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Abstract
By applying Mountain Pass Lemma, Ekeland’s variational principle and Fountain
Theorem, we prove the existence and multiplicity of solutions for the following Robin
problem

{−div
(
a(x) |∇u|p(x)−2 ∇u

) = λb(x) |u|q(x)−2 u, x ∈ Ω

a(x) |∇u|p(x)−2 ∂u
∂υ

+ β(x) |u|p(x)−2 u = 0, x ∈ ∂Ω,

under some appropriate conditions in the space W 1,p(.)
a,b (Ω).

Keywords Weak solution · p(.)-Laplacian · Mountain Pass Lemma · Fountain
Theorem · Ekeland variational principle

Mathematics Subject Classification 35J35 · 46E35 · 35J60 · 35J70

1 Introduction

Let a and b be weight functions. In this paper the Robin problem

{−div
(
a(x) |∇u|p(x)−2 ∇u

) = λb(x) |u|q(x)−2 u, x ∈ Ω

a(x) |∇u|p(x)−2 ∂u
∂υ

+ β(x) |u|p(x)−2 u = 0, x ∈ ∂Ω,
(1)
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512 I. Aydin, C. Unal

is investigated with respect to some suitable assumptions, where ∂u
∂υ

is the outer unit
normal derivative of u with respect to ∂Ω , p, q are continuous functions on Ω , i.e.
p, q ∈ C

(
Ω
)
with infx∈Ω p(x) > 1, β ∈ L∞ (∂Ω) such that β− = infx∈∂Ω β(x) >

0, and Ω ⊂ R
N (N ≥ 2) is a bounded smooth domain.

In recent years, variable exponent function spaces, especially Sobolev spaces, have
been very useful for exploring the existence of solutions of partial differential equations
involving p(x)-Laplacian. There are also several applications in this area, such as
electrorheological fluids, image processing, elastic mechanics, fluid dynamics and
calculus of variations [17,27,28,34]. In the last years many p(x) -Laplacian problems
have been investigated by several authors, see [2,3,5,9,13,26,29].

In 2009, Deng [10] studied the following Robin problem

{−div
(|∇u|p(x)−2 ∇u

) = λ f (x, u) , x ∈ Ω

|∇u|p(x)−2 ∂u
∂υ

+ β(x) |u|p(x)−2 u = 0, x ∈ ∂Ω,
(2)

under some conditions on f , and obtained that there exists λ∗ > 0 such that the
problem (2) has at least two positive solutions if λ ∈ (0, λ∗), has at least one positive
solution if λ = λ∗ < +∞ and has no solution if λ > λ∗. Kefi [19] investigated the
Robin problem

{−div
(|∇u|p(x)−2 ∇u

) = λV (x) |u|q(x)−2 u, x ∈ Ω

|∇u|p(x)−2 ∂u
∂υ

+ β(x) |u|p(x)−2 u = 0, x ∈ ∂Ω,
(3)

where V ∈ Ls(.) (∂Ω) and V > 0 with 1 < q(x) < p(x) < s(x) < N for all
x ∈ Ω. Allaoui [1] obtained two different situations of the existence of solutions for
the problem (3) using variational methods. Chung [6] have more general results from
Deng [10] and Kefi [19] under some suitable assumptions for q and V .

Inspired by the articles mentioned above, we obtain some new compact embedding
theorems in W 1,p(.)

a,b (Ω), and show the existence of several different weak solutions
of the problem (1) in these spaces. Therefore, we improve and generalize the results
presented in Allaoui [1], Chung [6], Deng [10] and Kefi [19].

This work has three parts. In Sect. 2, we mention several properties of W 1,p(.)
a,b (Ω)

and energy functional Jλ. Moreover, we define a more general norm in W 1,p(.)
a,b (Ω)

compared to the norm given by Deng [10] using compact embedding theorems. In
Sect. 3, we investigate and discuss the major conclusions of the paper.

2 Notation and preliminaries

Let Ω be a bounded open subset of RN with a smooth boundary ∂Ω . Then, the set is
defined by

C+
(
Ω
) =

{
p ∈ C

(
Ω
) : inf

x∈Ω

p(x) > 1

}
,
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Existence and multiplicity of weak solutions… 513

For any p ∈ C+
(
Ω
)
, we indicate

p− = inf
x∈Ω

p(x) and p+ = sup
x∈Ω

p(x).

Let p ∈ C+
(
Ω
)
and 1 < p− ≤ p+ < ∞. The space L p(.)(Ω) is defined by

L p(.)(Ω) =
⎧⎨
⎩u

∣∣∣∣∣∣u : Ω → R is measurable and
∫
Ω

|u(x)|p(x) dx < ∞
⎫⎬
⎭

with the (Luxemburg) norm

‖u‖p(.) = inf
{
λ > 0 : �p(.)

(u
λ

)
≤ 1

}
,

where

�p(.)(u) =
∫
Ω

|u(x)|p(x) dx .

Moreover, the space
(
L p(.)(Ω), ‖.‖p(.)

)
is a reflexive Banach space, see [22].

The weighted Lebesgue space L p(.)
a (Ω) is defined by

L p(.)
a (Ω) =

⎧⎨
⎩u

∣∣∣∣∣∣u : Ω −→ R measurable and
∫
Ω

|u(x)|p(x) a(x)dx < ∞
⎫⎬
⎭

such that ‖u‖p(.),a =
∥∥∥ua 1

p(.)

∥∥∥
p(.)

< ∞ for u ∈ L p(.)
a (Ω), where a is aweight function

from Ω to (0,∞).

Remark 1 The space
(
L p(.)
a (Ω), ‖.‖p(.),a

)
is a Banach space.

Proof Let
(
u j
)
be a Cauchy sequence in L p(.)

a (Ω). Then,
(
u ja

1
p(.)

)
is a Cauchy

sequence in the Banach space L p(.)(Ω) due to

∥∥u j1 − u j2

∥∥
p(.),a =

∥∥∥(u j1 − u j2

)
a

1
p(.)

∥∥∥
p(.)

→ 0,

so it converges to some u in L p(.)(Ω). This follows that
(
u j
)
converges to ua− 1

p(.) in

L p(.)
a (Ω). ��
We can define the space L p(.)

a (∂Ω) similarly by

L p(.)
a (∂Ω) =

⎧⎨
⎩u

∣∣∣∣∣∣u : ∂Ω −→ R measurable and
∫

∂Ω

|u(x)|p(x) a(x)dσ < +∞
⎫⎬
⎭
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514 I. Aydin, C. Unal

with the norm

‖u‖p(.),a,∂Ω = inf

⎧⎨
⎩τ > 0 :

∫
∂Ω

∣∣∣∣u(x)

τ

∣∣∣∣
p(x)

a(x)dσ ≤ 1

⎫⎬
⎭

for u ∈ L p(.)
a (∂Ω), where dσ is the measure on the boundary of Ω . Then(

L p(.)
a (∂Ω), ‖.‖p(.),a,∂Ω

)
is a Banach space. If a ∈ L∞ (Ω), then L p(.)

a = L p(.),

see [8,18].

Proposition 1 (See [2,13,20,24,25]) For all u, v ∈ L p(.)
a (Ω), we have

(i) ‖u‖p(.),a < 1 (resp.= 1,> 1) if and only if �p(.),a(u) < 1 (resp.= 1,> 1),

(ii) ‖u‖p−
p(.),a ≤ �p(.),a(u) ≤ ‖u‖p+

p(.),a with ‖u‖p(.),a > 1,

(iii) ‖u‖p+
p(.),a ≤ �p(.),a(u) ≤ ‖u‖p−

p(.),a with ‖u‖p(.),a < 1

(iv) min
{
‖u‖p−

p(.),a , ‖u‖p+
p(.),a

}
≤ �p(.),a(u) ≤ max

{
‖u‖p−

p(.),a , ‖u‖p+
p(.),a

}
,

(v) min

{
�p(.),a(u)

1
p− , �p(.),a(u)

1
p+
}

≤ ‖u‖p(.),a ≤ max

{
�p(.),a(u)

1
p− ,

�p(.),a(u)
1
p+
}
,

(vi) �p(.),a(u − v) → 0 if and only if ‖u − v‖p(.),a → 0.

Definition 1 Let a− 1
p(.)−1 , b− 1

p(.)−1 ∈ L1
loc (Ω). The double weighted variable expo-

nent Sobolev space W 1,p(.)
a,b (Ω) is defined by

W 1,p(.)
a,b (Ω) =

{
u ∈ L p(.)

b (Ω) : |∇u| ∈ L p(.)
a (Ω)

}

equipped with the norm

‖u‖1,p(.)a,b = ‖∇u‖p(.),a + ‖u‖p(.),b .

If we take a = b = 1, then we obtain W 1,p(.)
a,b (Ω) = W 1,p(.) (Ω) .

Note that the spaces L p(.)
a (Ω) and W 1,p(.)

a,b (Ω) are separable and reflexive Banach

spaces. In addition, the dual spaces of L p(.)
a (Ω) and W 1,p(.)

a,b (Ω) are L p′(.)
a∗ (Ω) and

W−1,p′(.)
a∗,b∗ (Ω), respectively, where 1

p(.) + 1
p′(.) = 1, a∗ = a1−p′(.) = a− 1

p(.)−1 and

b∗ = b1−p′(.) = b− 1
p(.)−1 , see [4,15,23,25,33].

For A ⊂ Ω , denote by p−(A) = infx∈A p(x) and p+(A) = supx∈A p(x). Define

p∂ (x) = (p(x))∂ =
{

(N−1)p(x)
N−p(x) , if p (x) < N ,

∞, if p (x) ≥ N ,
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Existence and multiplicity of weak solutions… 515

and

p∂
r(x) (x) = r(x) − 1

r(x)
p∂ (x)

for any x ∈ ∂Ω and r ∈ C (∂Ω,R) with r− = infx∈∂Ω r(x) > 1.

Theorem 1 (See [8]) Assume that the set ∂Ω possesses the cone property and p ∈
C
(
Ω
)
with p− > 1. If q ∈ C (∂Ω) and the inequality 1 ≤ q(x) < p∂

r(x) (x) is valid

for all x ∈ ∂Ω, then there is a compact embedding W 1,p(.) (Ω) ↪→ Lq(.)
a (∂Ω) for

a ∈ Lr(.)(∂Ω), r ∈ C (∂Ω) with r(x) >
p∂ (x)

p∂ (x)−1
for all x ∈ ∂Ω . In particular, there

is a compact embedding W 1,p(.) (Ω) ↪→ Lq(.)(∂Ω) , where 1 ≤ q(x) < p∂ (x) for
all x ∈ ∂Ω .

It is easy to see that p∂
r(x) (x) < p∂ (x) and p (x) < p∂ (x). So we have the

following Corollary under conditions in Theorem 1.

Corollary 1 (See [8])

(i) There is a compact embedding W 1,p(.) (Ω) ↪→ L p(.)(∂Ω), where 1 ≤ p(x) <

p∂ (x), ∀x ∈ ∂Ω .
(ii) There is a compact embedding W 1,p(.) (Ω) ↪→ L p(.)

a (∂Ω), where 1 ≤ p(x) <

p∂
r(x) (x) < p∂ (x), ∀x ∈ ∂Ω .

Theorem 2 (See [5]) Let a−α(.) ∈ L1 (Ω) with α (x) ∈
(

N
p(x) ,∞

)
∩
[

1
p(x)−1 ,∞

)
.

Then we have the compact embedding

W 1,p(.)
a,b (Ω) ↪→ W 1,p∗(.) (Ω)

where p∗(x) = α(x)p(x)
α(x)+1 .

Corollary 2 If the inequality p(x) < p∂
∗,r(x) (x) < p∂∗ (x) is valid for all x ∈ ∂Ω , then

there exists a compact embedding between W 1,p(.)
a,b (Ω) and L p(.)

a (∂Ω).

Theorem 3 (See [13]) Assume that the set ∂Ω possesses the cone property and p ∈
C
(
Ω
)
. Suppose that b ∈ Lr(.) (Ω) , b(x) > 0 for x ∈ Ω , r ∈ C

(
Ω
)
and r− > 1. If

q ∈ C
(
Ω
)
and

1 ≤ q(x) <
r (x) − 1

r(x)
pγ (x)

for all x ∈ Ω , then there is a compact embedding W 1,p(.) (Ω) ↪→ Lq(.)
b (Ω), where

pγ (x) =
{

Np(x)
N−p(x) , if p (x) < N ,

+∞, if p (x) ≥ N .

Corollary 3 If the inequality 1 ≤ q(x) <
r(x)−1
r(x) (p∗)γ (x) is true for all x ∈ Ω , then

there exists a compact embedding between W 1,p(.)
a,b (Ω) and Lq(.)

b (Ω).
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516 I. Aydin, C. Unal

The following Theorem plays an important role for the existence of weak solutions
of the problem (1).

Theorem 4 Let u ∈ W 1,p(.)
a,b (Ω) . Then the norms ‖u‖∂ and ‖u‖1,p(.)a,b are equivalent

on W 1,p(.)
a,b (Ω), where

‖u‖∂ = ‖∇u‖p(.),a + ‖u‖p(.),a,∂Ω .

Proof Using the embedding W 1,p(.)
a,b (Ω) ↪→ L p(.)

a (∂Ω) in Corollary 2, there exists a
C1 > 0 such that

‖u‖p(.),a,∂Ω ≤ (C1 − 1) ‖u‖1,p(.)a,b

for all u ∈ W 1,p(.)
a,b (Ω). Thus, we get

‖u‖∂ ≤ C1 ‖u‖1,p(.)a,b . (4)

Now, we will show that the inequality

‖u‖p(.),b ≤ C2 ‖u‖∂

is satisfied for any u ∈ W 1,p(.)
a,b (Ω) and C2 > 0. Assume that there exists a sequence

(un)n∈N in W 1,p(.)
a,b (Ω) such that

‖un‖p(.),b > n ‖un‖∂

for each n ∈ N. Take ‖un‖p(.),b = 1. Then we obtain

‖un‖∂ → 0 (n → ∞)

due to the boundedness of N. Thus, we see that

‖∇un‖p(.),a → 0

and
‖un‖p(.),a,∂Ω → 0

as n → ∞. This follows that the sequence (un)n∈N is bounded in W 1,p(.)
a,b (Ω). Since

the spaceW 1,p(.)
a,b (Ω) is a reflexive Banach space, there exists a subsequence (un)n∈N,

such that
un⇀v (weakly)

as n → ∞ in W 1,p(.)
a,b (Ω). If we use the compact embedding in Corollary 3, then we

get
un → v (strongly) (5)
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Existence and multiplicity of weak solutions… 517

as n → ∞ in L p(.)
b (Ω). Moreover, since strong convergence requires weak conver-

gence, we have un⇀v as n → ∞ in L p(.)
b (Ω). Therefore, we can get that

∇un⇀∇v

as n → ∞ in
(
L p(.)
a (Ω)

)N
. By Theorem 5.12-2 in [7], we see that

lim inf
n→∞ ‖∇un‖p(.),a ≥ ‖∇v‖p(.),a ,

i.e. ‖∇v‖p(.),a = 0 and v ≡ c (constant). Again using the compact embedding

W 1,p(.)
a,b (Ω) ↪→ L p(.)

a (∂Ω), the convergence un → v (strongly), and so un⇀v

(weakly) as n → ∞ in L p(.)
a (∂Ω) and Theorem 5.12-2 in [7], we have

lim inf
n→∞ ‖un‖p(.),a,∂Ω ≥ ‖v‖p(.),a,∂Ω ,

that is, ‖v‖p(.),a,∂Ω ≡ 0 and v ≡ 0. Due to ‖un‖p(.),b = 1 and (5 ), this is a contra-
diction. This completes the proof.

Let β ∈ L∞ (∂Ω) such that β− = inf x∈∂Ω β(x) > 0. Then, the norm ‖u‖β(x) is
defined by

‖u‖β(x) = inf

⎧⎨
⎩τ > 0 :

∫
Ω

a(x)

∣∣∣∣∇u(x)

τ

∣∣∣∣
p(x)

dx +
∫

∂Ω

β(x)

∣∣∣∣u(x)

τ

∣∣∣∣
p(x)

dσ ≤ 1

⎫⎬
⎭

for any u ∈ W 1,p(.)
a,b (Ω). Moreover, ‖.‖β(x) and ‖.‖1,p(.)a,b are equivalent onW 1,p(.)

a,b (Ω)

by Theorem 4.

Proposition 2 (See [16,24,25]) Let Iβ(x)(u) = ∫
Ω

a(x) |∇u(x)|p(x) dx + ∫
∂Ω

β(x)

|u(x)|p(x) dσ with β− > 0. For any u, uk ∈ W 1,p(.)
a,b (Ω) (k = 1, 2, ...), we have

(i) ‖u‖p−
β(x) ≤ Iβ(x)(u) ≤ ‖u‖p+

β(x) with ‖u‖β(x) ≥ 1,

(ii) ‖u‖p+
β(x) ≤ Iβ(x)(u) ≤ ‖u‖p−

β(x) with ‖u‖β(x) ≤ 1,

(iii) min
{
‖u‖p−

β(x) , ‖u‖p+
β(x)

}
≤ Iβ(x)(u) ≤ max

{
‖u‖p−

β(x) , ‖u‖p+
β(x)

}
,

(iv) ‖u − uk‖β(x) → 0 if and only if Iβ(x)(u − uk) → 0 as k → ∞,
(v) ‖uk‖β(x) → ∞ if and only if Iβ(x)(uk) → ∞ as k → ∞.

The following Proposition can be proved similarly using the methods in [6,14,16,
25].

Proposition 3 Let us define the functional Lβ(x) : W 1,p(.)
a,b (Ω) → R by

Lβ(x) (u) =
∫
Ω

a(x)

p (x)
|∇u|p(x) dx +

∫
∂Ω

β(x)

p(x)
|u(x)|p(x) dσ
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518 I. Aydin, C. Unal

for all u ∈ W 1,p(.)
a,b (Ω). Then we obtain Lβ(x) ∈ C1

(
W 1,p(.)

a,b (Ω) ,R
)
and

L ′
β(x) (u) (v) =< L ′

β(x) (u) , v > =
∫
Ω

a(x) |∇u|p(x)−2 ∇u∇vdx

+
∫

∂Ω

β(x) |u(x)|p(x)−2 uvdσ

for any u, v ∈ W 1,p(.)
a,b (Ω). In addition, we have the following properties;

(i) L ′
β(x) : W 1,p(.)

a,b (Ω) −→ W−1,p′(.)
a∗,b∗ (Ω) is continuous, bounded and strictly

monotone operator,

(ii) L ′
β(x) : W 1,p(.)

a,b (Ω) −→ W−1,p′(.)
a∗,b∗ (Ω) is a mapping of type (S+) , i.e., if un⇀u

in W 1,p(.)
a,b (Ω) and lim sup

n−→∞
L ′

β(x) (un) (un − u) ≤ 0, then un −→ u in W 1,p(.)
a,b (Ω) ,

(iii) L ′
β(x) : W 1,p(.)

a,b (Ω) −→ W−1,p′(.)
a∗,b∗ (Ω) is a homeomorphism.

Definition 2 If the function u ∈ W 1,p(.)
a,b (Ω) satisfies the condition

∫
Ω

a(x) |∇u|p(x)−2 ∇u∇vdx +
∫

∂Ω

β(x) |u(x)|p(x)−2 uvdσ

−λ

∫
Ω

b(x) |u|q(x)−2 uvdx = 0

for all v ∈ W 1,p(.)
a,b (Ω), then u is called a weak solution of the problem (1). We

point out that if λ ∈ R is an eigenvalue of the problem (1), then the corresponding
u ∈ W 1,p(.)

a,b (Ω) − {0} is a weak solution of (1).

Zhikov andSurnachev [35] prove that a sufficient condition for the density of smooth
functions in theweighted Sobolev spacewith variable exponent is obtained.Moreover,
it is known that the space C∞

0 (Ω) is a subspace of W 1,p(.)
a,b (Ω), and W 1,p(.)

a,b (Ω) =
W 1,p(.) (Ω) for 0 < a1 ≤ a(x) ≤ a2, 0 < b1 ≤ b(x) ≤ b2 and a1, a2, b1,
b2 ∈ R. Thus we obtain that the spaces C∞

0 (Ω) and C∞ (Ω) ∩ W 1,p(.)
a,b (Ω) is dense

inW 1,p(.)
a,b (Ω) since log-H ölder continuity of the exponent is sufficient for the density

of smooth functions, see [11, Theorem 9.1.8], [12,30,31].
The class Ap(.) consists of those weights w such that

‖w‖Ap(.)
= sup

B∈ß
|B|−pB ‖w‖L1(B)

∥∥∥∥ 1w
∥∥∥∥
L

p�(.)
p(.) (B)

< ∞

123



Existence and multiplicity of weak solutions… 519

where ß denotes the set of all balls inΩ , pB =
(

1
|B|
∫
B

1
p(x)dx

)−1

and 1
p(.) + 1

p�(.)
= 1.

If a ∈ Ap(.), 0 < b1 ≤ b(x) ≤ b2 and p (.) ∈ P log(Rn), i.e. p (.) satisfy log-Hölder

continuity condition, then C∞
0 (Ω) is dense inW 1,p(.)

a,b (Ω) , see [2,21]. Therefore, the
weak solution of the problem (1) is well defined. Throughout the paper, we assume
that a ∈ Ap(.), 0 < b1 ≤ b(x) ≤ b2 and p (.) ∈ P log(Ω).

Tofind out aweak solution to (1), let us introduce the functional Jλ : W 1,p(.)
a,b (Ω) →

R defined by

Jλ (u) =
∫
Ω

a(x)

p (x)
|∇u|p(x) dx +

∫
∂Ω

β(x)

p(x)
|u(x)|p(x) dσ − λ

∫
Ω

b (x)

q (x)
|u|q(x) dx

for any λ > 0. It is easy to see that Jλ is well defined from W 1,p(.)
a,b (Ω) to R and

Jλ ∈ C1
(
W 1,p(.)

a,b (Ω) ,R
)
with the derivative given by

J ′
λ (u) (v) =

∫
Ω

a(x) |∇u|p(x)−2 ∇u∇vdx +
∫

∂Ω

β(x) |u(x)|p(x)−2 uvdσ

− λ

∫
Ω

b(x) |u|q(x)−2 uvdx

for all u, v ∈ W 1,p(.)
a,b (Ω) . The operator J ′

λ (u) belongs to the dual space

W−1,p′(.)
a∗,b∗ (Ω). We also have u ∈ W 1,p(.)

a,b (Ω) is a weak solution of the problem
(1) if and only if u is a critical point of Jλ.

3 Main results

In this section, we suppose that p(x) < p∂
∗,r(x) (x) < p∂∗ (x) for all x ∈ ∂Ω, and

1 ≤ q(x) <
r(x)−1
r(x) (p∗)γ (x) for all x ∈ Ω .

Lemma 1 If there is a constant η > 0 such that p+ < η < q−, then the operator Jλ
satisfies the (PS) condition.

Proof Let (un)n∈N ⊂ W 1,p(.)
a,b (Ω) be such that

sup |Jλ (un)| ≤ M, J ′
λ (un) → 0 in W−1,p′(.)

a∗,b∗ (Ω) as n → ∞, (6)
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i.e., (un)n∈N is a (PS) sequence. First, it will be shown that the sequence (un)n∈N is
bounded in W 1,p(.)

a,b (Ω) . If the sequence (un)n∈N is not bounded, then we may write
‖un‖β(x) > 1 for all n ∈ N. It follows that we have

M + ‖un‖β(x) ≥ Jλ (un) − 1

η

〈
J ′
λ (un) , un

〉

=
∫
Ω

a(x)

p (x)
|∇un |p(x) dx +

∫
∂Ω

β(x)

p(x)
|un(x)|p(x) dσ − λ

∫
Ω

b (x)

q (x)
|un |q(x) dx

− 1

η

∫
Ω

a(x) |∇un |p(x) dx − 1

η

∫
∂Ω

β(x) |un(x)|p(x) dσ + λ

η

∫
Ω

b(x) |un |q(x) dx

≥
(

1

p+ − 1

η

)
Iβ(x)(un) + λ

(
1

η
− 1

q−

)∫
Ω

b(x) |un |q(x) dx

≥
(

1

p+ − 1

η

)
‖un‖p−

β(x) .

Dividing the last inequality by ‖un‖p−
β(x), passing to the limit as n → ∞weget η ≤ p+,

which is a contradiction. Thus, (un) is bounded inW
1,p(.)
a,b (Ω) . SinceW 1,p(.)

a,b (Ω) is a

reflexive Banach space, there exists u ∈ W 1,p(.)
a,b (Ω) such that un⇀u in W 1,p(.)

a,b (Ω) .

By Corollary 3, the embedding W 1,p(.)
a,b (Ω) ↪→ Lq(.)

b (Ω) is compact. Thus, we have

un → u in Lq(.)
b (Ω) and supn ‖un‖β(x) < ∞. Moreover, using the Hölder inequality,

we obtain

∣∣∣∣∣∣
∫
Ω

b(x) |un |q(x)−2 un (un − u) dx

∣∣∣∣∣∣ ≤
∫
Ω

b(x)
1

q(x) + 1
r(x) |un |q(x)−1 |un − u| dx

≤ C
∥∥∥|un |q(x)−1 b(x)

1
r(x)

∥∥∥
r(.)

.

∥∥∥|un − u| b(x) 1
q(x)

∥∥∥
q(.)

= C ‖un‖q(.),b . ‖un − u‖q(.),b

≤ C∗ ‖un‖β(x) . ‖un − u‖q(.),b −→ 0

where 1
q(.)

+ 1
r(.) = 1. So

lim
n−→∞

∫
Ω

b(x) |un|q(x)−2 un (un − u) dx = 0. (7)

By (6) and the boundedness of {un − u} in W 1,p(.)
a,b (Ω), we have

J ′
λ (un) (un − u) → 0. (8)
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If we combine (7) and (8), we prove that

lim
n−→∞

⎛
⎝∫

Ω

a(x) |∇un |p(x)−2 ∇un (∇un − ∇u) dx +
∫

∂Ω

β(x) |un(x)|p(x)−2 un (un − u) dσ

⎞
⎠ = 0

or
lim

n−→∞ L ′
β(x) (un) (un − u) = 0. (9)

By (9) and Proposition 3, it is obtained that the sequence {un} converges strongly to
u in W 1,p(.)

a,b (Ω). The proof is completed. ��

Theorem 5 Let p+ < η < q− for some η > 0. Then, there is a nontrivial weak
solution of the problem (1) for p+ < η < q−.

Proof By Lemma 1, the functional Jλ satisfies (PS) condition on W 1,p(.)
a,b (Ω). Using

the assumption p+ < η < q− and the embedding W 1,p(.)
a,b (Ω) ↪→ Lq(.)

b (Ω) we have

Jλ (u) =
∫
Ω

a(x)

p (x)
|∇u|p(x) dx +

∫
∂Ω

β(x)

p(x)
|u(x)|p(x) dσ − λ

∫
Ω

b (x)

q (x)
|u|q(x) dx

≥ 1

p+

⎛
⎝∫

Ω

a(x) |∇u|p(x) dx +
∫

∂Ω

β(x) |u(x)|p(x) dσ

⎞
⎠− λ

q−

∫
Ω

b(x) |u|q(x) dx

≥ 1

p+ Iβ(x)(u) − λ

q− max
{
‖u‖q−

q(.),b , ‖u‖q+
q(.),b

}

≥ 1

p+ Iβ(x)(u) − λ

q− max
{
‖u‖q−

β(x) , ‖u‖q+
β(x)

}

≥ 1

p+ ‖u‖p+
β(x) − λ

q− ‖u‖q−
β(x)

≥
(

1

p+ − λ

q−

)
‖u‖p+

β(x)

for ‖u‖β(x) ≤ 1 and p+λ < q−. Thus, we get Jλ (u) > 0 for ‖u‖β(x) = ρ sufficiently
small. In addition, we have

Jλ (tv) =
∫
Ω

a(x)t p(x)

p (x)
|∇v|p(x) dx +

∫
∂Ω

β(x)t p(x)

p(x)
|v|q(x) dσ − λ

∫
Ω

b (x) tq(x)

q (x)
|v|q(x) dx

≤ t p
+
Iβ(x)(v) − λtq

−
∫
Ω

b(x) |v|q(x) dx

≤ t p
+
Iβ(x)(v) − λtη

−
∫
Ω

b(x) |v|q(x) dx −→ −∞
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as t −→ ∞ for v ∈ W 1,p(.)
a,b (Ω)−{0} .Note also that Jλ (0) = 0. So, it is showed that

there is a nontrivial weak solution of the problem (1) by the Mountain Pass Theorem
(see [32]).

To apply Ekeland’s variational principle to the problem (1), we need the following
lemmas.

Lemma 2 Let 1 < q− < p− < q+ < p+. Then, there exists λ∗ > 0 such that for any
λ ∈ (0, λ∗) there exist ρ, γ > 0 such that Jλ(u) ≥ γ > 0 for any u ∈ W 1,p(.)

a,b (Ω)

with ‖u‖β(x) = ρ.

Proof Due to the continuous embedding W 1,p(.)
a,b (Ω) ↪→ Lq(.)

b (Ω), there exists a
positive constant C2 > 0 such that

‖u‖q(.),b ≤ C2 ‖u‖β(x) (10)

for any u ∈ W 1,p(.)
a,b (Ω). We take ρ ∈ (0, 1) such that ρ < 1

C2
. Then the relation ( 10)

implies ‖u‖q(.),b < 1 and

∫
Ω

|u|q(x) b (x) dx ≤ ‖u‖q−
q(.),b (11)

for all u ∈ W 1,p(.)
a,b (Ω) with ‖u‖β(x) = ρ. Combining (10) and (11), we obtain

∫
Ω

|u|q(x) b (x) dx ≤ Cq−
2 ‖u‖q−

β(x) (12)

for all u ∈ W 1,p(.)
a,b (Ω) with ‖u‖β(x) = ρ. Due to the inequality (12), we deduce that

Jλ (u) ≥ 1

p+ Iβ(x)(u) − λ

q−

∫
Ω

b(x) |u|q(x) dx

≥ 1

p+ ‖u‖p+
β(x) − λ

q−Cq−
2 ‖u‖q−

β(x)

= 1

p+ ρ p+ − λ

q−Cq−
2 ρq−

= ρq−
(

1

p+ ρ p+−q− − λ

q−Cq−
2

)
.

Taking

λ∗ = ρ p+−q−

2p+ .
q−

Cq−
2

, (13)
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then there exists γ = ρ p+
2p+ > 0 such that Jλ(u) ≥ γ > 0 for all λ ∈ (0, λ∗) and

u ∈ W 1,p(.)
a,b (Ω) with ‖u‖β(x) = ρ.

Lemma 3 There is a function φ in W 1,p(.)
a,b (Ω) satisfying φ ≥ 0, φ �= 0 and Jλ (tφ) <

0 when t is small enough for 1 < q− < p− < q+ < p+.

Proof Using the assumption q− < p− we have q− + ε0 < p− for a ε0 > 0. Since
q ∈ C

(
Ω
)
, we can find an open subset Ω0 ⊂ Ω such that

∣∣q(x) − q−∣∣ < ε0 for any
x ∈ Ω0. So, we infer that

q(x) ≤ q− + ε0 < p− (14)

for any x ∈ Ω0. Moreover, there is a function φ ∈ C∞
0 (Ω) satisfying Ω0 ⊂ suppφ,

φ(x) = 1 for all x ∈ Ω0 and 0 ≤ φ ≤ 1 in Ω . Using (14) we have

Jλ (tφ) =
∫
Ω

a(x)t p(x)

p (x)
|∇φ|p(x) dx +

∫
∂Ω

β(x)t p(x)

p(x)
|φ|p(x) dσ

−λ

∫
Ω

b (x) tq(x)

q (x)
|φ|q(x) dx

≤ t p
−

p− Iβ(x)(u) − λ

q+

∫
Ω

tq(x) |φ|q(x) b (x) dx

≤ t p
−

p− − λ

q+

∫
Ω0

tq(x) |φ|q(x) b (x) dx

≤ t p
−

p− − λtq
−+ε0

q+

∫
Ω0

|φ|q(x) b (x) dx

for any t ∈ (0, 1) and ‖φ‖β(x) = Iβ(x)(u) = 1. Then, for any t < δ
1

p−−q−−ε0 with

0 < δ < min

{
1, λp−

q+
∫

Ω0

|φ|q(x) b (x) dx

}
, we obtain Jλ (tφ) < 0. ��

Theorem 6 Let 1 < q− < p− < q+ < p+. Then, there exists λ∗ > 0 such that any
λ ∈ (0, λ∗) is an eigenvalue for the problem (1).

Proof Let λ ∈ (0, λ∗), where λ∗ is given by (13). By Lemma 2 it follows that on the
boundary of the ball centered at the origin and of radius ρ in W 1,p(.)

a,b (Ω), denoted by
Bρ (0) , we have

inf
∂Bρ(0)

Jλ > 0.
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On the other hand, by Lemma 3, there exists φ ∈ W 1,p(.)
a,b (Ω) such that Jλ (tφ) < 0

for t > 0 small enough. Moreover, we get

Jλ(u) ≥ 1

p+ ‖u‖p+
β(x) − λ

q−Cq−
2 ‖u‖q−

β(x)

for any u ∈ W 1,p(.)
a,b (Ω) . This follows that

−∞ < c = inf
Bρ(0)

Jλ < 0.

Let us choose ε > 0. Therefore, we have

0 < ε < inf
∂Bρ(0)

Jλ − inf
Bρ(0)

Jλ.

If we apply the Ekeland’s variational principle to the functional Jλ : Bρ (0) −→ R,

then we find uε ∈ Bρ (0) such that

Jλ (uε) < inf
Bρ(0)

Jλ + ε,

Jλ (uε) < Jλ (u) + ε ‖u − uε‖β(x) , u �= uε.

Since
Jλ (uε) ≤ inf

Bρ(0)
Jλ + ε ≤ inf

Bρ(0)
Jλ + ε < inf

∂Bρ(0)
Jλ,

we can deduce that uε ∈ Bρ (0) . Set a function ψ : Bρ (0) −→ R such that ψ (u) =
Jλ(u) + ε ‖u − uε‖β(x) . It is easy to see that uε is a minimum point of ψ. Thus

ψ (uε + tv) − ψ (uε)

t
≥ 0

for small t > 0 and any v ∈ Bρ (0). From the above relation we obtain

Jλ (uε + tv) − Jλ (uε)

t
+ ε ‖v‖β(x) ≥ 0.

By letting t −→ 0, we get

〈
J ′
λ (uε) , v

〉+ ε ‖v‖β(x) ≥ 0. (15)

If we substitute−v in (15) for v, we acquire
∣∣〈J ′

λ (uε) , v
〉∣∣ ≤ ε ‖v‖β(x). It is known that

J ′
λ (uε) ∈ W−1,p′(.)

a∗,b∗ (Ω). If we use the definition on operator norm for W−1,p′(.)
a∗,b∗ (Ω),

we have
∥∥J ′

λ (uε)
∥∥
W−1,p′(.)

a∗,b∗ (Ω)
≤ ε. Thus we conclude that there is a sequence {wn} ⊂

Bρ (0) such that
Jλ (wn) −→ c and J ′

λ (wn) −→ 0. (16)
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Since {wn} ⊂ Bρ (0) and ‖wn‖β(x) < ρ, {wn} is bounded inW 1,p(.)
a,b (Ω) .This follows

that {wn} converges strongly to w in W 1,p(.)
a,b (Ω) by Lemma 1. So, by (16),

Jλ (w) = c < 0 and J ′
λ (w) = 0.

We conclude that w is a non-trivial weak solution for the problem (1) and thus any
λ ∈ (0, λ∗) is an eigenvalue of the problem (1). ��

For the multiplicity solutions of the problem (1), we will use some well-known
results.

Lemma 4 (See [14]) Let X be a reflexive and separable Banach space, then there exist{
e j
} ⊂ X and

{
e∗
j

}
⊂ X∗ such that

X = span
{
e j | j = 1, 2, ...

}
, X∗ = span

{
e∗
j | j = 1, 2, ...

}

and 〈
e∗
i , e j

〉 =
{
1, i = j
0, i �= j

where 〈·, ·〉 denotes the duality product between X and X∗.

For convenience, we write X j = span
{
e j
}
, Yk =

k⊕
j=1

X j , Zk =
∞⊕
j=k

X j .

Lemma 5 If we define the set

αk = sup
{‖u‖q(.),b : ‖u‖β(x) = 1, u ∈ Zk

}
,

then limk−→∞ αk = 0.

Proof Using the continuous embedding W 1,p(.)
a,b (Ω) ↪→ Lq(.)

b (Ω) and the method in
(Lemma 4.9, [14]), then we get limk−→∞ αk = 0. ��

Using Lemma 5 we obtain the following theorem.

Theorem 7 Let p+ < q−. Then there are infinitely many pairs of solutions of the
problem (1), i.e., the functional Jλ has a sequence of critical points {un} such that
Jλ (un) −→ +∞.

Proof It is well known that Jλ is an even functional and fulfills the (PS) condition. We
will prove that if k is large enough, then there exist ηk > γk > 0 such that

(A1) bk := inf
{
Jλ (u)

∣∣u ∈ Zk, ‖u‖β(x) = γk
} −→ ∞ as k −→ ∞

(A2) ak := max
{
Jλ (u)

∣∣u ∈ Yk, ‖u‖β(x) = ηk
} ≤ 0.
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(A1) For any u ∈ Zk such that ‖u‖β(x) = γk > 1, we obtain

Jλ (u) ≥ 1

p+ Iβ(x)(u) − λ

q−

∫
Ω

b(x) |u|q(x) dx

≥ 1

p+ Iβ(x)(u) − λ

q− max
{
‖u‖q−

q(.),b , ‖u‖q+
q(.),b

}

≥ 1

p+ ‖u‖p−
β(x) − λ

q− max
{
‖u‖q−

q(.),b , ‖u‖q+
q(.),b

}

≥
⎧⎨
⎩

1
p+ ‖u‖p−

β(x) − λ, ‖u‖q(.),b ≤ 1
1
p+ ‖u‖p−

β(x) − λα
q+
k ‖u‖q+

β(x) , ‖u‖q(.),b > 1

≥ 1

p+ ‖u‖p−
β(x) − λα

q+
k ‖u‖q+

β(x)

= 1

p+ γ
p−
k − λα

q+
k γ

q+
k

If we choose γk =
(
λq+α

q+
k

) 1
p−−q+

, then we get

Jλ (u) ≥ 1

p+
(
λq+α

q+
k

) p−
p−−q+ − λα

q+
k

(
λq+α

q+
k

) q+
p−−q+

=
(

1

p+ − 1

q+

)(
λq+α

q+
k

) p−
p−−q+ −→ ∞

as k −→ ∞ because p+ < q+ and αk −→ 0. So (A1) holds.
(A2) Let u ∈ Yk be such that ‖u‖β(x) = ηk > γk > 1. Then, we obtain

Jλ (u) ≤ 1

p− ‖u‖p+
β(x) − λ

q+

∫
Ω

|u|q(x) b (x) dx

≤ 1

p− ‖u‖p+
β(x) − λ

q+ min
{
‖u‖q−

q(.),b , ‖u‖q+
q(.),b

}
.

Since the space Yk has finite dimension, the norms ‖.‖β(x) and ‖.‖q(.),b are equivalent.
Finally,

Jλ (u) → −∞ as ‖u‖β(x) → +∞, u ∈ Yk

due to p+ < q− by the Fountain Theorem (see [32, Theorem 3.6]). ��
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28. Růžička, M.: Electrorheological Fluids: Modeling and Mathematical Theory. Lecture Notes in Math-

ematics, vol. 1748. Springer, Berlin (2000)

123

https://doi.org/10.1155/2012/132690
https://doi.org/10.1155/2012/132690


528 I. Aydin, C. Unal

29. Unal, C., Aydin, I.: Compact embeddings of weighted variable exponent Sobolev spaces and exis-
tence of solutions for weighted p(.) -Laplacian. Complex Var. Elliptic Equ. (2020) (Accepted for
publication)

30. Samko, S.: Denseness of C∞
0
(
R
n) in the generalized Sobolev spaces Wm,p(x) (

R
n). Dokl. Ross.

Acad. Nauk 369, 451–454 (1999). ((Russian))
31. Samko, S.: Denseness of C∞

0 (RN ) in the generalized Sobolev spaces WM,P(X)(RN ). Direct and
Inverse Problems of Mathematical Physics (Newark, DE, 1997). Int. Soc. Anal. Appl. Comput. 5,
333–342. Kluwer Academic Publishers, Dordrecht (2000)

32. Willem, M.: Minimax Theorems. Birkhauser, Boston (1996)
33. Yongqang, F.: Weak solution for obstacle problem with variable growth. Nonlinear Anal. 59, 371–383

(2004)
34. Zhikov, V.V.: Averaging of functionals of the calculus of variations and elasticity theory. Math. USSR

Izv. 9, 33–66 (1987)
35. Zhikov, V.V., Surnachev, M.D.: On density of smooth functions in weighted Sobolev spaces with

variable exponents. St. Petersb. Math. J. 27, 415–436 (2016)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123


	Existence and multiplicity of weak solutions for eigenvalue Robin problem with weighted p(.)-Laplacian
	Abstract
	1 Introduction
	2 Notation and preliminaries
	3 Main results
	References




