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Abstract
We study the following p (.)-triharmonic problem

A+ a@) [ulPD 7 = aVi () w72 u = Vo) w072 ), in Q
|V Au|PO=2 3 4 B(x) [u|P 2y =0, on 92,

where 2 is a smooth bounded domain in RY, and A > 0 is a parameter. Using some
variational methods and compact embedding results for variable exponent third-order
Sobolev space, we obtain the existence of weak solutions for the problem.
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1 Introduction

In this paper, we are concerned with the existence of weak solutions for the p (.)-
triharmonic problem

A3 it a() JulPO 7 = Vi) [ul 972 u = Vo) [u]* 7 w), in Q
|V Au[PO=2 84 4 B(x) [ulP™ 2 u =0, on 9%,
(1
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where @ ¢ RN (N > 3)isabounded domain with smooth boundary, a, Vi, V2, q, o €
L™ (2) are nonnegative functions, ,3 € L% (0R2) such that B~ = inf ¢y B(x) > 0,
peC @ with inf g p(x) > 1, 5 is the outer unit normal derivative of u on 9€2,
Ap(‘)u = div(A(|VAu P2 VAu) is the p (.)-triharmonic operator of sixth order,
XA, u > 0 are real numbers.

Partial differential equations involving p (.)-Laplacian operators have been received
considerable attention in recent years. Especially, in application there are several inter-
esting and difficult problems, such as electrorlogical fluids, image processing, flow in
porous media, elasticity and calculus of variation (see [2, 3, 8, 9, 11, 15, 23, 24, 26,
29, 32]).

In 2014 Kong [20] found the existence of one nontrivial weak solution of the
following fourth order elliptic equation with a p (.) -biharmonic operator and Navier
boundary conditions

{ Ai(.)u +a() [ulPO72u = 1 (b(x) [ul D2 u — c(x) [ufP2u), inQ
u=Au=0, on 092,
(2)
where @ < RV (N = 1) is a bounded domain with smooth boundary,
p.a,b,c,B.y € C(Q) with p(x) > 1 on Q, A > 0 is a parameter, Ai(.)u =
A(|AulP972 Au) is the p (.)-biharmonic operator. In addition, Kefi and Radulescu
[18] investigate weak solutions of the problem (2) under more general conditions by
Ekeland’s variational principle.
In 2019, using Mountain Pass Theorem, Rahal [25] studied the existence of weak
solutions to a class of p (.)-triharmonic operator with Navier boundary condition

M(f 6] |V Au|P®) dx)A* u=25() P20 — Q) ulfP 2y, inQ

u=Au=Au=0, on 082,

where @ ¢ RV (N > 3) is a bounded domain with smooth boundary, p, ¢, &, , B €
C (Q) are nonnegative functions such that 1 < p(x) < 5 ¥ for any x € Q. Moreover,
Shokooh [27] showed the existence of infinitely many weak solutions under suitable
conditions on his parameters. Precisely the author studied the following problem p (.)-
triharmonic operator problem

Ai()uz)»f(x,u)+/1,g(x,u), in
u=Au=Au=0, on 082,

where p is a nonnegative parameter, A > 0, f,g € C° (§ X R) and p € C°(Q m

with max {3, %} <p = mfp(x) < ptT = supp(x) < oco. For p (.)-triharmonic
xeQ

problems, see ([5, 6, 16, 27, 31]).

Inspired by the articles mentioned above, our aim is to show that problem (1) has
nontrivial weak solutions under some suitable conditions. Moreover the multiplicity
is also discussed.
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2 Notation and preliminaries

Let C4 (Q) = {p € C(Q) :inf g p(x) > 1}. Forany p € C; (Q), let

1 <p~ =inf p(x) < p™ =sup p(x) < 0
xeQ xeQ

and

LPO(Q) = du|u: Q — Ris measurable and f lu(x)|P™ dx < oo
Q

with the (Luxemburg) norm

lull .y = inf {E >0:0p() <g> < 1} ,

where the space (L”(') (), |l ||p(4)) is a separable and reflexive Banach space.
The variable exponent Sobolev space W5 70 () is defined by

WwhrO (@) = {u € LPO(Q) : D% € LPO(Q),0 < |a| < k} ,

where o € Név is a multi-index, |a| = o) + a2 + ... + ay and D% = % Then,
X Oxy
Wk-PO) (Q) is a separable and reflexive Banach space equipped with the norm

Nl pey = Z ”Da”“p(.)

0<|er|<k

(see [12, 19]).

Theorem 1 (see [Theorem 2.3 in [12]]) Let p,q € C4 (R) such that q(x) < pj(x)
for any x € Q. Then there is a continuous and compact embedding W5 P (Q) —
L1Y(Q), where

N .

pr(x) = Wekp P () < &

+oo, ifpx) = %
Theorem 2 (see [Theorem 2.4 in [13]]) Assume that the set Q2 is an open bounded
domain with Lipschitz boundary, k € 77, p € C° @ with p~ > 1 and kp*t < N.
If g € S (0K2), where S (0S2) is the set of all measurable real functions defined on <2,
and there exists a positive constant € such that

(N—-1) plx)
I<g(x) <gx)+e= m forx € 0L2,

then the boundary trace embedding wWkPO (Q) — L1O@Q) is compact.
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Corollary 1 Due to p(x) > % for x € K, then the continuous embedding
W3 PO (Q) — LPO(IQ) is compact.

Throughout this paper, we let the space X = W3-P@) (Q) . Define a norm ||.|| of X
by
lull = llully,poy + Nullz, poy + lullz, py -

To obtain the existence of a weak solution for problem (1), we introduce a norm for
the space X, which will be used later. For u € X, define

. VAu
llee]| x :mf{r > 0:/('—
T
Q

Then, by Theorem 2.1 in [7], ||u|x is also a norm on X which is equivalent to ||u]|
dueto B € L (02) and B~ = inf,¢yq B(x) > 0 (see [2, 7, 14, 17, 20, 21, 25, 27] ).

px)

—I—a(x)‘;

u |p(x) u |px)
)dx—l—/ﬂ(x)‘f‘ do < 1}.
T
0Q

Proposition 1 (see [7, 14, 21, 25]) Let Yy = [(IVAul?™ + a(x) [ulP™)dx +
Q

f B(x) Iulp(x) do with B~ > 0, where do is the measure on the boundary of Q2.

0

Hence, we have

A

. -
(i) lully < 1= llully < ¥pe@) < llull

. P pt
(i) llullx = 1= lluly <v¥pe@ <luly .
Proposition 2 (see [4, 7, 14, 17]) Define the functional Wg(y) : X — R by
1
Wpio 0 = [ 7801+ a) iz + [ B8 g ao
J p(x) A p(x)

forallu € X. Then,

(i) Wgy : X — R is sequentially weakly lower semi-continuous, Wg() €
C! (X, R), and its Gateaux derivative “%(x) is given by

\IJ};(X)(u)(v) = /(|VAL£|[)(X)_2 VAu.VAv + a(x) [ulP72 uv)dx
Q

+[,B(x) lulPO~2 yvdo
02

foranyv € X.
(ii) The mapping %( 0 - X — X* is a strictly monotone, bounded homeomor-

phism, andis oftype (S4.) , i.e., ifu,—uin Xandlliqrifgg)\llé(x) (un) (up—u) <0,
thenu, — uin X.
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3 Main results

A function u € X is said to be a weak solution of the problem (1) if

/(|VAL¢|”(’C)72 VAu.VAv + a(x) [ul?® 2 uv)dx + / B) |ulPP % uvdo
Q aQ

—A /(Vl(x) [u]9972 oy — Vo (x) [u]*@ 2 uv)dx =0
Q

forallv e X.
In the sequel, define the energy functional @, : X — R denoted by

@10 = [ AV au) + ) iz + [ B8 i ao
px) e

_)\/(M lu|9) — M lu| O dx
J q(x) a(x)

for A > 0. It is known that ®, _is well defined from X to R and ®, € C! (X,R), and
its derivative at u € X is given by

@) (u)(v) = /(\VAMI"’(")_2 VAu.VAv + a(x) [ulP® 2 yv)dx + f B) [ulPP % uvdo
Q a0

—A/(Vl(x) [u]99972 yy — Vo () [u]*@ 2 wv)dx
Q

for all v € X. Moreover, the critical points of @, are the exact weak solutions of the
problem (1).

Lemma 1 There exists a A* > 0 such that

Ve (x
. 108 3)

ueX lulx>1 [ |u|P” dx
Q

Proof By Theorem 1, X is continuously embedded into L? (2). Then, there exists
C > 0 such that
Cllull,- < llullx 4)

for any u € X. In addition, by Proposition 1 (ii) we get

Ype () = llullly Q)
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for all u € X with ||u]|xy > 1. From (4) and ( 5), we see that
1 cr -
Wgn () > p—+¢ﬂ(x) (u) = p_+ lul? dx.
Q

Hence, we find that there exists A* > 0 satisfying (3). This completes the proof. O

Lemma2 Letl <a” <at <qg”  <qT <p < D3 (x) forany x € Q. For A > 0,
we obtain

(i) @, is bounded from below and coercive on X.

(ii) @, is sequentially weakly lower semi-continuous on X.

Proof (i) Take u € X with |ju||x > 1. Then, we have

1 1
®; (1) > Wp(y) (1) —)\V1+/—_|u|q<"> dx+w;/—+|u|“<x> dx
o
i Q
+ oy Uoaw L e
> Wg(y) (1) — A max {V1 .V, } (q__ |9 — po |u|*)dx
Q

A%

A _
Wh(o) () — 7/ Wl dx — ¢, 19
Q

1 P
Z 0F lully —cxl€2|

\

for any A > 0 by Lemma 1 and the inequality (2.3) in (Lemma 2.4, [20]). Hence, the
functional ®;_ is coercive, and is bounded from below.

(ii) Let {ux} C X such that ux—u € X. By Proposition 2, Wgy) is sequentially
weakly lower semi-continuous on X. Then

W) (ug) < likrgioréf‘l’ﬁ(x) (ug). (6)

In addition, the space X is compactly embedded into L¢") (€2) and L") (Q) by The-
orem 1. So
up — uin L9Y () and LV (Q). (7)

Thus, from (6) and (7) we see that

D; (1) < liminf®y (uy),
k—o00

that is, @, is sequentially weakly lower semi-continuous on X. O

Lemma3 Let 1l <o~ <at <q~ <q" < p~. Then, there exists A; > 0 such that
infu,ex ®y(u) < 0 forall A > Aj.
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Proof Let K C 2 be a compact set such that | K| > 0. Then, there exists 7y > 1 large
enough such that

1 + 1 - 1 +
+ - +
a—_V2 lg |Q\K|—<q—+Vl fg —a—_V2 lg )|K|<O (8)

because of tgi > tg+ fora™ < g~. If we take up € X such that u(x) = #o in K and
0 < up(x) < 1y in Q\ K, then we have

1 1 + 1 +
<1>A(uo>sp—_ f |mu0|p<x>dx+p__a+tg |sz|+p—_/3+ré’ 19<2

Q\K
V 1%
—A / ﬂW(ﬂq(x)dX— / &W()I“(x)dx
q(x) a(x)
| Q2\K Q\K
V V.
- /ﬁ|,0|q(X)dx_/Lx)|to|a(X)dx
q(x) a(x)
LK K
1 1
< — f IV Auo|P™ dx + — (a™ 12| + T |8Q|)z5’+
p ok p

1 + + 1 _a- 1 + +
+A [(FV2 1§ 1Q\K| — <q—+V1 il — FVZ 1 )|K|} )

If we combine (8) and (9), then we show that there exists A; > 0 such that
inf,ex ®y(u) < 0if A > A;. The proof of the Lemma is completed. O

Theorem3 Letl <o~ <at <q~ <qgt < p~ < p3(x) for any x € Q. Then,
there exists L1 > 0 such that the problem (1) has at least one nontrivial weak solution
u(x) satisfying @, (u) < 0.

Proof Since @, is bounded from below, coercive and weakly lower semi-continuous
on X by Lemma 2, then so it has a global minimizer # € X such that @’A(u) =0,
which is a critical point of @, by Theorem 1.1 in [22] or Theorem 1.2 in [28]. In
addition, using ®;(0) = 0 and ®; (1) < O for any A > A; by Lemma 3, then u is
nontrivial weak solution, i.e. u 7 0 when A > A;. O

Now, to use Mountain Pass Theorem and find the weak solution of the problem (
1) we need to prove the following two Lemmas.

Lemma4 Let p™, a0t < ¢~ and q(x),a(x) < pi(x) for any x € Q. Then, the
operator @, _satisfies the (PS) condition for Vo > 0.

Proof Let {u,} C X be such that
®, (uj) — ¢and @) (u;) - 0in X* as j — oo. (10)
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We prove that the sequence {u;} is bounded in X. Suppose that {u;} is not bounded
in X. So we have |u;|, — ooas j — oo, and |u;|, > 1forall j € N. Hence

1
C+ujlx = ®atuj) - q—_<¢&(uj), ;)

11 A N
> (p—+ - q—> Vpe (u)) — q—! Vi) [y 1 dx

A a(x)
+a—+/V2(x)|uj| dx
Q

)\. X a(x
+q—_/(V1(x)‘uj’q()—Vz(x)’uj’ ())dx

Q

1 1 1 1 alx
= (p—_i_—q—_)wﬂ(x)(uj)—i-)\.(aj—q—_)/VZ(x)|uj| ()dx
Q
1 1 -
> (55— =) il

If the last inequality is divided by Hu j Hp , and taking to the limit as j — oo, we get
a contradiction due to p™ < ¢g~. Hence, {u j} must be bounded in X. Because X is
a reflexive Banach space, there exists a function # € X such that u j—u (weakly) in
X. By Theorem 1, the embeddings X <— LI0(Q) and X — L*O(Q) are compact.
Therefore, we obtain

uj — u (strongly) in L0 (2) and L*V ()

as j — oo. On the other hand, if we use the Holder inequality, we obtain

/Vl(x)}uj|q(m72”j (uj —u)dx| < IIVllloo/ 10707 Juj = u] x|
Q Q

<2 Villso H |Mj|q(X)71 Hr(.) |uj — ””q(.)

=21Villeo sl uj —ul,, — 0

. 1 1 _
as j — oo, where 70 + ol 1. Thus,

./inoof Vie) [ "7 uj (u = u) dx =0 (1D
Q
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Similarly, we show that

im0 g G ) dx = (12)

Q

By (10) and the boundedness of {u.,- — u} in X, we have
|< @3 () —u) >[ < [@5@p],, [uj —ufy — o0

or
& (uj) (uj —u) — 0 (13)

as j — oo. If we collect (11), (12) and (13), we achieve the following result
lim W, i i —u)=0.
jgnoo B U j) (”1 ”)
So, we deduce that the sequence u ; — u (strongly) in X by Proposition 2. The proof

is completed. O

Lemma5 Let p*, o™ < g~and q(x) < p3(x) for any x € Q. Then,
(i) There exist y, p > 0 such that ®, (u) > y for anyu € X with ||lullx = p.
(ii) There exist u € X such that @, (1) < 0.

Proof (i) Since X < L90)(), then there exists a C > 0
lullyy < Cllullx (14)

forany u € X. Let ||lul]|xy = p < 1. Then, by (14) we write

+

o ! AV
2 = -l —q—max{nuuq(),nunq()}
1 + vt - - +
= — Nl = =L max{c? iy 7 i |
p q
1 + AvitC
> — July — == lul}
1o avie, -
=—qp - — P
p q
Y A AL
=p e — s
p q

where C,, = max {C T, ca" } This inequality shows that if we take

. q
2pt ViFCypa —rt’
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.
then there exists y = ’2)% > (O such that &, (1) > y > O forall A € (0, A,).

(i) Letu € X and ¢t > 1. Thus, we have

. o
tP AVt AV et

@ (t0) = "y 0 = [ it a2 [
P q P o P

Therefore, ®; (fu) — —ooast — oo dueto p*,at < g~. O

Theorem4 Let pT™, ot < g and q(x), a(x) < p3(x) for any x € Q. Then, the
problem (1) has a nontrivial weak solution.

Proof From Lemma 4 and Lemma 5, and ®; (0) = 0, we obtain that the functional
@, satisfies the Mountain Pass Theorem (see [30]). So &, has a nontrivial critical
point, i.e. the problem (1) has at least a nontrivial weak solution. O

For the multiplicity of solutions, we will use the Fountain Theorem. For this aim
we have the following two Lemmas.

Lemma 6 (see [10]) Let E be a reflexive and separable Banach space. Then, there
exist {;,'} C E and {g']*} C E* such that

E=span{¢ilj =12 ..}, E*:span{g']’.“|j:1,2,...}

and | )
(a)={o 127

where (-, -) denotes the duality product between E and E*.

SPE

i
For convenience, we write E; = span {gj} LY = 691 E;j, Z; =
]:

E;.

1

~.
Il

Lemma?7 Let q(x) < p3(x) forany x € Q. The set ¥; is defined by
Ok = sup {llullge) : lullx =1, u € Z},

then limy__, o U = 0.

Proof Since ¢g(x) < pgk (x) for all x € €, then we have the continuous embedding
X — L19(Q) and lim;__, o, 9% = 0 by the method in (Lemma 4.9, [10]). o

Theorem 5 Let pT,at < g~ and q(x), a(x) < p3(x) for any x € Q. Then, ®;, has

a sequence of critical points {uj} such that ®,, ("‘/) —> 400 as j — oo and the
problem (1) has infinite many pair of solutions for Vo > 0.
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Proof By Lemma 4 the functional @, is even and satisfies (PS) condition. We show
that there exists the real numbers n; and y such that n; > yx > 0 and

(A1) b = inf { Py (u) lu € Zg, |lulx = yx} —> occask —> o0

(A2) ap :=max {®; () lu € Yy, llullx =nr} <0,

where k is large enough.
(A1) For any u € Zj such that ||u||x = yx > 1. Then, we get

1 P 1+ q- gt
) z o el q—_max{nunq(_) Nl )
_ ,,%_nuni —Miﬁ, ||+u||q(,)51
Tl = aViEod uly gy = 1
1 - + gt
P + 94 q

1
+\ = F
If we take yx = (kVﬁ'q‘*‘ﬁZ ) P"=1" then we get
gt o ot _at
)‘Vl+171?+ ()‘V1+q+l9/?+>p - = )»V1+19;3+)u}’ﬂ/+ (Vﬁ) P a7t (ﬁg+)l7 4

l+_117++ _r
rT=q (q+) P —qt

+ +
e e o)
1 A
- (F(W;qﬂsg )
and

1 ++q+ﬁ 1 ++q+#
¢A(u)>p—+(“/1q L ) _q_+()\v1‘1 O )

1 1 N
+.,49 -
(p_+ — q_+) (}\.q (Yk )p 77— o0

ask —> oodueto pt < g™, and ¥y — 0. So (A1) holds.
(A3) Let u € Y be such that |lu||x = nx > yx > 1. Then, we have

1 + avE
®; (1) < — ——‘/|u|‘1<x>dx
p— X gt
Q
1 oAVt - +
<l - q—jmm{uun‘;o Ml )
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Due to the fact that Y} has finite dimension, the norms ||.|[x and ||. ||, are equivalent.
So,
D) (u) > —ooas |ully - +oo,u € Yi

by p™ < g~ and the Fountain Theorem (see [30, Theorem 3.6]). O
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