Collectanea Mathematica (2020) 71:349-367
https://doi.org/10.1007/s13348-019-00262-5

®

Check for
updates

The Kolmogorov-Riesz theorem and some compactness
criterions of bounded subsets in weighted variable exponent
amalgam and Sobolev spaces

Ismail Aydin' - Cihan Unal’

Received: 18 October 2018 / Accepted: 3 September 2019 / Published online: 7 September 2019
© Universitat de Barcelona 2019

Abstract

We study totally bounded subsets in weighted variable exponent amalgam and Sobolev
spaces. Moreover, this paper includes several detailed generalized results of some com-
pactness criterions in these spaces.
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1 Introduction

Initially, the classical Riesz—Kolmogorov theorem states about the compactness of subsets
in LP [0, 1] for 1 < p < oo, see [24]. This theorem has been generalized to some function
spaces, such as Takahashi [35] for Orlicz spaces, Goes and Welland [11] for Kothe spaces,
Musielak [30] for Musielak-Orlicz spaces, Rafeiro [32] for variable exponent Lebesgue
spaces, Bandaliyev [5] for weighted variable exponent Lebesgue spaces, Gérka and Rafeiro
[14] for more general framework, namely in the case of Banach function spaces (shortly, BF-
space) and grand variable variable Lebesgue spaces, Gérka and Macios [12,13] for classical
Lebesgue variable exponent Lebesgue in metric measure spaces. Hanche-Olsen et al. [20]
offer an important development of the classical result by Kolmogorov—Riesz on compact
subsets of Lebesgue spaces. Weil [36] considered compactness in L”-spaces on locally
compact groups. Moreover, the compactness problems for various spaces of differentiable
functions on the Euclidean spaces have been studied by several authors. The classical criterion
of Kolmogorov—Riesz for compactness of subsets of L” (1 < p < oo) has been extended by
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Feichtinger [9] to translation invariant Banach function spaces. More details can be seen [18]
and [31].

The amalgam of L? and [4 on the real line is the space (L”, 1) (R) (briefly, (L?, 7))
consisting of functions which are locally in L? and have /9 behavior at infinity. Wiener [37]
studied several special cases of amalgam spaces including (L', 7%), (L2, (%), (L*, ") and
(Ll , l°°). Comprehensive information about amalgam spaces can be found in [10,22] and
[33]. Recently, there have been many interesting and important papers appeared in variable
exponent amalgam spaces (L’ ON Ks) such as Aydin [1], Aydin [3], Aydin and Gurkanli [4],
Gurkanli [16], Gurkanli and Aydin [17], Kokilashvili, Meskhi and Zaighum [23] and Kulak
and Gurkanli [26], Meskhi and Zaighum [29]. In 2003, Pandey studied the compactness of
bounded subsets in a Wiener amalgam space W (B, Y) whose local and global components
are solid Banach function spaces and satisfy conditions in [31, Definition 5.1].

In this study, we focus especially on the spaces (L{f,('), 2‘1) on R, and discuss totally
bounded subsets in weighted variable exponent amalgam and Sobolev spaces. Moreover, it

is well known that the spaces L,’;,(') and (L 5“, €q> are not translation invariant and the map
y —> L, f isnot continuous for f € (Lﬁ('), 6‘1). Also, the Young theorem || f * gl (), =<
£ 1l py.w €1l is not valid for f € L2Y (R") and g € L' (R"), see [25]. Hence, the local
component of the amalgam space (L{;('), Izl ) does not satisfy the criteria in [31, Definition

5.1]. In this regard, we will propose some new conditions and criterions for compactness of
bounded subsets in these spaces. In addition, Gurkanli [16] showed that (Lﬁ(‘), Zq) = Lg(')

under the some conditions, that is, the space (La(') R £‘1> is a extension of Lg,('). Finally, we

will obtain that our main theorem provides a generalization of the corresponding results, such
as Bandaliyev [5], Bandaliyev and Goérka [6], Gérka and Macios [12,13], Gérka and Rafeiro
[14], Hanche-Olsen and Holden [18,19], Sudakov [34] and Rafeiro [32].

2 Notations and preliminaries

In this section, we give some essential definitions, theorems and compactness criterions about
totally bounded subsets in weighted variable exponent Lebesgue spaces.

Definition 1 Let (X, d) be a metric space and ¢ > 0. A subset K in X is called a e-net (or
e-cover) for X if for every x € X there is a x; € K such that d (x, x;) < &. Moreover, a
metric space is called totally bounded if it admits a finite e-net.

It is known that a subset of a complete metric space relatively compact (i.e. its closure is
compact) if and only if it is totally bounded, see [38].

Theorem 1 Assume that X is a metric space and K C X. Then the following conditions are
equivalent.

(1) K is totally bounded (or, precompact) and complete
(i) K is compact.

Definition 2 Let X and Y be metric spaces. A family F of functions from X to Y is said to
be equicontinuous if given ¢ > 0 there exists a number § > 0 such thatdy (f(x), f(y)) < ¢
forall f € Fandall x, y € X satisfying dy (x, y) < 4.
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The following theorem is quite useful for several compactness results.

Theorem 2 [18] Let X be a metric space. Assume that, for every ¢ > 0, there exists some
8 > 0, a metric space W, and a mapping ® : X —> W so that ® [X] is totally bounded,
and whenever x,y € X are such that d (®(x), ®(y)) < 6, thend (x,y) < €. Then X is
totally bounded.

Definition 3 [25] For a measurable function p (.) : R” — [1, 00) (called the variable
exponent on R” by the symbol P (R")), we put

p~ = essinfp(x), p+ = esssupp(x).
xeR”?

xeR?

The variable exponent Lebesgue spaces L”)(R") is defined as the set of all measurable
functions f on R”" such that g ,()(A f) < oo for some A > 0, equipped with the Luxemburg

norm
=i . f
||f||p(4)—111f )‘>0'Qp(.) X < 1%,

where 0,()(f) = [ [P dx.
Rn

If p* < oo, then f € LPO(R™)iff 0,()(f) < 0o. The set LP)(R") is a Banach space
with the norm ||| (). Moreover, the norm |[. || ) coincides with the usual Lebesgue norm

lI.Il , whenever p(.) = p is a constant function.

Definition 4 A measurable and locally integrable function w : R* — (0, 00) is called a
weight function. The weighted modular is defined by

00wl f) = / 1P w(x)dx.

The weighted variable exponent Lebesgue space Lo )(R”) consists of all measurable func-
tions f on R” for which ||f||Lp(,)(R”) = wa 0 H 0 < 00. Also, Lg(')(R") is a uniformly
w pl.

convex Banach space, thus reflexive.

The relations between the modular g (), (.) and ||. || as follows

LEY (Rm)

L L

1 1
min :Qp()w(f) ’Qp(.),w(f)er} < ”f”Lﬁ,(')(]R”) < max iQp()w(f) an(.),w(f)p+ ]
min {1 1V 0 | = @m0 = max {07 i, .

Moreover, if 0 < C < w, then we have L5 (R") <> LP) (R"), since one easily sees that

c / F 1P dx < / £ (1P w(x)dx

and C [ 11y = 1F 1l g0 gy S0 121
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Theorem 3 Let p (), ¢ (.) € P (R") such that 5 + -\ = 1. Then for f € LY (R™) and
g€ LZ)(,;) (R"), we have fg € L'(R") and

/ £ dx = C 10 gy 1810 o -
Rﬂ

where w* = w110,

Proof By the Holder inequality for variable exponent Lebesgue spaces, we get

/|f(x)g(X)|dx =/|f(x)g(x)|w(x)ﬁ—ﬁdx
R e

1 1
el o
Fwrt 18 40

for some C > 0. That is the desired result. O

The space Lllm_ (R™) consists of all measurable functions f on R” such that fxgx €
L' (R") for any compact subset K C R”. It is a topological vector space with the family of
seminorms f —> || f xx |l 1. A Banach function space (shortly, BF-space) on R” is a Banach

space (B, ||.|lg) of measurable functions which is continuously embedded into Llloc (R™),

briefly B — Llloc (R™), i.e. for any compact subset K C R”" there exists some constant
Ck > Osuchthat || fxkllzt < Ck |l fllpforall f e B.

The dual space of Lg(') (R™) is qu(;)(R”), where ﬁ + ﬁ = 1and w* = wl=90), see
[27]. Also, it is known that if X is a BF-space, then the dual space X* consisting of g such
that

lglx = sup /Ig(X)f(X)Idx

f
Iflx<IR"

is also a BF-space. If using Holder inequality for variable Lebesgue spaces, then we have

/ [FEIZONx < CIFI g0y 18100 o
R)I

and
I (10 gy = V800 )

for some C > 0. Therefore, the norm ||. || ( « 1s well defined. Moreover, ||.|| (

L0 @) L0 @n)’

and ||.|| are equivalent by the similar methods for dual spaces of LPV), see [25].

L7 ®m)
*
Therefore, there is a isometric isomorphism between (Lﬁ,(‘) (]R”)) and LZ)(,;)(R"). This

yields that (L0 ®") " = LI¢ &™),

Remark 1 Let K C R" with |K| < oo. Then we have || xx || < 00.

LY ®m)
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Proof Fix A > 1. Since weight function w is locally integrable function R”, then

XK Lk ()P w(x) _
Op()w (T) = de = A p(X)UJ(X)dx

R" K
<P / w(x)dx <27 Ck,
K
where Cg = f w(x)dx < oco. If wetake . = Cg + 1 > 0, then we have ||XK||L5(A>(R”) <
Ck + 1. . O
Definition 5 For x € R” and r > 0, we denote an open ball with center x and radius r by

B(x,r).For f € L 110 . (R"), we denote the (centered) Hardy-Littlewood maximal operator
Mf of f by

1
Mf(x) = fggmm / | 1F )l dy

where the supremum is taken over all balls B(x, r).

Hast6 and Diening defined the class A () to consist of those weights w such that

lwla,  =sup|BI"PE lwllpig ‘* o <09,
o BeB ®) w LPPT(B)
-1
o mn _ [ 1 1 1 _
where B denotes the set of all balls in R", pp = ] 1{ p(x)dx and 70 + 0 =

Note that this class is ordinary Muckenhoupt class A, if p (.) is a constant function, see
[7].
Definition 6 We say that p(.) satisfies the local log-Holder continuity condition if

C

lpx) —pOWI £ —F———
log (e + pcfly‘)

for all x, y € R". If the inequality

(o)
_ <
[p(x) = Pool < log (¢ + x])

holds for some ps, > 1,C > Oand all x € R”, then we say that p(.) satisfies the log-Holder
decay condition. We denote by the symbol P'°¢(IR") the class of variable exponents which
are log-Holder continuous, i.e. which satisfy the local log-Holder continuity condition and
the log-Holder decay condition.

Letp(),q()e P%R"), 1< p~ <pt <ooandl <g~ <qt <o00.Ifq () < p (),
then there exists a constant C > 0 depending on the characteristics of p (.) and ¢ (.) such
that ||w||AP<') <C ||w||Aq(_). This yields that

Al CA)- CAp) CAp+ C Ao

for p() e P2(R") and 1 < p~ < p() < pt < 0.
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Let p() € PS(R")and | < p~ < p* < co. Then M : LY (R") — LBV (R™) if and
only if w € Ap(,), see [7].
‘We use the notation
. - +
@ (R) ={pO):1<p™ = p() = p* <000 IMFI 0z = C 1SN po g |

i.e. the maximal operator M is bounded on Lg,(') (R™). Hence we can find a sufficient condition
for p(.) € P (R").

1
Proposition 1 [2] Let w be a weight functionand1 < p~ < p () < pT < oo. Ifw™ PO-T ¢
Ll (R"), then LDY R") < L)L (R").
Definition 7 Let ¢ : R” —> R be a nonnegative, radial, decreasing function belonging to
Cg° (R") and having the properties
@) ¢(x) =0if [x] = 1,
(i) [ e)dx=1.
Rn

Let ¢ > 0. If the function ¢, (x) = ™ "¢(%) is nonnegative, belongs to C3° (R"), and
satisfies

(1) @e(x) =0if |x| > ¢ and

(i) [ @e(x)dx =1,
Rn

then @, is called a mollifier and we define the convolution by
vox f0) = [ 0= 070y,
Rn
The following proposition was proved in [8, Proposition 2.7].

Proposition 2 Let ¢, be a mollifier and f € L IIUC (R™). Then
sup |ge * f(x)] < Mf(x).
e>0

Proposition 3 [2] Let p (.) € P (R"), w € Ap(, and f € LYY (R). Then g, % f —> f in
L2V (R™) as e —> 0.

As a direct consequence of Proposition 3 there follows.

Corollary 1 The class C$° (R") denotes continuous functions having continuous derivatives
of all orders with compact support on R". Now, let p (.) € P (R") and w € Ap(). Then
C° (R") is dense in L (R).

Definition 8 Let w = {wy} be a sequence of positive numbers. The weighted variable
sequence Lebesgue spaces [, (w) is defined by

Ip,(w) = [x = {x¢}:31 >0, Z(A lxeDPx wy < oo]

k=1

equipped with the norm

€
Il = [

inf{l>0 i <|xk|>pk <1
=in >0: —_— w .
Ly (w) =\ A k=
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The following theorem was proved for weighted variable exponent sequence spaces by
[5] and [13]. Also, this theorem for the case of a constant exponent was obtained by [18].

Theorem4 Let F C ), (w), pT < oo. Then the subset F is precompact in Ip, (w) if and
only if

(1) Fis bounded, i.e. Vx = {x;} € F, 3C > 0, Z |xx |7k wy < C
(i) Foreverye > Qthereisa K = K(g) >0 such that for every x = {xy}in F

€
xw Pk <e€

Iy, (k>K)

or equivalently

o0

Z |xe [P wy < e.

k=K+1

The following theorem is an extension to the weighted variable exponent Lebesgue spaces
of the classical Riesz—Kolmogorov Theorem, see [5].

Theorem5 Let p () € POg(R") and 1 < p~ < pt < oo. Assume that w is a weight
Sfunction and w € Ap(). Then F C Lﬁ(') (R™) is relatively compact if and only if

(1) F is bounded in L{Z,(‘) ®R™), i.e. sup || f1I, »0 < 00
fEf LH) (Rn)
(ii) Forevery e > O thereis ay > 0 such that forall f € F
AN L0 sy <€
or equivalently

/ Lf(O)1P® w(x)dx < e.

[x|>y

(iii) llm If * @ — f||Lp(A>(R") = O uniformly for f € F, where ¢, is a mollifier function.
The following theorem can be proved for the spaces Lﬁ(') (IR™) as Theorem 3 and Theorem
41in [13].

Theorem 6 Let 7 C LU (R"), p () € PPE(R"), 1 < p~ < pt < coandw € Ap(). Then
the family F C Li(') (R™) is precompact in Lﬁ(')(R”) if and only if

(i) F is bounded in LP©(R", w), i.e. sup 1AN, po gny < 00
fef w (R )
(ii) Forevery e > O thereis a R > 0 such that for all f € F
| f@)IPD w(x)dx < e
[x|>R

(iii) For every ¢ > O there is a 6 > O such that forall f € F andV |h| < §

”fh - f”Lf;(')(R”) <¢€
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or equivalently

f | i () = F)IPD w(x)dx < e
]Rn
where fj(x) = (f)B(x,h) = meu,h) f(t)dr.

3 Weighted variable exponent amalgam spaces

Definition 9 The space Li(c'?w (R™) is to be space of functions on R" such that f restricted to

any compact subset K of R” belongs to Lg(') (R™). Note that the embeddings Lg(') (R") —
LY (R") < L1 (R") hold.

loc,w loc

Let1 < p(.),qg < oo and J;y = [k,k+ 1), k € Z. The weighted variable exponent
amalgam spaces (Lﬁ('), L4 ) are defined by

(L{,’f'), g‘I) - {f el ®): 170150 0 < oo} :

where
1

q
17110 a0 = (Z | fxa ||15,(A>(R)> .

keZ

It is well known that (Lﬁ(') i ) is a Banach space and does not depend on the particular
choice of J, that is, J can be equal to [k, k + 1), [k, k + 1] or (k, k + 1). If the weight w
is a constant function, then the space (sz(') , 4 ) coincides with (L”('), 4 ) Moreover, if
the exponent p(.) and the weight w are constant functions, then we have the usual amalgam
space (L?, £9), see [3,22,37]. The dual space of (Lff)('), 1 ) is isometrically isomorphic to

(Lr(') Z’) where % + rg—) =1, % + % = 1 and w* = w! "0, Also, the space (Lﬁ)('), Zq)

w*
is reflexive. Moreover, it is known that (L{,’,('), 4 ) is a solid Banach function space, see [4].

In 2014, Meskhi and Zaighum [29] proved the boundedness of maximal operator for
weighted variable exponent amalgam spaces under some conditions, see [29, Theorem 3.3],
[29, Theorem 3.4]. Throughout this paper, we assume that p () € PP¢(R"), 1 < p~ <
p() < pt <oo,weA p() and the maximal operator is bounded in weighted variable
exponent amalgam spaces.

Remark 2 Let ﬁ + Tl) =1and é + % = 1. Then there exists a constant C > 0 such that

178wy = I (g0 ) N0 120 )
for f € (Lﬁ('), al ) and g € (qu(;), P‘). Moreover, the expression

(L{;('),Eq> (Llru(’;)!es) - (Ll,el) =l

is satisfied.
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w*

Proof Let f € (Lﬁ('), L4 ) and g € (Lr(') Z5>. Using Holder inequality for variable expo-
nent Lebesgue and classical sequences spaces, we have

Ifgll(zrery = Z | fexa HLI(R)

keZ

= CZ (”ijk ||L{:)()(R) ||gXJk|

keZ

1
q
=¢ (Z | £xn ||i5<.)(R)> (é lgxs]
€

L (R))

1
s s
LY ®)
keZ
<C ||f||(L5)<.)’M) ”g”(Lr(Q’ZS) .
This completes the proof. O

Definition 10 [3,33] Lﬁ (w) (R) denotes the functions f in L{Z(')(R) such that suppf C R is
compact, that is,

LYY (R) = {f € LPY(R) : supp f compact} .
Let K C R be given. The cardinality of the set
S(K) ={Jx: kN K # I}

is denoted by |S(K)|, where {Jx}c7 is a collection of intervals.
Proposition 4 [3] If g belongs to Lf,(,;,) (R), then

@HNQWﬂ)sMMMhmhw®¢w1sq<m,

(ii) IIgII(Ls‘(uoo) < IS lgll,po ) for g = oo,
(i) L2S) ®) < (L47,¢0) for 1 < g < oo,

where K is the compact support of g.

Theorem 7 Lf(w) (R) is dense subspace of (LZ('), Zq)for 1 <p(),q < oo.

Proof If we use the similar techniques of Theorem 7 in [22] or Theorem 3.6 in [33], then we
can prove the theorem similarly. O

Proposition 5 C. (R), which consists of continuous functions on R whose support is compact,

is dense in (Lg('), Eq>f0r 1 <p(),q < oo

Proof 1Tt is clear that C. (R) is included in (Lﬁ’)('), £‘1>. Let f € (Lﬁ’,('), Z‘/>. By Theorem 7,
given ¢ > 0 there exists g € Lfﬁ;}) (R) such that
I3
Il f _g”(Lﬁ('),eq) <5 (1)

If E is the compact support of g, then there exists 4 in C. (E) such that
e

g —hll oy, < ——
B s
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since C. (E) is dense in L,’j)(')(E), see [1]. Hence by Proposition 4, we have

1 &
I8 =1l 0 ) = ISCENT g =l g0 < 5 @)

If we consider the (1) and (2), then
L =100y = 1 = 8l g0 gy + 18 = Bl 0 )

€ N e
<-4+ -=s
22
This completes the proof. O

By the Corollary 1, the proof of the following result can be obtained similar to Proposi-
tion 5.

Corollary 2 The class Cg° (R) is dense in (Lg('), Eq) Sfor1 < p(.),q < oo.
Now we give the proof of the Kolmogorov—Riesz Theorem for F C (Lﬁ('), Zq).

Theorem 8 A subset F C (Lﬁ)('), Z‘f) is totally bounded if and only if

() 7 is bounded in (LY, £4), i.e. sup | £] (10.0) <
feF
(ii) For every ¢ > O there is some y > 0 such that for all f € F

||f||(L5(,>’[q)(‘x|>y) <e

(i) Iim | f*x9: — fl/, 0 = 0 uniformly for f € F, where . is a mollifier func-
e—>01 (Lw *M)

tion.

Proof Assume that F is totally bounded in (La(‘), 1 ) Then, for every ¢ > 0 there exists a

finite e-cover for the set F. This implies plainly the boundedness of F, and then we get (i).
To prove condition (ii), let ¢ > O be given. If we take the set {V}, V2, .., V},;} as an e-cover
of F,and h; € V; for j =1,...,m, thenforay > 0 we have

th H (L{L('),Z‘f)(lxbl/) =&

If f € V;, then we have || f — h; ||( ) < &. This follows that

Lﬁ,(‘),i‘/
170 (150 0 1) = |7 =1l (289,01 T [7:1 (L&Y ) x>
< £ —n (20.0) [75] (£50.9) ety = 2

This implies the condition (ii). Finally, we show the condition (iii). Let f € F be given.
Then by Theorem 7, given ¢ > 0 there exists g € Lf,(@) (R) such that

€
— ) —_—. 3
I/ = sl (L{u(')lq> = 2max {1, c} @
If E is the compact support of g, then we have
e
lg = g% @ell o0 ) < —— @)
s
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by Proposition 3. Also by Proposition 4, we get

1 &
g - *%II(%QM) =SB llg — g * el oy < 3 ®)

If we consider the Proposition 2, the boundedness of maximal operator, (3) and (5), then we
have

If=r *%II(L,H,](AW)
=If- gII(L,i‘myeq) +lg—gx* ¢5||(L5(~>,zq) +lig*pe — f % %II(L,U;«),M)

< max (1 b S = gl (g0 ) + 18 = 8 406l (10
& + &

< = — =¢&.
22

This finishes the proof of necessity. Now, we assume that 7 C (Lf,’)('), 1 ) satisfies all three
conditions. Let & > 0 be given. Denote

Fe=A{fe: feF, fo=f*ee}.
By Proposition 2, we have
[fe()] = Mf(x),

where M f is the maximal function. Since the condition (i) hold, we have uniformly bound-
edness of all functions in F,. Now, we denote

Fee = {fee i fo € Feu fee = fe * @e}.

If we consider the Proposition 2 and the monotonicity of the maximal operator, then we
get

[fee O] < [(fe * @e) ()| = M (fe) (x)
= M Mf) (x).

This yields

sup || feell 10 0y < 0.
fEE‘FE (L"] ’£q>

Therefore, we get that all functions in F. are uniformly bounded. If we use the techniques
of Theorem 11 in [32] for the rest of proof, then we can prove the theorem similarly. O

The following theorem has been given us a different characterization of precompactness
in (Lﬁ('), Z‘1> similar to Theorem 3 and Theorem 4 in [13].

Theorem 9 The family F C (L‘fz)('), Eq) is totally bounded in (Lg,('), Eq) if and only if

(i) F is bounded in (Lg"),zq), e sup £l 00, <00
fer (L40.¢9)
(ii) Foreverys > 0,r —> 07 and for all f € F we have

If=Psenl (L5".e0) ¢
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or equivalently

A

Where (f)B(x,r) = m fB(x,r) f(l)dt
(iii) Forevery e > O thereisay > 0 such that forall f € F

al (L{;('),zq>(\x|>y) <e.

Proof Assume that F C LZ('), Zq) is totally bounded. Then, for every ¢ > 0 there exists a

finite e-cover for the set F. Thus, we take { f;};—; _,, e-cover in F such that

.....

FclJB o).

=1

The totally boundedness of F implies plainly the boundedness of F. Hence we get (i). By
Theorem 7, given ¢ > 0 there exists g € Lf,(l;,) (R) such that

e

— —_— 6
If gll(m,)ﬂ) < Tmax(ld) (6)
where ¢ > 0. Let E be the compact support of g. Now, we will show that

lg = @senlp0w —0

or equivalently

/ |800) = (©) g |”™ wx)dx — 0
E

asr —> 0T. By the Proposition 1, we have Lﬁ(') — L}OC. Therefore, we have (g) g, ) —>
g(x) for x € E asr —> 0 by the Lebesgue differentiation theorem, see [21]. If we use the
boundedness of the Hardy-Littlewood maximal operator M g for g € L{,ﬂ(') (E), then we get

500 = @ |" 0 @) =27 (18 PO+ @ e | ) w00
<27l (lg W + M (@) 01" w (x) € L' (E),

By the Lebesgue dominated convergence theorem, we have

/ |8(X) - (g)B(X,r)|p(x) wx)dx <

E 21S(E)|7

for sufficiently small » > 0. Also by Proposition 4, we get

1
I = @l 120,00y < ISENT L8 = @ lg0e) < 5 ™)
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By Proposition 2, (6) and (7), we have
| = Hsenl (260.01)
< =gl (pgo ) + le = @senl (1p0.0) @5y = (Haenl (24.00)
SIS =8l (10 o) TIM & = Pl g0 ) + le = @5l (14 20)
< max (b e} f = gll(g0 ) + lg = @senl (140.00) <

This completes the proof of (ii). If we use similar method in Theorem 8, then we get (iii).
Now, we assume that the conditions (i), (ii) and (iii) are satisfied. Since (Lﬁ('), Z") isa
solid Banach function space, the proof is completed by [14, Theorem 3.1]. O

Remark 3 Let 2 C R” be an open set. The set LY (£2) is defined by

loc,w

L £2) = {f D fxk € L{l’)(') (§2) for any compact subset K C .Q}

loc,w

with the usual identification of functions that are equal almost everywhere. Moreover, by
[15, Lemma 2.2] it is well known that there exists a sequence of compact subsets {K j }jeN
such that

chch...Cch...and Q:UKj
jeN
where K; = {x € 2 :|x| < janddist (x,E.Q) >

denoted by (£2.
LY (£2) is equipped with topology of Lf,(') (£2) convergence on compact subsets of £2.

loc,w

%} Here, the complement of 2 is

In addition, any compact subset of §2 is contained in some K ;, and then the space Lfo(c')w (£2)
is a topological vector space with the countable family of seminorms,

pj(f) = ”fXKJ HLi,(‘)(.Q)’ J =12,...
r()

loc,w

Y52 min (277, p;(f — g)). Hence it is obtained that L7 (£2) is a Fré chet space.

loc,w

Moreover, the space L (£2) is a complete with respect to the metric (f,g) —>

The following theorem is proved by [18] for constant exponent.

Theorem 10 A subset F L") (£2) is totally bounded if and only if

loc,w

(1) For every compact K C 2 there is some C > 0 such that

/|fK<x>|P<x> w)dx < C. feF
2

X), xeK
where fk(x) = { fE) ) otherwise’

(ii) For every ¢ > 0 and every compact K C 2 there is some r > 0 such that
Ik % pe = fxll poq) <& FEF

X), xekK
where fg(x) = { fE) ) otherwise’
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Proof The subset F C v (£2) is totally bounded in v (£2) if and only if F; =

loc,w loc,w

{ frk; feF } is totally bounded for every j, with K; as defined above. O

Remark 4 Let {Ay};cz be a family of Banach spaces. We define the space €9 (Ax) given by

1 (Ap) = {x = (xp) @ xx € Ag, x|l < o0},

q
where || x| = (Z llxx ||z‘k> . It can be seen that £ (Ay) is a Banach space with respect to
keZ

the norm ||.|| . Moreover, (Li('), Zq) is a particular case of £9 (Ay). Indeed, if we define the
amalgam space as

(Lo e) ={rect, ®: {1l pog)., €]
take Ay = LLY (Jo), Ji = [k,k+1), then the map f —> (fi), fe = fxy is an
isometric isomorphism from (Lﬂ(') 04 ) to £4 (La(') (Jk)> , see [1,10]. Hence, for the totally
boundedness of F C Lﬁ('), £9) we can use the Theorem 4 . Note that F is totally bounded
in (Lf,('), K‘f) if and only if the set “”ijk HLﬁ,(')(]R)} ’ : fe }'} is totally bounded in

ke
04 (L{'L(') (Jk)) fork € Z with 1 < ¢ < oo,

4 Weighted variable exponent Sobolev spaces

.
Let 9 »0O-T € Ll] o (R™). Since every function in Lg(')(R”) has distributional derivatives

by Proposition 1, we get that the weighted variable exponent Sobolev spaces W{;’p ) ®R™)
are well defined.

1
Definition 11 Let 1 < p~ < p(x) < p™ < 00, ¥ 70T ¢ L}OC (R™) and k € N. We define
the weighted variable Sobolev spaces Wll;’p ) (R™) by

wyrO @) ={f e LBO®" : D7 f € LEO®Y, 0 < jo| <k}

equipped with the norm
— o
I lytro gy = 2 1D F 1 Loy -
O<la|<k

. .. alal
where o € Njj is a multi-index, |e| = a1 +a2 +---+ oy, and DY = D,la . Moreover, the

on
..o

space Wg’p © (R™) is a reflexive Banach space.
The space Wé’p © (R™) is defined by
Wyt @) = {1 e LEO®Y v £l e LIV @Y.

The dual space of Wz;’p(') (R™) is denoted by Wf*l’q(') (R™) where 9* = 91790 The function
1,pC .
01.p0).0 : Wy PO (RM) —> [0, 00) is defined as 01,p0).9 () = 0p),0(f) +epu),s(VS)
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Lp() _
for every f € W, (R™). Also, the norm ||f||Wl;,p<_)(Rn) = ||f”L§<')(R") + ||vf”L§<')(R")
makes the space Wl;’p © (R™) a Banach space, see [25].
Theorem 11 A subset F C W:;’p(') (R™) is totally bounded if and only if

(i) Fis boundedin Wj;’p(‘) (R™), i.e. thereisa C > O such thatfor f € F and0 < |a| <k

/ 1D |7 9 (x)dx < C.

Q

(i) For every e > O thereisay > 0 such that forall f € Fand0 < |a| <k
12% 1 ps, 0051y <€

or equivalently

/ |D°‘f(x)|p(x) F(x)dx < e.

[x|>y
(i) lim ||[D* (f * @) — D”‘fIILp(,) = Quniformly for f € Fand0 < |«| < k where
£e—>0T o (R™M)

©e is a mollifier function.

Proof Note that F is totally bounded in Wf;’p © (R™)ifandonly if D* [F] ={D*f : f € F}
is totally bounded in Lf;(') (R™) for every multi-index o with 0 < || < k by Theorem 5. O

Using [13, Theorem 5] we have an extension of [18, Corollary 9] to weighted variable
exponent Sobolev spaces Wg’P(') (R™).

Theorem 12 Let F C Wg’P(') (R™) be given. If the following conditions are satisfied
(i) F is bounded in Wg’p(') (R™), i.e. there is C > 0 such that for f € F and0 < |a| <k
/ |DY 1" 9 (x)dx < C.
Q
(ii) for every e > O thereisay > 0 such that forall f € Fand0 < || <k
o
1D £l 15001y <
or equivalently

1D £ ()" 9 (x)dx < e.
x>y
(iii) for every ¢ > O there is a p > 0 such that
/ D fx +y) = DU f)|" 9 (0)dx <,
Rr
for f € F,0 < |a| <kandl|y| < p,
then, F is totally bounded.
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5 Applications
In this section, using a continuous embedding theorem for weighted variable exponent
Sobolev spaces Wi;’p © (R™), we discuss totally bounded subsets of Lg(')(R").

Theorem 13 [28] Let p(.), q(.), ¥1 and ¥, satisfy hypotheses in [28, Corollary 3.1]. Then
the continuous embedding W;;P(') (R") — ng) (R™) is satisfied.

Theorem 14 Assume that hypotheses of Theorem 13 hold. Also, let 9 € Ay and F be a
bounded subset of Wﬂl;p(‘) (R™). If, for every ¢ > 0, thereis ay > 0 such that forall f € F

Qs N = [ (FOPD 9P niwdx e ®

lx|>y
then F is a totally bounded subset of L%g) (R™).

Proof For the proof, we will show that F satisfies the hypotheses of Theorem 6 with p (.)
replaced by ¢ (.) . By Theorem 13, there exists a C > 0 such that

||f||L§;>(R'1) = C ”f”WI;iP(»)(]Rn) (9)

forall f € F C Wz;;p ) (R™). This yields the condition (i) of Theorem 6. Now, we set a
0, ll=vy

. If we consider the (9
L=y ®

function u (.\) = f () x (|.| — y) where x (|.| —y) = {
and [28, Proposition 2.3], then we have

1 1
= T
IIMIIL??;)(R") = C'max [ (QWI;iP(')(R") (u)) , <QW1;,117(->(R") (u)> } : (10)

By the expression (8), we get
@yt gy () = / (1 D + 191 ()79} 91 (x) dx
x>y

[ (e 19u ) o1 o dx

lx]<y

= [ (iF ol 4195 0r©) o o dx <

[x]>y

Since ¢ is sufficiently small, we obtain
q < *'
CLg0 @) () = |IMIIL§;.>(R,1) <e
Therefore, we have

Cuany @0 = [ w0 o2 crdx [ a1 02 (o)
)

|x|>y [x|<y
_ / 1 )4 95 (1) dx < &
[x|>y
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for all f € F. This completes the condition of (ii) of Theorem 6. Now, we will consider the
rest of proof. Let f € F. Since the space C. (R") is dense in Lgi') (R™), given ¢ > 0 there
exists g € C. (R") such that

£
1f = 8l g0 @ < 3¢ (1
Now, we will show that
lg = @seml L0 @, — 0 (12)
o)

or equivalently

/ 2() = (@) s | "™ P200)dx —> 0
Rn

joc- Therefore, we have (8) gy ny —>

g(x) for x € R" as h —> 0T by the Lebesgue differentiation theorem, see [21]. If we use

ash —> 07. By the Proposition 1, we have L%E') — L!

the boundedness of the Hardy-Littlewood maximal operator M g for g € Lgi') (R™), then we
get

g ) = @] 9200 = 27 (19 I + ()5 |*) 92 (6)
=207 (I8 @17 + 1M (9) (0)19) 92 (1) € L' ("),

By the Lebesgue dominated convergence theorem, we have

&
/ 80 = (&) s "™ D200)dx < 5
Rn

for sufficiently small # > 0. Therefore, if we consider (11) and ( 12), then we obtain
i )T ”L%?(Rﬂ)
<If- g||L§<2.>(Rn) + g = @scm ||Lg,;>(Rn) +[@nem — Hsen ||Lg<2->(w)
=1 = 8l g0 ey + 1M (8 = Dl g0y + 8 = @l g <2
This completes the proof. O
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