several authors, see [2,3,5,9,13,26,29].

In 2009, Deng [10] studied the following Robin problem

{—div (|Vu|p(")*2 Vu) =Af (x,u), x € ?)

|V |P)2 g_lu) + B) [u|PP 2y =0, x a2,

under some conditions on f, and obtained that there exists A* > 0 such that the
problem (2) has at least two positive solutions if A € (0, 1*), has at least one positive
solution if A = A™ < 400 and has no solution if & > A*. Kefi [19] investigated the
Robin problem

{ —div (|Vu|f”(")_2 Vu) =AV) ulf® 2y, xeR 3)

VulPO=2 5 4 B0 PO 2w =0, x €9,

where V e L0 (32) and V > 0 with 1 < g(x) < p(x) < s(x) < N for all
x € £2. Allaoui [1] obtained two different situations of the existence of solutions for
the problem (3) using variational methods. Chung [6] have more general results from
Deng [10] and Kefi [19] under some suitable assumptions for ¢ and V.

Inspired by the articles mentioned above, we obtain some new compact embedding
theorems in W p © (£2), and show the existence of several different weak solutions
of the problem (1) in these spaces. Therefore, we improve and generalize the results
presented in Allaoui [1], Chung [6], Deng [10] and Kefi [19].

This work has three parts. In Sect. 2, we mention several properties of Wl’p “ (£2)

and energy functional J,. Moreover, we define a more general norm in W p ) (£2)
compared to the norm given by Deng [10] using compact embedding theorems In
Sect. 3, we investigate and discuss the major conclusions of the paper.

2 Notation and preliminaries

Let £2 be a bounded open subset of R with a smooth boundary 9£2. Then, the set is
defined by

Cy(2)= {pec(ﬁ): inf p(x) > 1},
xes?
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Existence and multiplicity of weak solutions... 513

For any p € C4 (£2), we indicate

p~ = inf p(x)and p* = sup p(x).
xes xes

Letp e Ct (5) and 1 < p~ < p* < oco. The space LP")(£2) is defined by

LPO(2) = du|u: 2 — R is measurable and / lu(x)|”™ dx < oo
2

with the (Luxemburg) norm

. u
lull iy = inf {2 > 0: 00 (5) =1}

where
00 (1) = / ()P dx.
2

Moreover, the space (Lp(')(.Q), ||.||p(.)) is a reflexive Banach space, see [22].
The weighted Lebesgue space L% (‘)(.Q) is defined by

LPO@2) = {u|u: 2 —> R measurable and / lu()[PX a(x)dx < oo
2

1
such that [[ull ;) . = Huam H O < ooforu e Lg(‘)(ﬂ),whereaisaweightfunction
p(.
from £2 to (0, 00).

Remark 1 The space (Lg(')(ﬂ), ||.||p(.),a) is a Banach space.

1
Proof Let (u]) be a Cauchy sequence in Lg(')(.Q). Then, (uja PU) is a Cauchy

sequence in the Banach space LP") (£2) due to
lujy —uj ”p(.),a = H (ujy —ujp)aro

1
50 it converges to some u in LP®)(£2). This follows that (u,) converges to ua 70 in
LPO(2). O

We can define the space LY © (0£2) similarly by

LPY@2) = Lu|u: 922 — R measurable and / ()P a(x)do < 400
FY?)
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514 I. Aydin, C. Unal

with the norm

p(x)
a(x)do <1

u(x)

||Lt||p(')’a‘ag =inf{7t>0: /
082

for u € LY (')(8.{2), where do is the measure on the boundary of 2. Then
(ij")(asz), ||.||p(.)‘a,39> is a Banach space. If a € L™ (), then LY = LPO),
see [8,18].

Proposition 1 (See [2,13,20,24,25]) For all u, v € L?" (£2), we have

() Nullpy,a <1(resp.=1,>1) ifandonly ifop),aw) < 1(resp.=1,>1),
(i) IIMIII,()a < 0p().a() < IIMIII,()C, with lull pc).qa > 1,
(iii) IIMIIP(M < 0p()au) < IIMIIP(),, with [lull pya <1

.
(iv) min {17, o 1l o) < eperat) < max{ il ol ).
1

€L L L
(v) min Qp(.>,a(u)'f,Qp<.),a(u)”+ = lullpoe = maX{ona(u) B

e
Qp(.),a(u)er >
(Vi) 0p(y,a(u —v) = Oifand only if |lu — ””p(.),a — 0.

1 1
Definition 1 Let a_1’<) b rO-T € L1 . (£2). The double weighted variable expo-
nent Sobolev space W p () (£2) is deﬁned by

Wt @) = {ue 1fV@) : 1vul e LEV(2)

equipped with the norm

1,
el g7 = 190l gy o + Nl iy -

If we take a = b = 1, then we obtain W,/ (2) = W70 ().

Note that the spaces L} ¢ )(.Q) and Wl () (£2) are separable and reflexive Banach

spaces. In addition, the dual spaces of LP< )(.Q) and W1 PO (£2) are Lp S )(.Q) and

W_lp()

v (82), respectlvely, where m + =1, a" =a"P0 =4 — 0T and

p() -
b* =bpl7P'0 = b~ 70T, see [4,15,23,25,33].
For A C £, denote by p~(A) = infrea p(x) and pT(A) = sup,c4 p(x). Define

N=Dp@) ¢ N
¥ (x) = 1= | N o TP <N,
P’ (x) = (p(x) co, ifp(x)=N,
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Existence and multiplicity of weak solutions... 515

and - 1
r(x)—1 ,
) p° (%)

forany x € 982 andr € C (082, R) withr~ = inf ey r(x) > 1.

Pf(x) (x) =

Theorem 1 (See [8]) Assume that the set 052 possesses the cone property and p €

C (5) with p~ > 1. Ifq € C (352) and the inequality 1 < q(x) < p?(x) (x) is valid

for all x € 382, then there is a compact embedding W'P®) (£2) — LZ(')(E).Q) for

d
aeL™O0R), reCOR)withr(x) > Pf(x(;l] for all x € 382. In particular, there

is a compact embedding W1-PO) (2) < LI (382) , where 1 < q(x) < p° (x) for
all x € 952.

It is easy to see that pf(x) x) < pa (x) and p (x) < p8 (x). So we have the
following Corollary under conditions in Theorem 1.

Corollary 1 (See [8])

() There is a compact embedding WP (2) < LPO(382), where 1 < p(x) <
p? (x), Vx € 382

(ii) There is a compact embedding WP (2) — ij“(asz), where 1 < p(x) <
pra(x) (x) < p? (x), Vx € 882.

Theorem 2 (See [5]) Let a0 ¢ L' () with « (x) € (%oo) N [ﬁ oo).

Then we have the compact embedding

1,p(. (.
WorO (@) e whrO (@)

a(x)p(x)

where py(x) = PIOE

Corollary 2 Ifthe inequality p(x) < P:Z oy () < pfz (x) is valid for all x € 952, then
there exists a compact embedding between Wal”}f(') (£2) and Lg(') (082).

Theorem 3 (See [13]) Assume that the set 052 possesses the cone property and p €
C (5) Suppose thatb € L'V (2), b(x) > O0forx € 2,r € C (m andr= > 1. If
qgeC (5) and

rx)—1

7 Y
g, pr(x)

1 <g(x) <
for all x € 2, then there is a compact embedding W'P©) (§2) — LZ(')(.Q), where

pY(x) = zvN—p—z%JfP(xRN,
+o00, ifp(x)=N.

r(x)—1
r(x)

there exists a compact embedding between Wal:f ) (£2) and LZ(')(Q).

Corollary 3 If the inequality 1 < q(x) < (p+)? (x) is true for all x € 2, then
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516 I. Aydin, C. Unal

The following Theorem plays an important role for the existence of weak solutions
of the problem (1).

Theorem4 Let u € Wal’lf(') (£2) . Then the norms ||u||,; and ||u||l1l’g(') are equivalent
on Wal’lf(') (£2), where

lully = 1Vullpy.a + lullpy.a0e -

Proof Using the embedding Wal,’lf’ ©(£2) = LY (3£) in Corollary 2, there exists a

C1 > 0 such that

Lp(.
||M||p(.),a,a:2 <(Ci—1 ||u||a’lz()

forallu e W; ’If(') (£2). Thus, we get
1,p(.
lully < C1 llully 59 “
Now, we will show that the inequality
el piyo = Collully

is satisfied for any u € Wa1 ’f © (£2) and Cy > 0. Assume that there exists a sequence
(”n)neN in Walf(i) (£2) such that

lnll ey > nllunlls
for each n € N. Take lunll pcy,» = 1. Then we obtain
lunlly = 0 (n — o0)
due to the boundedness of N. Thus, we see that
IVunll piya = 0

and
lunllpy,a00 = 0

as n — o0. This follows that the sequence (u,),cy is bounded in Wal,f © (£2). Since

the space Wa1 ’lf ) (£2) is areflexive Banach space, there exists a subsequence (#y,),,cn-
such that
u,—v (weakly)

asn — o0 in Wal”,f’ (') (£2). If we use the compact embedding in Corollary 3, then we
get
u, — v (strongly) 5)
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Existence and multiplicity of weak solutions... 517

asn — oo in Lf (')(.Q). Moreover, since strong convergence requires weak conver-

gence, we have u,—v asn — oo in Lg(')(.Q). Therefore, we can get that

Vu,—~Vv
N
asn — 0o in (Lg(')(9)> . By Theorem 5.12-2 in [7], we see that
timinf [Vt )0 = IV00 (0

Le. [Vully)a = 0 and v = c (constant). Again using the compact embedding
W;"f(') (2) — ij(')(asz), the convergence u, — v (strongly), and so u,—v
(weakly) as n — oo in Lﬁ(')(B.Q) and Theorem 5.12-2 in [7], we have

timinf sl () 002 = 190 pya0.02

that is, ||v||p(,),a,39 = 0 and v = 0. Due to ||u,1||p(,)’l7 = 1 and (5), this is a contra-
diction. This completes the proof.

Let B € L (052) such that B~ = infyepe B(x) > 0. Then, the norm [[ul|g(y) is
defined by

p(x)
do <1

Vu(x) u(x)
T T

p(x)
lull gy = inf § 7 >0:/a(x)' dx—l—/,B(x)
2 30

foranyu € W p() (§2). Moreover, ||.||g(x) and |- || 1.pC) are equivalent on Wal”[f(') (£2)
by Theorem 4

Proposition 2 (See [16,24,25]) Let Igq(u) = fa(x)|Vu(x)|p(x) dx + [ B(x)
482
[u(x)|PY) do with B~ > 0. Forany u,uy € W1 p() (£2) (k=1,2,...), we have

@) Nulley < Tpco @) < el with llull ey = 1,
.. + - .
(i) Nl < poo ) < Nl with llullge < 1.

e . - + - +
Gii) min {5y Nl b = g @0 = max fulf s nudf, |
(v) llu — urllgey — O if and only if Ig(x)(u — ug) — 0 as k — oo,
(V) llukllgy = oo if and only if Ig(x)(ur) — 00 as k — oo.

The following Proposition can be proved similarly using the methods in [6,14,16,
25].

Proposition 3 Let us define the functional Lgy) : Wal”}f(') (£2) - Rby

Lgy () = ((x)) |VulP@®) dx +/ B(x )| (x )|P(x)d0
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518 I. Aydin, C. Unal

forallu € W1 P0) (£2). Then we obtain Lgx) € c! ( w! p() (£2), R) and

Ligy ) (0) =< Ly () v > = /a(X) |Vu|P =2 VuVudx
2

+fﬂ(x)|u(x)|p(x)_2uvda

foranyu,v € WI’P(‘) (£2). In addition, we have the following properties;

@) Lﬁ(x) : 1 p() £2) — W *lhf() (82) is continuous, bounded and strictly
monotone operator
1 -1 ; ; .
(i1) Lﬂ(x) : p() (£2) — W, hf() (82) is amapping of type (S+) , i.e., ifu,—u
in W1 PO (£2) and 11m supLﬁm (uy) (up —u) <0, thenu, — uin Wal”f(') (£2),

(iii) L/ B 1 p() (2) — W *lbf: ) (£2) is a homeomorphism.

Definition 2 If the function u € W1 0 (£2) satisfies the condition

/a(x) |VuPY=2 VuVodx + / B) |u(x) PP 2 uvdo
17

—A/b(x) 99972 yudx = 0
2

for all v € Wal”f(') (£2), then u is called a weak solution of the problem (1). We
point out that if A € R is an eigenvalue of the problem (1), then the corresponding
u e W(ll”f(‘) (82) — {0} is a weak solution of (1).

Zhikov and Surnachev [35] prove that a sufficient condition for the density of smooth
functions in the weighted Sobolev space with variable exponent is obtained. Moreover,

it is known that the space CO (£2) is a subspace of W1 pC) (£2), and W1 P0) £2) =
WLrO () for 0 < a1 < a(x) < a», 0 < b < b(x) < by and ay, aa, by,
by € R. Thus we obtain that the spaces C° (§2) and C* (£2) N W1 PC) (£2) is dense
in Wal)’f ) (£2) since log-H older continuity of the exponent is sufﬁment for the density

of smooth functions, see [11, Theorem 9.1.8], [12,30,31].
The class A consists of those weights w such that

“w”AP(') = Sup |B|_pB ”w”Ll(B) P <0
BeB

L PO (B)

@ Springer



Existence and multiplicity of weak solutions... 519

—1
1 dx) and -~

where 3 denotes the set of all ballsin £2, pp = I%I f 70

IfaeAy,),0<by <b(x) <byand p(.) € P]"g(]R”) i.e. p (.) satisfy log-Holder
continuity condition, then C§° (£2) is dense in W1 P (£2), see [2,21]. Therefore, the
weak solution of the problem (1) is well deﬁned Throughout the paper, we assume
thata € A,(),0 < by < b(x) < by and p () € P8(£2).

To find out a weak solution to (1), let us introduce the functional J, : 1 p ) (£2) —>
R defined by

a(x) B(x) b (x)
J VulP® dx / P Jo / 9 g4
n () = / ()l | + ()I()I Qq(x)|u| X

for any A > 0. It is easy to see that J, is well defined from W;"f “ (£2) to R and
J, eC! < ! p © (£2), ]R) with the derivative given by

J; (u) (v) :/a(x)|Vu|P<X>*2Vqudx+/ﬁ(x)m(x)v’(x)*zuvda
2 982

—k/b(x) lu]99=2 yudx

2

for all u,v € Wl’p(') (£2). The operator J; (u) belongs to the dual space
W3hP'O (2). We also have u e Wl P0) () is a weak solution of the problem

a*,b*
(1) if and only if u is a critical point of JA

3 Main results

In this section, we suppose that p(x) < pj': o) x) < pi (x) for all x € 952, and

1<q(x) < "51 (p)Y (x) forall x € 2.

Lemma 1 If there is a constant n > O such that p* < n < q~, then the operator J,,
satisfies the (PS) condition.

Proof Let (itn),en C W, £ (£2) be such that

sup |y, ()| < M, T} (up) — Oin W *‘bff (2) asn — oo, (©6)
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520 I. Aydin, C. Unal

i.e., (Un),en 18 @ (PS) sequence. First, it will be shown that the sequence (u,),,cn 1S

bounded in W1 PC) (£2) . If the sequence (#,),cn is not bounded, then we may write
lunllgee > 1 for all n € N. It follows that we have

1
M+ Nlupllpey = I (un) — — <J)( (n) , )

:/ a(x) [Vu |P(A)d +/ Bx ) (x)|p(‘€)d /@\unr’(x)dx
4 P J 4w

1 A '
. /a(x) Vit |7 dx — f/ﬂ(X) 0 (1P dor + f/bu) |99 dix
nQ nBQ n(l

1 (I .
> F - Z Ig(xy(un) + 2 E - qf b(x) |un| dx
2
1 1 IS
= <F - ;) ”Mn”ﬂ(x) .

Dividing the last inequality by || u,, || g(;) passing to the limitasn — ocowegetn < p™T,
which is a contradiction. Thus, (u,,) is bounded in W1 P0) (£2) . Since W p() (£2)isa
reflexive Banach space, there exists u € W p © (£2) such that u, —u in W1 pC) (£2).
By Corollary 3, the embedding Wa’ PO (.Q) < LIV (2) is compact. Thus, we have

U, —> uin LZ(') (§2) and sup,, [[unllg(x)y < 00. Moreover, using the Holder inequality,
we obtain

1 1
/b(x) | |72y (uy — u) dx| < fb(x)m+7x> |24 |7 |y — ul dx
2 2

1
< Clunl® =1 by
r()

1
. Hlun —ulb(x) ™

q()
=C ”uan(.)-b Muy — 14||q(~),b
< C* lunllgexy - lun — ullyeyp —> 0

1 —
Wher€m+m—1 SO
lim /b(x) |14 1972wy (uy — u) dx = 0. (7
n—oQ
2

By (6) and the boundedness of {u, — u} in W1 () (£2), we have

J; (up) (up —u) — 0. (8)
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Existence and multiplicity of weak solutions... 521

If we combine (7) and (8), we prove that

lim (ﬁf a(x) [V |"7% Vu, (Vu, — Vu) dx + / B ) |t PO uy (uy — u)do) =0
n—-o0
982

or
Jim Lig vy (n) (un —u) = 0. )

By (9) and Proposition 3, it is obtained that the sequence {u,} converges strongly to
uin W;,’ZD(') (£2). The proof is completed. i

Theorem5 Let p™ < n < g~ for some n > 0. Then, there is a nontrivial weak
solution of the problem (1) for p™ < n < q™.

Proof By Lemma 1, the functional J, satisfies (PS) condition on W p © (£2). Using
the assumption p* < n < ¢~ and the embedding Wal”lf(') (£2) — LZ() (£2) we have

I () = / a(x) [Vu |P(x)d +/ Bx )| (x )lp(x)d /whﬂq(x)dx
2 J q (x)

A
> — (ﬁfa(x)quI”m dx—}—/ﬁ(x) lu(x)|P® do | — —/b(x) ]9 dx
i 2
> 1,s<x)(u)—q—max[||u||q()b )
1 A
> —Ipy () — max[ el Nl |
>

pt q-
j ”M”3(X) - C]i ||M||5(x)
1 A ) +
> (= —— ) lulg
<p+ q- Bx)

for [[u|l g(xy < 1 and pTA < g~ . Thus, we get J; (u) > 0 for llullgry = p sufficiently
small. In addition, we have

(x)
Jy (tv) =fa(x)t Vv I”(x)dx+/ ﬁ(x)’p v |q<x>da—x/M|u|W>dx
g P J o aw

<1t lﬂ(x)(u)—m’/b(x)w(x) dx
2
<17 Igen (v) —,\t"’/b(x) []9® dx —s —o0

2
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522 I. Aydin, C. Unal

ast —> ooforv € Wal!’lf(') (£2) — {0} . Note also that J; (0) = 0. So, it is showed that
there is a nontrivial weak solution of the problem (1) by the Mountain Pass Theorem
(see [32)).

To apply Ekeland’s variational principle to the problem (1), we need the following
lemmas.

Lemma2 Letl < g~ < p~ < q*t < p™T. Then, there exists \* > 0 such that for any
A € (0, M%) there exist p,y > 0 such that J,(u) > y > 0 foranyu € Wal’f(') (£2)
with |ullgiy = p-

Proof Due to the continuous embedding Wal’,f(') (2) — L‘b](') (£2), there exists a
positive constant C > 0 such that

lullge), = Callullpex) (10)

forany u € Wal”}f(') (£2). We take p € (0, 1) such that p < CLz Then the relation ( 10)
implies [lull, (), < 1 and

[ b @yax < i, (an
2

for all u € W, (2) with |u||(,) = p. Combining (10) and (11), we obtain

/ ul?® b () dx < €5 Jullf,, (12)
2

forallu € W;”é’(') (§2) with [[u|| g(xy = p. Due to the inequality (12), we deduce that

I, () " (u)—-j; b(x) [ul9% dx
A = p+ B(x) q_

1 + A g -
> — lullfy,, — —C5 llull?
o 1l = = €2 Ml
I S
— —p‘" -t pq
pt g *
- 1 - A -
= p? (-PP e > :
p* g °
Taking .
PT—q -
w=t L (13)
2pt
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Existence and multiplicity of weak solutions... 523

N
then there exists y = ’2)% > 0 such that J,(u) > y > 0 for all A € (0, A*) and

Lp(. .
we W, Y (@) with lul g = p-

Lemma 3 There is a function ¢ in W1 PO (82) satisfying ¢ > 0, ¢ # O0and J, (td) <
0 when t is small enoughfor1 <q~ < p~ <q™ < p™.

Proof Using the assumption g~ < p~ we have ¢~ 4+ &9 < p~ foragg > 0. Since
g € C (£2), we can find an open subset £2) C £2 such that |g(x) — g~ | < &g for any
x € £29. So, we infer that

q(x) <q  +eo<p” (14)

for any x € £2p. Moreover, there is a function ¢ € C§° (§2) satisfying 20 C suppg,
¢(x) =1forallx € 2pand 0 < ¢ < 1 in £2. Using (14) we have

5y (1) = (x” VI dx + / ﬁ(x)t L1617 do
2

q(x)
_)L/b(x)—t|¢|q(X) dx
g (x)

P A
— gy () — — f 11919199 b (x) dx
P q

IA

s
<2 [0 p (2 dx
)4 q
£20
P a9t
S == f 617 b (x) dx

1

for any ¢ € (0, 1) and ||¢||/3<x) = Igx)(u) = 1. Then, for any t < §»~¢ ~*0 with

0 < § < min {1, % [ 16199 b (x)dx}, we obtain J; (t¢) < 0. o
20

Theorem6 Let 1 < g~ < p~ < q* < pT. Then, there exists \* > 0 such that any
A € (0, A*) is an eigenvalue for the problem (1).

Proof Let A € (0, A*), where A* is given by (13). By Lemma 2 it follows that on the
boundary of the ball centered at the origin and of radius p in Wal”f © (£2), denoted by
B, (0), we have

inf J, > 0.
3B,(0)
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524 I. Aydin, C. Unal

On the other hand, by Lemma 3, there exists ¢ € W1 Pe) (£2) such that J, (t¢) < O
for ¢+ > 0 small enough. Moreover, we get

1 pt A g g
D) 2 - lullfiy = 7=C4 lallhe

for any u € Walﬂ’,f(') (£2) . This follows that

—oo <c= inf J, <O.
B, (0)

Let us choose ¢ > 0. Therefore, we have

0<e< 1nf J, — inf J,.
9B B, (0)

If we apply the Ekeland’s variational principle to the functional J; : B, (0) — R,
then we find u, € B, (0) such that

J. (ug) < inf J, + e,
B, (0)

In(ue) < () +ellu—uellgey , u # ue.

Since

Jo(ug) < inf J 4+ e < mf Jy+e < inf J,,
B,(0) By( 9B,(0)

we can deduce that u, € B, (0) . Set a function ¢ : B, (0) — R such that (1) =
Ji(u) + e |lu — uellg(y) - It is easy to see that u, is a minimum point of 1. Thus

Y e+ 1) =Y )
t >

for small ¢ > 0 and any v € B, (0). From the above relation we obtain

S (ue +tv) — J; (u 6)
t

+ellvllge = 0.
By letting t —> 0, we get
(J3 (we), v) + & llvllgeey = O. 15)

If we substitute —v in (15) for v, we acquire |(J] () , v)| < & [|[v]lgy). Itis known that

J’ (ug) e W *lbf © (£2). If we use the definition on operator norm for W, *lbf © (£2),

we have || J; (ug) ||

B, (0) such that

-1 y Oy = < ¢. Thus we conclude that there is a sequence {w,} C

Jr (wy) —> cand J; (w,) —> 0. (16)
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Since {w} C B, (0) and [|wy | gy < o, {wn} is boundedin W,/ (£2) . This follows
that {w, } converges strongly to w in W;”If(') (£2) by Lemma 1. So, by (16),

Jy(w) =c¢ < 0and J; (w) =0.

We conclude that w is a non-trivial weak solution for the problem (1) and thus any
A € (0, A™) is an eigenvalue of the problem (1). O

For the multiplicity solutions of the problem (1), we will use some well-known
results.

Lemma4 (See[14]) Let X be a reflexive and separable Banach space, then there exist
{ej} C X and [ej?} C X™ such that

X =span{e;lj=1,2,..}, X*:span{e;‘f|j=1,2,...}

and
1, i=j
("?’e")z{o, oy

where (-, -) denotes the duality product between X and X*.

k o0
For convenience, we write X ; = span {ej} Ve = @1 X, Zy = Gaka
j= j=

Lemma 5 Ifwe define the set
g = SUP{||M||q(,),h ullgoy =1, u € Zi},
then limy_, 5o o = 0.

Proof Using the continuous embedding Wu1 ’If ) (£2) — LZ(')(.Q) and the method in
(Lemma 4.9, [14]), then we get limg_—, 5 o = 0. O

Using Lemma 5 we obtain the following theorem.

Theorem7 Let p™ < q~. Then there are infinitely many pairs of solutions of the
problem (1), i.e., the functional J, has a sequence of critical points {u,} such that
Jy (up) — +o0.

Proof It is well known that J; is an even functional and fulfills the (PS) condition. We
will prove that if k is large enough, then there exist nx > yx > 0 such that

(A1) b :=inf {Jp ) [u € Zy, llullgy = v& } —> o0 ask —> oo
(A2) a :=max {J, () |u € Vi, lullgey =m } <O.
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(A1) For any u € Zy such that |lullg() = yx > 1, we obtain

I, () > 1y (u)—i b(x) [ul9% dx
A = p+ B(x) q_

v

1 A a at
) = = ma EAYA T

v

1 - A - *
p a 4
o el ey = = max{||u||q(.)’b, ||M||q(,),b}

ol =2 ullgyp <1

>
- 1 P q q
T ”M”ﬁ(x) - )»O(k ”M”ﬁ(x) > ”u”q(.),b > 1
T qt gt
= ot ”u”ﬂ(x) — Aoy ”u”ﬂ(x)

1 - + gt
- p at aq
= p+Vk —hoy Yy

1
+\ T F
If we choose y, = (kq+az ) 74" then we get

+

. (u) >

\
—~
>

ES)
+
[
LS}
~—
|
B~
i
|
>
[
=9
o
——~
>
CS)
+
[
=9
~—
w“
|
=
i

as k —> oo because p* < g7 and oy —> 0. So (A}) holds.
(A2) Let u € Y be such that [lullgr) = nk > yx > 1. Then, we obtain

Jy. (u)

IA

1 + A
— r_ q(x)
el = o ([ |9 b (x) dx

1 + A . - +
< - lell ey — prl {IIuIIZ@,b’ IlullZo,b} :

Since the space Yy has finite dimension, the norms ||. || g,y and ||.1l, . 5 are equivalent.
Finally,
Jr(u) — —ooas |lullgy) — +oo, u € Y

due to p™ < ¢~ by the Fountain Theorem (see [32, Theorem 3.6]). O
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