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Abstract
Using Mountain Pass Theorem, we consider the existence of weak solutions of weighted
Robin problem involving p(.)-biharmonic operator

a(x)A;(x>u = Ab(x)|u| 2y, inQ
a(x)IAulp(x)_2% + BOO)|ulPY2u = 0, on 0Q

under some conditions in the space WE’Z(‘)(Q).
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Introduction

Let a and b be two different weight functions. Here, we are interested in the following
fourth-order quasilinear weighted elliptic equation with Robin boundary conditions

a()A2 u = Ab(x)|u|T0 2y, inQ
p(x) P ; (1)
a(x)lAulp(")_za—': + BOO)|ulPY2u = 0, on 0Q
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where Q c R” is a bounded domain with smooth boundary 09, % is the outer unit normal
derivative of u with respect to d€2, p, ¢ are continuous functions on Q,ie. p.qgEeC (5)
(x) > 1, f € L*(0Q) such that

7= 9> 0

withinf g p

where Ai(x)u = A(|Aul”™2Au)is the p(x) -biharmonic operator of fourth order.

Before giving our main results, we recall literature involving with p(x)-biharmonic opera-
tor. Recently, variable exponent function spaces, especially Sobolev spaces, have been very
useful for exploring the existence and multiplicity of solutions of partial differential equations
involving p(x)-biharmonic operator. Besides this, electrorheological fluids, image processing,
elastic mechanics and fluid dynamics are some of the applications in the area. In this context,
we refer [1-7] and the references therein among others.

This paper is organized as follows. In “Notation and preliminaries”, we investigate
some preliminaries and basic informations about the weighted variable exponent Lebesgue
spaces Lﬁo and double weighted variable exponent Sobolev space Wj’g(')(Q) that will be
used in “Main results”. In the last section, we discuss the major conclusions of our main
results.

Notation and Preliminaries
The set is given by
C+(§) - {p c c(ﬁ) inf p(x) > 1},
xeQ

where Q is a bounded open subset of RY with a smooth boundary Q. Let p € C, <§), we
denote

p = in}; p(x) and p* = sup p(x).
XE.

x€Q

ForpeC, (5) and1 < p~ < p* < o0. The space LPV(Q) is defined by
’O(Q) =ulu : Q > R is measurable and / [(0) PP dx < o0
Q

with the (Luxemburg) norm

. u
lull ., = 1nf{/1 >0: pm(;) < 1},

where

0 (1) = / ()",
Q
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Moreover, it is known that the space (L"/(Q), ||.||,,., ) is a reflexive Banach space, see [8].
The weighted Lebesgue space LZ’(')(Q) is defined by

P9(Q) = ulu : @ — R measurable and / ()PP a(x)dx < oo
Q

1
such that [[ull,,,, = uaro < oo foru € Lﬁ(')(Q), where a is a weight function from Q
p()
to (0, 00). The space (LZ(‘)(Q), II-1 p(.),a> becomes a Banach space. Also the space LZ(‘) (0Q)
is given by

LP9(0Q) = ulu : 0Q —> R measurable and / [u() PP a(x)de < +oo
o0

with the norm

p(x)
@ a(x)do <1
T

||u||p(')ya’dQ =inf<z>0: /
0Q

for ue Lf;“(@Q), where do is the measure on the boundary of Q. The space
(LZ(‘)(()Q), ||~||p(4),a,ag> is a Banach space. If a € L*(Q), then IV = [70), see [9-12].

Proposition 1 (see [13-17]) For allu,v € LZ(‘)(Q), we have

(i) ully,, <1(resp=1,> 1)if and only if 9, ,(u) < 1 (resp.=1,> 1),
(i) ull) ), < 0pra) < Null) ) withllull, )0 > 1,

p().a
e + ~ .
(i) Nl , < 0y a@) < Nl withlull,y, < 1
. . ' p* < ' p*
(iv) - min {1l Ml b < 00000 < max { el

L L L
(v) min {OP(,),G(M)V > OP(,),g(M)"Jr } < ”””p(,),a < max {Op(,),a(M)V
(vi) 0,0y, —v) — 0if and only if |[u — V||

L
0p0a @7

pra = 0

Fork € Z*, let

WOQ) = {u € PO(Q) : Du € ’Y(Q),0 < |a| <k},
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glel

T
oo

where a €N is a multi-index, |a|=a; +ay+ - +ay and D= for

1
v ol g L;OC(Q). Hence the space Wf"’ Q) is a separable and reflexive Banach space
equipped with the norm

kp(.
laell ooy = Nl = 3 1D Ul

0<]a|<k
Define the space
WPOQ) = {u e ’)(Q) : |Vu| € ’V(Q)}
with the norm

Lp(.
lally = Hlall ., + IVl

p()v p()ve

The spacer_*l”',(')(Q)is dual space of WV (Q) where— + T) =1L =y7P0O =y ~50 T

Moreover, the space C°(L2) is a subspace of WV1 #t )(Q). Thus we can conclude that the
closure of C°(Q) in W' 7(Q) which is denoted by WS”C(')(Q). The space Wé:f(‘)(ﬂ) can
also be defined as

Wy P(Q) = {u € W(Q) : uly =0}
equipped with the norm
p()v

lluell o0 = 1 Vael|
0w

by the Poincaré inequality, see [6, Proposition 3.4]. This follows that the norms ||.||‘1/’”(') and

Il
reﬂexwe Banach space see [6 8, 13, 18-21].

1) are equivalent on W1 o )(Q) The space (Wé’f © (€, -l yre0 ) is also a separable and
’ 0,v

Let a e b o IS L1 .(Q). The double weighted variable exponent Sobolev space
2"()(Q) is defined as

WO @) = {u e Q) : D'ue V@), 1 < a| < 2}

. . lal
where a € N(])v is a multi-index, |a| = a; + a, + - + ay, D* = ﬁ Endowed with the
X1 TTUIN

norm

2,p()
Nl 22 = Ml + D 1Dl 0

0<]a|<2

W2p ()(Q) is also separable and reflexive Banach space. For a-b:l we get

55()(9) WZ”()(Q) The dual space of W ”()(Q) is W:zh’:()(Q) where ? + p—() =1,
& = PO = g o and p* = plP'O = p 0. If a € L¥(Q), then Y =10, see [17,
18, 22-24].

Let f € LI'OC(Q). Then, the maximal function of fis defined by
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1
Mre) =suprt [ o
x€B |B|
BNQ
where the supremum is taken over all ball centers at x. It is proved that the operator Mf is
bounded on I/”(Q). In addition, CS"(IRN) is dense in WY (RY) and IZ(RY), see [13,
25].

Denote
N=Dp(x)
/N 9 _  ifp) <N
p'x) = (p(x)’ = { No’;’) if p(x) > N
and
r)-1
p‘j(x)(x) ( ) 0( )

for any x € 0Q and r € C(0Q, R) with 7~ = inf, ;3 r(x) > 1.
In this paper, we assume that p(x) < p‘: r(x)(x) < p‘z(x) for all x€0Q and

1 <g) < r(") L ( *)g(x) for all x € Q where p,(x) = % and

Npx) .
pﬂ(x) — Nop)’ lfp(x) <N, )
+o0, if p(x) > N.

1

—a() 1 —_—
Theorem 1 Let a™* € L'(Q) with a(x) € ( o’ °°) n [p(x)—l’

compact embedding between Wj’}f(')(Q) and Lf;( )(09).

oo). Then there exists a

Proof Take any u € Wj’f(')(Q). Then we have

Lp()
lNuell 57 <l + 1Vl 0 + (1D%ull )
! P P P
lal=2

20)
=lull,;”

Thus, we get that the continuous embedding between Wj’Z(')(Q)and W;’Z(')(Q) hold. Also
by [26, Corollary 2], there exists the compact embedding between Wi ’ZO () and LZ(‘) (0Q).
Therefore, we obtain that the space Wj’[’,’(')(ﬂ) is compactly embedded into space LZ(')(t)Q).

Using the continuous embedding between W2 P )(Q)and W] ”()(Q) and by [26, Corol-
lary 3], the proof of the following theorem is easy to see.

Theorem 2 The space Wazf(')(Q) is compactly embedded in the space LZ(‘) (Q).
Theorem 3 Let Q be a bounded domain with Lipschitz boundary. If the maximal opera-

tor is bounded on Lp()(Q) Then the norms ||u||; and ||u|| 2P0 gre equivalent on Wj’f:(')(Q),
where
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lluelly = I1Aully0)0 + Nl 000

Proof If we use the embedding W;’g(')(Q) < L‘Z(')(GQ) in Theorem 1, then there exists a
C,; > Osuch that

2,p()
||’4”p(_),a,ag < (Cl - 1)”””aZ
forallu € Wj’f(')(Q). Thus, we have
2,0(.
llully < €y llull5 )

forallu € Wj’g(')(g). Then we have u € W;’Z(‘)(Q). By [26, Theorem 4], there exists C, > 0
such that ’ ’

||u||p(<),b < Cz{”V””p(_),a + ||”||p(_),a,ag}~ 3)

9*u
0x;0x

L}

Since the maximal operator is bounded on L{,’O(Q), the Riesz transform is bounded on
12(Q), [28]. This yields that there is a C; > 0 such that

By [27], it is known that

= —R;R;(Au) where R;u is called the Riesz transform of u.

0*u
0x;0x;

= |[RRj@w| < Cillaully,
a

JZOF

fori,j =1,2,...,N.In addition, we can get

Z ID%ull 0 < CallAutll 4)
la|=2

for C, > 0. Also by [29, Theorem 4.4], we get
[Vu| < Cs|M(Auw)|,

where Cs is only depend on Q and N. Since the maximal operator is bounded on Lﬁ(')(Q),
there is a Cy > 0 such that

IVull)a < Coll Aull ) q- &)

Combining the inequalities (3), (4) and (5), there exists a C; > 0 such that

2,p(.)
”””az = ”u”p(,),b + ”V””p(,),a + Z ||Da”||p(,),a
la]=2 (6)
SC7{”AM||p(4),a + ”“”p(,),a,agz} = C7||”||a-

Hence by (2) and (6), we get the desired result.
Let p € L*(0Q) such that
r" = pe >0

Define
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lluell gy = {t >0: Wﬁ(x)( ) < 1}

where
uwwh/ammmww+/mmmww
Q 0Q

forany u € W2 ?0(Q) where do is measure on boundary d€2. Also, if we consider the Theo-
rem 3, the norms ll-11 gy and 1117 220 are equivalent on WZP( Q).
The following Proposition can be easily seen by the references [16, 17,30, 31].

Proposition 2 The following statements are true.

(i) Ty < V@) < Il with gy < 1

(i) min {lully . Nully § < () < max {ally .l .
(v) |lu— uk||ﬂ(x) — 0if and only if w4 — 1) - O ask — oo,
(v) el pey = oo if and only if yp, (1) — 0 as k — co.

The following Proposition can be proved by [30, Proposition 3.2].

Proposition 3 Let us define the functional Ly, : Wz’p (')(Q) - R by

me=/“WAWM+/“N<M%a
Q

forallu € WZP()(Q) Then we have Ly, € C1< 2p()(Q) IR) and

Ly () =< Ly ),y >= / a(x)| AulPY72 AuAvdx + / B u(x) PP 2uvde
Q

foranyu,v € WZ’Z’(')(Q). Moreover, we have

(i) L;;(x) : 2’J()(Q) — W;b‘i()(ﬂ) is continuous, bounded and strictly monotone
operator,
(ii) Ly, : W w2rOQ) — 12;‘)(9) is a mapping of type (S,), i.e. if u, = u in
2p()(Q) and lim supLﬂ(x)( ,,)(un —u) <0, thenu, — uin Wj’}’:(')(Q),
(iii) Ly, W, 2” ()(Q) ;zb‘i “(Q) is a homeomorphism.

Definition 1 If the function u € W7 () has the following condition
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/a(x)|Vu|p(x)_2AuAvdx+/ﬂ(x)lu(x)|p(x)_2uvd0'—A/b(x)|u|"(x)_2uvdx=0

Q oQ Q

forallv e ij(')(ﬂ), then u is called a weak solution of the problem (1).

Zhikov and Surnachev [32] prove that a sufficient condition for the density of smooth
functions in the weighted Sobolev space with variable exponent is obtained. Moreover, it
is known that the space C°(Q) is a subspace of Wlp()(Q) and Wlp()(Q) = WhO(Q) for
0<a fakx)<a,0< bI 5 b(x) < b, and a, , 0y, b,,b2 € R. Thus we obtain that the spaces
Cy () and C*(Q) N W1 Pl )(Q) is dense in W, p ( )(Q) since log-Holder continuity of the expo-

nent is sufficient for the densny of smooth functlons see [28, Theorem 9.1.8], [33, 34].
The class A, is set of weights w such that

_ 1
Wil = sup [BI 2 wll g ||~ || o < o0
Bep WL »O (B)
-1
here BB denotes the set of all balls in Q =(L1/Lqg and — + — = 1. If
v 05 P (|B|B/p<x> . 0t~

a€A,, 0<b <bx)<bh, and p() € P2(R"), i.e. p(.) satisfy log-Holder continuity
condition, then C;°(€2) is dense in Wi’,’;(')(g) [13, 35]. So, the weak solution of the problem
(1) is well defined. In this work, we assume that a € A,,, 0 <b; <b(x) <b, and
p() € PE(Q).

For a weak solution to (1), we will introduce the functional @, : Wi”g(‘)(g) — R defined

by
ch(“)Z/QIAu|p(x)dx+/@|u(x)|”(x)dg_/1/@Wr](ﬂdx
J P A p(x) J a)

for any A>0. The function @, is well defined from Wf’g(')(Q) to R and
o, € Cl( wO(Q), R) with the derivative given by

' (w)(v) = / a()| AulPP 2 AuAvdx + / B u(x) PP 2uvde

Q

—A/b(x)|u|q(x)_2uvdx

Q

for all u,v € WZP ) (Q). The operator @’ "(u) is in the dual space W, *sz © (Q). It is also note

that u € Wu1 g()(Q) is a weak solution of the problem (1) if and only if « is a critical point
of @,.

Main Results
Lemma 1 If there is a constant n > 0 such that p* < n < q~, then the operator ®, satisfies

the (PS) condition.
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Proof Let (u,) _ C W.7"(Q)be such that

' (1,) = 0in W OQ)asn — oo, 7

a*.,b*

sup |<I>,l(u

ie. ( )n y is a (PS) sequence. Now, we will show that the sequence (un)neN is bounded in

ji()(Q) Assume that the sequence (u, ), . is not bounded. Thus we can say ||u,,|| poo > 1

for all n € N. Then we conclude
1
M+ ”un”ﬁ(x) Zq)i(“n) - _<(I’;(“n)’“n>

=/a(X)|A |p(x) ﬁ( )| ()ip(x)d i/@ unlq(x)dx
) px) s q(x)

-2 / a(x)lAunlmdx— 1 / B,V do + / b(o)|u, | " dx
! Q nasz g 2

1 1 1 1 x
Z(F - Z)Wﬂ(x)(un) + ﬁ<; - q_‘> /b(x)|un|q( dx
Q
> (L= D)l

If the we divide the last inequality by ||“n||1;;x) and passe to the limit as n — oo, we find
n < p*. That is a contradiction. Hence, we achieve that (un) is bounded in Wi”b’ (‘)(Q). On the
other hand, since Waz’f(')(Q) is a reflexive Banach space, there exists u € Wi’,’:(')(g) such that
u, = uin Wi’g(‘)(Q). Use the fact that the embedding Wi”b’(‘)(ﬂ) < LZ(‘)(Q) is compact. So,
we getu, — uin LZ(')(Q) and sup, [|u, | 5., < co. Also, by the Holder inequality, there exist
Cyg, Cy > 0 such that

/ b0, ", (1, = )| < / )" [ |, = ufds

Q Q

< Gy, | by

e, = u|b(x)$
r()

q()
= CS””n”q(.),b'H”n - “Hq(),b
< C9||”n”/3(x>'””n - ””q(.),b —0

where ? + (L = 1. Thus

lim /b(x)|un|q(x)_2un(un —u)dx =0. ®)

n—aoo

Using (7) and the boundedness of {un — u} in Wf’g(')(Q), then we find

q);(”n) (”n - u) - 0. &)
Combining (8) and (9), we obtain the

@ Springer



1168 Differential Equations and Dynamical Systems (October 2024) 32(4):1159-1174

lim /a(x)|Aun|p(x)_2Aun(Aun — Au)dx + / ﬂ(x)|un(x)|p(x)_2un(u” —u)do | =0.

n—>00

Q 0Q

That means

lim Lﬂ( )( )(un —u)=0. (10

n—oo
Using (10) and Proposition 3, we get that the sequence {un} converges strongly to u in

2” ¢ )(Q) This completes the proof.

Theorem 4 Let pt < n < g~ for some n > 0. Then, there is a nontrivial weak solution of
the problem (1) for pt <n < q".

Proof From Lemma 1, the functional ®, satisfies (PS) condition on Wj’g(')(Q). By the
assumption p* < n < g~ and the embedding W2 P )(Q) S LZ(')(Q) we get

qw=/ﬁ@mwmw+/ﬂlwmmw~a/(”HMW
p(x) px)

Q (49 Q

zl% / a(x)| AulPPdx + / B ux)PVdo | - qi_ / b(x) |u| "dx

Q 0Q Q

1 y
> @) — == max {lulll . el |
P q
S 1 A
> l;wﬂ<x><u> - q—_ max { el |

||u||ﬂ(x) = i,

1
> llel?,
(,, i

for ||lull g, < 1 and pti < g. So, we obtain @,(u) > 0 for lull gy = p sufficiently small.
Moreover, we get

P(x) P() b(x)4™®
D,(1v) = / M|Av|pmdx+ &|v|q(x)dg - /1/ (XLWVJ(X)dx
J P P q(x)

< Ip+y/ﬂ(x)(v) — A7 /b(x)lvlq(x)dx

Q
< o) = 37 [ bODIds — oo
Q
ast — oo forv e sz ) (Q) — {0}. Also, we have ®@,(0) = 0. If we consider the Mountain

Pass Theorem (see [36]) then there is a nontrivial weak solution of the problem (1).

To consider Ekeland’s variational principle to the problem (1), we need the following
two lemmas.
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Lemma2 Assume thatl < g~ < p~ < gt < ptis satisfied. Then, there is a A* > 0 such that
for any A € (0, A*) there exist u,, u, > 0 such that ®,(u) > u, > 0 for any u € Wi’g(')(g)
with |[ul| gy = Hy-

Proof Since Wi’g(‘)(ﬁ) < LZ(')(Q) holds, there exists a C;, > 0 such that
”u“q(.),h < Cl()”u“ﬁ(x) (11

for any u € Wi’g(‘)(Q). Now, we choose y; € (0, 1) such that y; < CL By (11), we have
i 10
lleell 4 yp < 1and

() q
[ bcoas < i, 1)

forallu e W;’g(')(Q) with |[u| oy = gy If we consider the relations (11) and (12), then we
have ’

(x)
[ b0 <
Q

for all u € W, ?"(Q) with [|ull ) = p,. This yields that

@400 2 10— _/MMWW

1
FM%) "Mm
1
_ 1 p* A g
—El‘;@‘
-1 - A
q ] q
=u, | <H ——C>
! (p+ : q
Taking
L g
A= — (13)
2p C2

then there exists u, = ;}% >0 such that ®,(u) > pu, >0 for all A€ (0,4*) and
u € W Q) with [lull iy = p,.

Lemma3 Letl < g~ <p~ < q' < p*. There is a function u in W:”Z(')(Q) satisfying u > 0,
u # 0and ®,(tu) < 0 when t is small enough.

Proof Since g~ <p~, we get g~ + &, <p~ for a £, > 0. From ¢(.) € C(ﬁ), there is an
open subset €2, C Q such that|g(x) — g~| < g, for any x € Q. This yields that
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qx) <q” +e5 <p” (14)

for any x € €. Let us consider u € C°(Q) satisfying Q_O C suppu, u(x) = 1for all x € Q_O

and 0 < u < 1in Q. Now, we take ||ul 5, = [|Aull,,, = 1, or equivalently,

/ |AulPPax)dx = 1. (15)
Q

By (14) and (15), we have

(x)
o, = [ “O O sl / PO e 4 [ PO
Q

q(x)
Q
- A w0
< — W) — — /! || ™ b(x)dx
p q
Q
.
< [_ — i / tq(x)|u|q(x)b(x)dx
r- qF
Q(l
D “+e
<A [ b
P q

Ql)

for all £ € (0,1) and ||ul| ) = Wy (u) = 1. Moreover, we obtain that @,(ru) < 0 for all

1
t < 87 with0 < § < min "’ ay |u|"(*)b(x)dX}
'Q‘O

Theorem 5 Suppose that1 < g~ < p~ < g < p* is satisfied. Then, there is a A* > 0 satis-
fying any A € (0, A¥) is an eigenvalue for the problem (1).

Proof Let 4 € (0, A*) where A* is given by (13). By Lemma 2 it follows that on the bound-
ary of the ball centered at the origin and of radius y in Wuz’f(')(ﬂ) denoted by B,,(0), we have

inf &, > 0.
9B,(0)

If we consider the Lemma 3, there isau € WZP( )(Q) such that @,(tu) < 0 for ¢ > 0 small
enough. Moreover, we get

@, (u) > CqOIIMII

” ”ﬂ(X) Bx)

for any u € W>7’(Q). This yields that

—oo <y = inf @, <O0.
B, (0)

"

Now, let us take € > 0. This yields that

0<e< inf @, — inf ;.
0B,,(0) B,(0)
Using the Ekeland’s variational principle to the functional ®, : B,(0) — R, then we find
u, € B,(0) such that
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CD,I(ug) < inf @, + ¢,
B,(0)

CD/I(u&) <@, (u) + €||u— u6||ﬂ(x), u#u,.

Since the relations

D (u, )< infd,+e< inf ®,+e< inf &
al 5)_,,,(0) AT T g0 B,0) *

"

hold, ~we have u, €B,0). Define a function «7:B,(0)— R as
T(u) = O, (u) + €lju — u, ||ﬁ(x). It is obvious that u, is a minimum point of z. This follows
that

T(l/te + t:9) - T(ué)

>0

and
@, (u, +19) — @, (u,)
t

+ €190l = 0

for small t > O and all 9 € BM(O). Ast — 0, we have
(@ (), 9) + I8l ) = 0. (16)

If we replace 9 in (16) with —9, then we get |<d>g(u5)8>| < |19l 5o It is known that

CD;(ug) ew? /(‘)(Q). If we consider the definition of operator norm for sz’p 0 (), then

a*,b* a* b

we obtain ”d);(uE) < e. Therefore, we get that there exists a sequence

-2p'()
W ()

{zn} C B,,(0) such that
q),l(zn) — Zand (D;(zn) — 0. (17)

Since {zn} C B,(0) and ||z,,||ﬂ(x) < u, the sequence {zn} is bounded in Waz’l’j(')(Q). By
Lemma 1, we get that {zn} converges strongly to z in Wj’g(‘)(Q). This follows by (17) that
D,(z) =y <0and <I>;(z) =0.

Finally, we obtain that z is a non-trivial weak solution for the problem (1) and thus any
A € (0, A*) is an eigenvalue of the problem (1).

Now, we give some well-known assertions for the multiplicity solutions of the prob-
lem (1).

Lemma 4 (see [2]) Assume that X is a reflexive and separable Banach space. Then there
are {xk} C X and {yk} C X* such that

X = span{xklk =1,2,... }, X* = span{yk[j =1,2, }

and
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( )= 1, k=1
Yel1! = 0, k1
where (-, -) define as the duality product between X and X*.

l oo
Briefly, we denote X, = span{x, }.Y, = @ X,.Z, = @ X,.
k=1 k=l
Lemma5 Let us denote
ey =sup {llullyyp  Nullyey =1, u € Z;}.
Then, we have lim,__, ¢, = 0.

Proof If we use the continuous embedding Wj’f(')(Q) S LZ(')(Q) and the approach in [2,
Lemma 4.9], then we get the desired result.

By Lemma 5, we conclude the following result.
Theorem 6 Let pt < g~. Then there exist infinite many pairs of solutions of the problem
(1), i.e., the functional ® , has a sequence of critical points {un} such that CD/l(un) — 40

asn — +oo.

Proof 1t is known that @, is an even functional and satisfies the (PS) condition. Now, we
will prove that if [ is large enough, then there are #, > y, > 0 such that

(4,) 4, :=inf{(1>,1(u)|u € Z, llullye =7, } s o ask— oo
(Az) e :=max{<1>,1(u)|u ey, ||u||ﬂ(x) = 11,} <0.

(AI) Letu € Z; such that||ul| s, = v, > 1. Then we conclude that

1 .
@, (u) > — W) — == / || 9 b(x)dx
Q

1 A
p W0 = == max il

/1
|| ||M ~ 2 max { il el

_”u”ﬂ(x) Aaq ”u”ﬂ()c)’ ”u”q(),b > 1

qt
||u||,,(x> aa!" |l

1 +
=) = Ay

If we define y, = </1q+01;’+ ) m , then we have
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— +

A A
D,u) > pLJr (Acfa;f > e Aa] (/lq+alq )”:"+

“(L_-1L (A+aq+>#—>oo
BV R AN

as| — oodue to p* < g*and ¢; — 0. S0 (A, ) holds.

(Az) Suppose thatu € Y, is a function satisfying ||u|| 5., = 7, > ¥, > 1. This follows that

AL
@0 <y, - / b1

|| ully, ~ mm{||u||q(),,,||u||q(),,}

If we consider the fact that the space Y, has finite dimension, the norms ||.|| 5,y and ||.[| ;)
are equivalent. By the Fountain Theorem (see [36, Theorem 3.6]), we have

D, (u) > —co as ||ulljp) > too, u €Y,

due to pt < g~.
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