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Abstract
We give a new compact embedding theorem, and use an equivalent norm to obtain
some different solutions of the weighted p(.)-biharmonic eigenvalue problem

{ A(v(x)|Au|”(x)_2Au) = 2o()[u 2, inQ
u=Au=0, on 0Q.

Using Mountain Pass Theorem we show that the problem has a nontrivial weak
solution. Moreover, we obtain infinite many pairs of solutions of the problem due to
the Fountain Theorem.

Keywords Weighted p(.)-biharmonic operator - Poincare inequality - Variational
methods
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1 Introduction

Let v and w be two different weight functions. In this paper, we are interested in the
following nonhomogeneous problem

(1)

Af)(‘),vu = iw(x)|u\q<x>*2u, in Q
u=A~Au=0, on 0Q,

where Q C RY (N >2) is a bounded domain with smooth boundary dQ, p, ¢ are
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. . = . — - P
continuous functions on Q, ie. p,q € C(Q) with inf _gp(x) > 1, and A)) u=

A(v(x)|Au|p (x>72Au> is the weighted p(.)-biharmonic operator of fourth order.

In recent years, variational mathematical problems with p(x)-growth have been
studied in several topics [1-5]. Variable exponent Sobolev spaces (weighted or
unweighted) are very useful to investigate weak solutions for elliptic and parabolic
problems involving p(x)-Laplacian operator. Especially, when we need to find
solutions to nonlinear and degenerate problems, using compact embedding theorems
and equivalent norms in weighted Sobolev spaces gives very good results. For more
detailed information, see [6—18].

Note that there is a crucial difference between p-biharmonic and p(x)-biharmonic
problems. Since the problem involving p(x)-biharmonic operator, which is not
homogeneous, possesses more complicated nonlinearities than the constant case,
several variational methods, such as the Lagrange Multiplier Theorem, may be not
practible [9, 19-26].

In 2001, the problem (1) was studied by Drabek and Otani [27] for p(x) =
q(x) = p = constant and v(x) = w(x) = 1. They proved that the problem has a
principal positive eigenvalue which is simple and isolated. Later, a non decreasing
sequence of positive eigenvalues of the weighted p-biharmonic operator was
obtained, and the simplicity and the isolation of the first positive eigenvalue was
proved by Talbi and Tsouli [28] for p(x) = ¢(x) = p = constant and two weight
functions.

In 2009, Ayoujil and El Amrouss [19] obtained the eigenvalues of the following
fourth order elliptic equation, which is the particular case of (1),

A;()u = ;L|u|p(x)72u, ln Q
u=Au=0, on 0Q,

in the space W20 (Q)N Wolp(')(Q) for p(x) =¢q(x) and v(x) = w(x) = 1. The
problem (1) is also examined for v(x) =1 by Ge, Zhou and Wu [20]. They
demonstrate the existence of a continuous family of eigenvalues of the problem.

Inspired by the articles mentioned above, we prove a new compact embedding
theorem, and introduce a more general norm in W2#()(Q;v) compared to the norm
given by Zang and Fu (Theorem 4.4 in [29]). Moreover, we display the presence of
different weak solutions of the problem (1). So we improve the results presented in
[10, 11, 19, 20, 27, 28] under more general conditions.

2 Notation and preliminaries
In this section, we recall some required information about variable exponent

Lebesgue and Sobolev spaces (weighted or unweighted).
Set
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c.@ = {pec@:itpn =1},

xeQ
Letp € Cy (ﬁ), we indicate

p~ = essinf p(x) and p* = ess sup p(x).
x€Q x€Q

= / |uu(x) [P dix
Q

Then the space I7()(Q) consists of all measurable functions u : Q — R such that

Define the modular function by

Jolu@)[? ™ dx < 00. Moreover, the modular space (L” (), 1I-11,¢ ) is a Banach

space, where

lull = inf{z >0 0, (%) < 1},

for p € C4(Q) and 1<p~ <p' <oo. It is known that u belongs to the weighted
space I0)(Q;v) if and only if w0 € L70)(Q) and el )= Huvp-

‘ <oo. If
p()
v € L®(Q), then L’V (Q;v) = 1PV(Q).
For k € Z*, let
PO (Q; v) = {u € 1P0(Q;v) : Du € IPV(Q;),0 < o] < k}

o

> for
ol ..o

where o € NN is a multi-index, |o¢| =03 +0p+ -+ oy and D* =

V0T € L) (Q). Hence W ?()(Q;v) is a separable and reflexive Banach space
equlpped with the norm

k.p(. o
el oty ey = Nll 5= [
(

0< || <k
Define the space
wiel)(Q;v) = {ueLP< (Q:) : [Vu| € LPU)(Q; v)}
with the norm
lull 7=l Vel

The space W~ '#()(Q;v') is dual space of W'”()(Q;v), where ,ﬁ"‘%:l
V — VI*P () =y p(-)lfl,
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174 l. Aydin

Moreover, the space C5°(Q) is a subspace of W'#()(Q;v). So we can obtain that
the closure of C3°(Q) in W'#()(Q;v), which is denoted by W, *")(Q;v). The space
Wol"p(')(Q; v) can also be defined as

Wy (Q;v) = {u e WPO(Q:v) : ufoq = 0}.
Finally, the space WO1 ’ <‘)(Q; v) is equipped with the norm
eell 0= 1Vl

by the Poincaré inequality (see Proposition 3.4 in [17]). So the norms HHlP ) and
[ 1) are equivalent on Wol’p(')(Q; v). The space (WOI‘P('>(Q; v), ||.HW1,,,(.)> is also a
0 0

separable and reflexive Banach space [1, 17, 30-35].
Let f € L}, .(Q). Then, the maximal function of f'is defined by

1
Mf(x) = “0[5] / S0y,

where the supremum is taken over all balls centered at x. It is proved that the operator
Mf is bounded on Z1)(Q;v). In addition, C3°(RY) is dense in W'»()(R";v) and
PO(RY;v) [30, 36].

Proposition 1 If'1 <q(x) <p(x) <oo, 0<w(x) <v(x) a.e. x € Q, and |Q| < oo, then
the inequality

tllg(y, 0 < Cllullpiy v

holds for u € L) (Q; v), i.e. the embeddings 71)(Q; v)—L1)(Q; w) is continuous,
where C is independent of u [37].

Theorem 1 Let q(x) <p(x). Then, the space L’'")(Q;v) is embedded continuously in
LiO(Q; w) if and only if
)
5

(the measure of O may be not finite) [38].

<00
ION
()

r()—q(.)’

Let £ and F be Banach spaces. Define the sum norm on the space ¥ = ENF as
lully= |lu|| z+||u|| for u € Y. To solve the problem (1.1) we call for an equivalent

norm, and a new compact embedding theorem for X = W27()(Q;v) N WO1 i ('>(Q; v).
For u € X we have
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2.p(.
el e = 1Vl )+ el

= Hu||p()»+‘|vu|‘p()v+ Z ”D“u”p(.),u

j#1=2

In 2008, Zang and Fu [29] showed that the norms |jul|, and [|Aul|, ) are equivalent

on X for v(x) = 1. To improve and prove the weighted version of this theorem we
have required conditions for X. So if we use the techniques and methods in Theo-
rem 4.4 in [29], then we get the following more general norm for X.

Theorem 2 Let Q be a bounded domain with Lipschitz boundary. If the operator Mf
is bounded on LP\)(Q;v), then the norm |Aull,(, . is equivalent to the norm ||ul|y in

WP (Q;v) N W (s ).

After now, we take the norm for the space X as [jul|y= [|Aul|, ) ,, where

p(x)

A
“ dx<1

lul|y=1infq y>0: /v(x)
Q

for u € X. Note that the space (X, ||.||y) is a separable and reflexive Banach space.
Throughout the paper we will take the norm ||.||, and the modular g, ), which is
defined as @;(‘) : X — Rby

gy (w) = [ v (e
Q
Proposition 2 (see [20, 23, 39]) For any u,uy € X (k=1,2,...), we have
’
i) fully <)< llully with fluf > 1
(i) [lully < a) () < Jlully with [Jully <1,
) min el b <y o) < max{ |l }.

) u—uelly— 0 gy ) (u —ur) — 0 as k — oo,

—

) ully <=1, >1) & gy () <1(=1, > 1)

(i) |lukl[y— oo if and only if @) (ux) — oo as k — oc.

Let
Np(x) . N
£ o
N EE T if p(x) <=,
Pz(x) = N
+00, if p(x) > 7

for every x € Q. It is obvious that p(x) <pj3(x) for all x € Q. In 2009, Ayoujil and
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176 l. Aydin

Amrouss [19] proved that the space W?*()(Q) N WOl ’p<')(Q) (non-weighted) is con-
tinuously and compactly embedded in LIV)(Q) for p,q € C, (ﬁ) such that
q(x) <p3(x) for any x € Q (Theorem 3.2, [19]). Now, we will show that the
embedding from X into L¢)(Q;v) is compact under some suitable conditions.
Assume that the conditions in Lemma 3.1 and Lemma 3.2 in [40], Corollary 3.1 in
[37], Corollary 2.4 and Theorem 2.5 in [41], Lemma 4.3 in [17]. Hence, we have the
following compact embedding with respect to p(.),q(.),w and v.

Theorem 3 Let 1 <t<k and k,t € Z*. Then the compact embedding
WEPL) (Q; v) == L1V (Q; )
holds.

Proof 1t is known that for £ >¢>1 the following inequality

Z ||D“u||p()v < Z HD“qu(.),v

0< o<t 0<l|o|<k

is valid for u € Wk’p(')(Q; v) [34]. Hence, we have the continuous embedding
WEPO (Q; v)— W20 (Q; v). So we can write

WL (Q; v) s L0 (Q; w)
and

WEPO(Q; v) s = L10(Q; ).

([

Theorem 4 Let 1<q(x)<p(x)<oo, O<ow(x)<v(x) ae x€Q, or let
H%H%J<oofor q(x) <p(x). Then the compact embedding

WEPL (Q; v) s = L90) (Q; )
is satisfied.

Proof By Proposition 1 or Theorem 1 it is easy to see that the embedding
WP (Q; v)— W 40)(Q; w) is continuous. Moreover, by Theorem 3 we can get the
embeddings

WhIL(Q; ) — W0 (Q; w)
and
WO (Q; )= L1 (Q; w).

Finally, we obtain that the embedding
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Almost all weak solutions of the nonlinear problem 177

WEPO(Q; 1) s LI0(Q; )
is compact for some conditions with respect to p(.), ¢(.), w and v by [37] and [41]. O

Corollary 1 Suppose that all conditions in Theorem 3 or Theorem 4 are satisfied.
Then, the embedding X —L")(Q; w) is compact.

Now, we prove Rellich-Kondrachov compact embedding theorem in W ?(Q;v)
for the constant and weighted case. This theorem is well known for £ = 1 (see [42]),
but not for £k > 1, as far as we know, there is no directly relevant paper about this
compact embedding W*?(Q; v)——L4(Q; w). So using this result we prove more
general compact embedding result than Theorem 3.2 in [19].

Theorem 5 (Rellich-Kondrachov Compact Embedding Theorem) Let k> 1 be an
integer, and let 1 <p <oco. Then the following compact embedding holds;

WEP (Q; v) = L(Q; o)
for all ¢ with 1 <p <g<p* if p< %, where
N N
P it p<

. JN—&p’ k
P = kv

. N’
400, 1fp2;,

Proof Let p* = Np / N — kp. Firstly, we show by induction on £k that
WkP(Q; v)—IF (Q; w). For k = 1 the embedding W' (Q;v)—L(Q; ») is known
by [42]. Suppose that the embedding W*~17(Q;v)—L"(Q; w) is satisfied for r =

Np/(N —kp+p) when p<.. Since ue€ W P(Q;v), then u, Du=3%¢
WE=Lr(Q;v) for all i=1,2,..,N, where p<Z. So it is casy to see that u €
W (Q;v) and

1,r
Hu”\f <C HMHW"-P(Q;V)‘
Due to kp <N, we get r<N and W' (Q;v)—L" (Q; w), where p* = Nr/N —r=
Np/N — kp and
Lr
V'S Cllull oy 2)

ie. the embedding W& (Q;v)—LF (Q;w) is continuous. Take s= (p* —gq)
* _ 1 1 __ * —
p/(p —p), t=2>1and ;+,=1 for p<g<p*. Then we have st =p and

[Ju

< Gaful

J R0l

(g — s)f' = p*. So, we get
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178 l. Aydin

Jull = [ ol = [ oo uto ot ucolax
Q
%
/w(x\ux”dx /a)x|ux )9 dx
Q

t
—||u\|f’/’ [

t
< ullle g

by (2) and Holder inequality. Hence, the continuous embedding
WP (Q; v)—L9(Q; w) is obtained. Now let {u,} C W*(Q;v) and u, — 0 (weakly)
in W*?(Q;v). Since the embedding W »(Q; v)—W!#(Q;v) is continuous and the
embedding W'?(Q;v)—<—L9(Q; w) is compact by [42], then u, — 0 (strongly) in
L1(Q; ). d

Theorem 6 Assume that p,q € C, (ﬁ) such that p(x) <q(x)<p3(x) for x € Q

Then, there is a continuous and compact embedding X —L1V)(Q; ), where

N)
pix) = ?
4o, ifp>—,

Proof Since g(x) <pj(x) for x € Q, then there exists a neighborhood K, in Q such
that
_ * Np~(K,)
<(p; (Ky) = N—2p (K)’

where p~ (K,) = inf{p(y) : y € K;} and g7 (K,) = sup{q(y) : y € K. }. If we take a
finite sub-covering {K, j=1,2,3,..., n} of the open covering {K,} _5 of compact
set Q and displaying p; =p (K)), ¢ = ¢"(K)). It is obvious that the embedding
WL (K5 v)— WP (K;;v) is valid for p~ <p(x) by Theorem 2.8 in [33] (or
Proposition 1). Moreover, we obtain continuous and compact embedding
W2 (K;;v)—L? (Kj; ) for g7 (K;) < (py (K;)) " andj = 1,2,3, ...,n by Theorem 5.
Again by Theorem 2.8 in [33] there is a continuous embedding
L‘1+(I<j;w)<—>L’1<')(Kj;w) so for every K, j=1,2,3,...,n. So we show that the
embeddings

WO (Q; v) = L1(Q; )

and
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Almost all weak solutions of the nonlinear problem 179

w2 (Q;v) N Wol’p(')(Q; V)= —=L10(Q; w)
are continuous and compact. This completes the proof. O
We need the following Proposition.
Proposition 3 (see [19-21, 39, 43]) Let us define the functional L,y : X — R by

Lv(x) (u) = /I%|AMP<X)dx
Q

forallu € X. Then L, € C '(X,R) and its derivative (in the weak sense) is denoted
by

L )0) = <Ly W),y > = / V() P2 Ay
Q

for any u,y € X. In addition, we have the following properties:

@) L(m : X — X" is continuous, bounded and strictly monotone operator,
(ii) L(,(x) : X — X* is a mapping of type (S;), ie., if u, —u in X and
lim supLim(u,,)(un —u) <0, then u,, — u in X,

n—oo

(iii) Li,(x) : X — X* is a homeomorphism.

Definition 1 We say that the function u € X is a weak solution of the problem (1) if
it satisfies the following condition

/ v(x) | Aul?™ 2 AuAydx — . / o (x) )™ 2uydx = 0
Q Q

for all y € X. We recall that if 2 € R is an eigenvalue of the problem (1), then the
corresponding u € X — {0} is a weak solution of (1).

Note that Zhikov and Surnachev [44] prove a sufficient condition for the density
of smooth functions in the weighted Sobolev space with variable exponent is
obtained. Therefore, the weak solution of the problem (1) is well defined.

To obtain a weak solution to (1), define the energy functional ¥, : X — R
denoted by

) = 20 A g — g [ PO e
wilw = [ e *Q/q@)' d

Q

for 2 > 0. It is known that ¥'; is well defined from X to R and ¥, € C'(X,R), and
its derivative is given by
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180 l. Aydin

V(u)(y) = <W¥)(u),y> = / v ()| AufP™ 2 AuAydx — /l/w(x)\u|q(x)72uydx

Q Q

for all u,y € X. Moreover, the function u € X is a weak solution of the problem (1) if
and only if u is a critical point of ‘¥;.

3 Main results

Lemma 1 The functional ¥, is coercive on X.

Proof Let u € X and ||u||, > 1. Using Proposition 2, Proposition 2.2 in [37] and
Theorem 6, we have

Y, (u) —/%m |/’ dx_,l/%mw(ﬂdx

1
ZT/ (AP ax — 2= /w ) |ua|?™) dix
q

, A
) = max{ s el )

]

1 A
>l = = max{ .l

1 e
— Ml X uall -

Since ¢g* <p~, we deduce that ¥, (1) — oo as ||u||y— oo, i.e. ¥, is coercive on
X. O

Lemma 2 (see [21, 39]) The energy functional ¥, is weakly lower semicontinuous.

Lemma 3 There exists ¢ € X such that ¢ >0, ¢ # 0 and V¥, (t¢) <0, for t > 0
small enough and 1<q~ <p~ <qt <p*.

Proof By q~ <p~ we write ¢~ + & <p~ for a & > 0. Since ¢ € C(Q), then there
exists an open subset Qy C Q such that |g(x) — g~ | <ég for any x € Q. So, we
deduce that

q)<q +e<p 3)
for any x € Qq. Take ¢ € C5°(Q) such that Qy C supp, ¢(x) = 1 for all x € Qg and
0<¢$p<1inQ. In add1t10n we take [|¢|[y= [|A¢],,,= 1. that is

/wwmwwﬂma=L )
Q

Using (3) and (4) we obtain
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Almost all weak solutions of the nonlinear problem 181

¥, (1) = /”” VWVd—J/wm 1
Q

p(x) q(x)

tP’ ) 1 )
S0 @ / o (x)6 9| dx

_———/ (][

v o
< /wmwmw

p q°
Qo
for any t€(0,1). Then, for any <o with
0<d< mln{ o f (x)| | x)dx} we conclude that P, (¢¢) <0. O

Theorem 7 The problem (1) has at least one nontrivial weak solution.

Proof Using Lemma 1 and Lemma 2 the functional ¥, is coercive and weakly
lower semicontinuous. So ¥, has a global minimizer u, which is a critical point of
¥, [21]. Due to Lemma 3, it is obtained that u # 0. If we indicate Au = 0 on 0Q,
then u is a solution of problem (1). As u € X — {0} is a critical point of ¥, we can
write that

/ ()| AP 2 AuAydx = )/ ()l 2wy 5)
Q
for all y € X. It is easy to see that the relation (5) is valid for any y € C3°(Q).

Assume that ¢ is the unique solution of the problem

AE = Jw()[u]"™ 2y,  inQ
E=0, on 0Q.
Due to (5) we get

/v(x)|Au|p(x)72AuAydx: /Aiydx

Q Q

for all y € C3°(Q). If we use the Green formula, then we obtain

/(Aﬁ)ydx:Q/(fAydx.

Q

Hence
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182 l. Aydin

/v(x)|Au|p(x)72AuAydx= /fAydx (6)
Q

Q

for any y € C3°(Q). It is well known that there is a unique y € C3°(Q) such that
Ay =w in Q for all w € C3°(Q). Thus, the relation (6) take the form

/(v(x)|Au|p<x>72Au — é) wdx =0

Q

for all w € C3°(Q). If we implement the fundamental of the calculus of variations,
then we achieve

V()| Al PAu—E =0 in Q.
Since & = 0 on 0L, we find that Au = 0 on 0Q. O

Lemma 4 Assume that there is a constant 1 > 0 such that p* <ny<gq~. Then the
operator \V, satisfies the (PS) condition.

Proof Let {u,} C X be such that
sup|W, (u,)| <M, W(u,) — 0in X" as n — oo, (7)

i.e. {u,} is a (PS) sequence. We will first show that the sequence {u,} is bounded in
X. Assume that {u,} is not bounded in X. Therefore, we may take ||u,||, > 1 for any
n € N. Hence

M A+ ey =¥ (un) = <‘P’ Un), hn)

p(X) q(x

]

Dividing the above inequality by ||u,|% and taking to the limit as n — oo we obtain
a contradiction because of # <p*. So {u,} is bounded in X. Due the fact that X is a
reflexive Banach space, there exists a function ¥ € X such that u, — u (weakly) in X.

Due to Theorem 6, there is a compact embedding X — L") (Q; @) such that u, — u

(strongly) in L90)(Q; w) and sup,||u,||y <oo. By the H &lder inequality for the
exponential case, we obtain
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/ o))" 2wy (uy — w)elx| < / ()T, [ 190 14, — |l

Q Q
<(| |u,,|‘1<X>*1w(x)ﬁH ‘ luy — ulor(x)i
q(.)
=Cllunll () ol = ttll ()00
< Clunllyllun = ull g y,o— O
as n — oo, whereq(1 (L:landC1>ISo
lim [ w()[ul" 2w, (u, — u)dx = 0. (8)
n—:o0
Q
Therefore, we have
(1) (0 — u) — 0 )

by (7) and boundedness of {u, — u} in X. If we collect (8) and (9), we achieve the
following result

n—oo

Q

lim / v(x) | Aty P2 Auy (At — Aut)dx = 0

or

lim L} () — u) = 0. (10)

n—oo
So, we deduce that the sequence u, — u (strongly) in X by (10) and Proposition 3.
The proof is completed. O

Theorem 8 The problem (1) has a nontrivial weak solution for p*™ <n<gq™.

Proof Due to Lemma 4, (PS) condition on X is satisfied for the functional ¥';. Since
pt<n<gq  and the compact embedding X— L) (Q; w), then we get

) e 20
Falw) = /()'A‘ .Q/qu“

1
T/ )| AufDax — /w(x)\u|q(x)dx
Q Q

1 A +
pjé’p(.)(“) - qimaX{W’M(_)_mﬂ H””3(.),m}
1 A ;
> ol = = max{ el
1

+ ;L
2 — [l ——llullf
pr e =Ml

> (o5 -2 )l

for |lully <1 and p*A<gq~. Thus, we obtain ¥, (u) > 0 for |ju|,= p sufficiently
small. Moreover, we see that

%
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184 l. Aydin

¥ (1) = /'“2) AgP*ds _;/‘ ﬁi iz

<P g () — T

o (x)|¢"d

<# gy (d) =" | ox)|¢]*Mdy — —oc

P :0\

as t — oo for ¢ € X — {0}.Using ¥,;(0) = 0 and Mountain Pass Theorem (see
[45] ), we finish the proof of the theorem. O

Lemma 5 Suppose that 1 <q~ <p~ <q' <p*. Then, there exists 2* > 0 such that
Jor any A € (0,27) there exist a,b > 0 such that ¥;(u) >b > 0 for any u € X with

[[ul y= a

Proof Because of the embedding X—L90)(Q;w), there is a positive constant
C, > 0 such that

l[tll ()0 < Calluall e (11)
for any u € X. Let a € (0, 1) such that a < . From (11) implies ||u|,,, <1 and
[ ot as <y, 12)

Q

for all u € X with ||u||y,= a. Combining (11) and (12), we get
[ ot <t julg 13)
Q

for all u € X with ||u|| = a. Using the inequality (13), we conclude that

1, y) .
%wzj@Mm—f/wmwmw

p q
Q
1 Ao
> —lullt =22 |u
R [Jul g ([l
| (R A
:—+ap —TC;] aq
p q
| G A
o (Lo ka)

Taking
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L
L a1 g

—= 14
o (14)

then there exists b = g;—i > 0 such that W, (u) >b >0 forall 1 € (0,A") and u € X
with ||u|,= a. O

Theorem 9 Let 1 <q™ <p~ <q" <p". Then, there exists A" > 0 such that any ). €
(0,2") is an eigenvalue for the problem (1).

Proof Take 4 € (0,1"), where 1" is given by (14). By Lemma 5 it follows that on
the boundary of the ball centered at the origin and of radius « in X, denoted by B,(0),
we have

inf ¥; > 0.

0B,(0)
From Lemma 3, there exists ¢ € X such that W, (¢¢) <0 for # > 0 small enough. In
addition, we get

1 + A - -
Wiu) = = ully = =G5 Jull
p+ X q- 2 X

for any u € X. This follows that

—oo<c¢ = inf ¥;<0.
B,4(0)

Let choose ¢ > 0 such that

O<e< inf ¥, — inf W,.
B,4(0 B,(0)

If we implement the Ekeland’s variational principle to the functional ¥, : B,(0) —

— R, then we discover u, € B,(0) such that
W, (u,) < inf P + e,
B4(0)
W(u) <Wi(u) + ellu — uelly, u# u,.

Since

V() < inf ¥, +¢e< inf ¥, +e< inf ¥,
B,(0) B,4(0) 9B,(0)

then we can deduce that u, € B,(0). Let take a function  : B,(0) — R denoted by
Y(u) =¥, (u) + ¢||lu — u||y. Hence, we obtain that u, is a minimum point of .
Thus we see that

l//(“s +1y) — l//(us)

>0
t

and
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Ti(”s + ty) - IPZ(MS)
t

+ &llylly = 0.

for small ¢ > 0, y € B,(0). Taking t — 0, we have

<‘P§.(ua)7y>+8||y||X20- (15)

If we substitute —y in (15) for y, we have ’<‘I’£(u,),y>‘ <é&||y|ly- It is known that
W) (u,) € X*. If we use the definition on operator norm for X*, we have
|, (1) || . <e. Thus, we achieve that there is a sequence {z,} C B,(0) such that

W¥,(z4) — c and ¥(z,) — 0. (16)

Since {z,} C B,(0) and ||z,||y <a, then {z,} is bounded in X. This follows that {z, }
converges strongly to z in X by Lemma 4. So, by (16),

W¥,(z) = ¢<0 and ¥ (z) = 0.
Thus any 4 € (0,1%) is an eigenvalue of the problem (1). O

Lemma 6 (see [43]) There exist {¢;} C X and {d)Z} C X* such that

X =span{gylk =1,2,...}, X" =span{¢;lk=1,2,...}
and

1, k=1
<¢Z’¢’>:{o, k1

for the space, which is a reflexive and separable Banach space, where (-, -} denotes
the duality product between X and X*.

For convenience, we write X; = span{¢,;}, Y; = @;ZIX,, Zi =@ X

Lemma 7 If we define the set

ax = sup{ . Il =1, w € Zc
then lim;__, o o = 0.

Proof Using the continuous embedding X<—L90)(Q; ) and Lemma 4.9 in [43],
then lim;__, o, oz = 0. O

Using Lemma 7 we obtain the following theorem.

Theorem 10 Let pt <q~. There are infinite many pairs of solutions of the problem
(1), ie., the functional ¥, has a sequence of critical point {u,} such that
Y, (u,) — +oo.

Proof Firstly, we want to show that the conditions (4;) and (4,) are satisfied, where
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(A1) by :=inf{W¥,(u)|u € Z, |july=7;} — oo ask — oo
(42) ap == max{¥,(u)|u € Y, |Jully=m} <0

for the reel numbers 7, and 7y, such that #, >y, > 0 when k is large enough.
Moreover, it is noted that
(41) Let u € Z such that ||lu| ,= 7y, > 1. Then, we obtain

l v i X
Vi) > ol ) = = / o0) a7
Q

1 A - +
> s ahyw) = mmax{ el s el

1 -,
p—+||u||’§( —4 ullg0 =1

1
pjllull” K—daf lullg sl > 1

1 - . gt +
> p—+|\u||5} —Ao [lulk

1 - t +
= ]

i
If we choose y;, = (iq*ocf)” " then we get

+

1 £ L
Wi(u) > — (iq%c,’f)” Tl (icf”ocf)p !
p

as k — oo because pt <gt and oy — 0. So (4;) holds.
(42) Let u € Y be such that ||u||y=n; >y, > 1. Then, we obtain

1 /
E A —up——v/wx ul ™)

1 A +
NPT A a q
= llullx == Imm{HMll »Ilul\q<,>,w}~

"B

Furthermore the norms ||| and ||.[,, ., are equivalent due to the fact that ¥ has
finite dimension. Finally,

WY, (u) — —oo as |lul|y— +oo, u € Vi
by p" <g~ and the Fountain Theorem (see [45, Theorem 3.6]). O

Data availability We do not analyse or generate any datasets, because our work proceeds within a
theoretical and mathematical approach.
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