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Abstract
We study the following p (.)-triharmonic problem

{
�3

p(.)u + a(x) |u|p(x)−2 u = λ(V1(x) |u|q(x)−2 u − V2(x) |u|α(x)−2 u), in �

|∇�u|p(x)−2 ∂u
∂υ

+ β(x) |u|p(x)−2 u = 0, on ∂�,

where � is a smooth bounded domain in R
N , and λ > 0 is a parameter. Using some

variational methods and compact embedding results for variable exponent third-order
Sobolev space, we obtain the existence of weak solutions for the problem.

Keywords p (.)-triharmonic operator · Variational methods · Variable exponent
Sobolev spaces
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1 Introduction

In this paper, we are concerned with the existence of weak solutions for the p (.)-
triharmonic problem

{
�3

p(.)u + a(x) |u|p(x)−2 u = λ(V1(x) |u|q(x)−2 u − V2(x) |u|α(x)−2 u), in �

|∇�u|p(x)−2 ∂u
∂υ

+ β(x) |u|p(x)−2 u = 0, on ∂�,

(1)
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where� ⊂ R
N (N > 3) is a bounded domainwith smooth boundary,a, V1, V2, q, α ∈

L∞ (�) are nonnegative functions, β ∈ L∞ (∂�) such that β− = infx∈∂� β(x) > 0,
p ∈ C

(
�

)
with infx∈� p(x) > 1, ∂u

∂υ
is the outer unit normal derivative of u on ∂�,

�3
p(.)u = div(�(|∇�u|p(x)−2 ∇�u) is the p (.)-triharmonic operator of sixth order,

λ,μ > 0 are real numbers.
Partial differential equations involving p (.)-Laplacian operators have been received

considerable attention in recent years. Especially, in application there are several inter-
esting and difficult problems, such as electrorlogical fluids, image processing, flow in
porous media, elasticity and calculus of variation (see [2, 3, 8, 9, 11, 15, 23, 24, 26,
29, 32]).

In 2014 Kong [20] found the existence of one nontrivial weak solution of the
following fourth order elliptic equation with a p (.) -biharmonic operator and Navier
boundary conditions

{
�2

p(.)u + a(x) |u|p(x)−2 u = λ
(
b(x) |u|γ (x)−2 u − c(x) |u|β(x)−2 u

)
, in �

u = �u = 0, on ∂�,

(2)
where � ⊂ R

N (N ≥ 1) is a bounded domain with smooth boundary,
p, a, b, c, β, γ ∈ C

(
�

)
with p(x) > 1 on �, λ > 0 is a parameter, �2

p(.)u :=
�(|�u|p(x)−2 �u) is the p (.)-biharmonic operator. In addition, Kefi and Rădulescu
[18] investigate weak solutions of the problem (2) under more general conditions by
Ekeland’s variational principle.

In 2019, using Mountain Pass Theorem, Rahal [25] studied the existence of weak
solutions to a class of p (.)-triharmonic operator with Navier boundary condition

{ −M(
∫
�

1
p(x) |∇�u|p(x) dx)�3

p(.)u = λζ(x) |u|α(x)−2 u − λξ(x) |u|β(x)−2 u, in �

u = �u = �2u = 0, on ∂�,

where � ⊂ R
N (N > 3) is a bounded domain with smooth boundary, p, ζ, ξ, α, β ∈

C
(
�

)
are nonnegative functions such that 1 < p(x) < N

3 for any x ∈ �. Moreover,
Shokooh [27] showed the existence of infinitely many weak solutions under suitable
conditions on his parameters. Precisely the author studied the following problem p (.)-
triharmonic operator problem

{ −�3
p(.)u = λ f (x, u) + μg(x, u), in �

u = �u = �2u = 0, on ∂�,

where μ is a nonnegative parameter, λ > 0, f , g ∈ C0
(
� × R

)
and p ∈ C0

(
�

)
with max

{
3, N

3

}
< p− = inf

x∈�

p(x) ≤ p+ = sup
x∈�

p(x) < ∞. For p (.)-triharmonic

problems, see ([5, 6, 16, 27, 31]).
Inspired by the articles mentioned above, our aim is to show that problem (1) has

nontrivial weak solutions under some suitable conditions. Moreover the multiplicity
is also discussed.
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2 Notation and preliminaries

Let C+
(
�

) = {
p ∈ C

(
�

) : inf x∈� p(x) > 1
}
. For any p ∈ C+

(
�

)
, let

1 < p− = inf
x∈�

p(x) ≤ p+ = sup
x∈�

p(x) < ∞

and

L p(.)(�) =
⎧⎨
⎩u

∣∣∣∣∣∣u : � → R is measurable and
∫
�

|u(x)|p(x) dx < ∞
⎫⎬
⎭

with the (Luxemburg) norm

‖u‖p(.) = inf

{
ξ > 0 : �p(.)

(
u

ξ

)
≤ 1

}
,

where the space
(
L p(.)(�), ‖.‖p(.)

)
is a separable and reflexive Banach space.

The variable exponent Sobolev space Wk,p(.) (�) is defined by

Wk,p(.) (�) =
{
u ∈ L p(.)(�) : Dαu ∈ L p(.)(�), 0 ≤ |α| ≤ k

}
,

where α ∈ N
N
0 is a multi-index, |α| = α1 + α2 + ... + αN and Dα = ∂ |α|

∂
α1
x1 ...∂

αN
xN

. Then,

Wk,p(.) (�) is a separable and reflexive Banach space equipped with the norm

‖u‖k,p(.) =
∑

0≤|α|≤k

∥∥Dαu
∥∥
p(.)

(see [12, 19]).

Theorem 1 (see [Theorem 2.3 in [12]]) Let p, q ∈ C+
(
�

)
such that q(x) < p∗

k (x)
for any x ∈ �. Then there is a continuous and compact embedding Wk,p(.) (�) ↪→
Lq(.)(�), where

p∗
k (x) =

{
Np(x)

N−kp(x) , if p (x) < N
k ,

+∞, if p (x) ≥ N
k .

Theorem 2 (see [Theorem 2.4 in [13]]) Assume that the set � is an open bounded
domain with Lipschitz boundary, k ∈ Z

+, p ∈ C0
(
�

)
with p− > 1 and kp+ < N.

If q ∈ S (∂�), where S (∂�) is the set of all measurable real functions defined on �,
and there exists a positive constant ε such that

1 ≤ q(x) < q(x) + ε ≤ (N − 1) p(x)

N − kp(x)
for x ∈ ∂�,

then the boundary trace embedding Wk,p(.) (�) ↪→ Lq(.)(∂�) is compact.
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Corollary 1 Due to p(x) > 1
3 for x ∈ �, then the continuous embedding

W 3,p(.) (�) ↪→ L p(.)(∂�) is compact.

Throughout this paper, we let the space X = W 3,p(x) (�) . Define a norm ‖.‖ of X
by

‖u‖ = ‖u‖1,p(.) + ‖u‖2,p(.) + ‖u‖3,p(.) .

To obtain the existence of a weak solution for problem (1), we introduce a norm for
the space X , which will be used later. For u ∈ X , define

‖u‖X = inf

⎧⎨
⎩τ > 0 :

∫
�

(

∣∣∣∣∇�u

τ

∣∣∣∣
p(x)

+ a(x)
∣∣∣u
τ

∣∣∣p(x))dx +
∫
∂�

β(x)
∣∣∣u
τ

∣∣∣p(x) dσ ≤ 1

⎫⎬
⎭ .

Then, by Theorem 2.1 in [7], ‖u‖X is also a norm on X which is equivalent to ‖u‖
due to β ∈ L∞ (∂�) and β− = inf x∈∂� β(x) > 0 (see [2, 7, 14, 17, 20, 21, 25, 27] ).

Proposition 1 (see [7, 14, 21, 25]) Let ψβ(x) = ∫
�

(|∇�u|p(x) + a(x) |u|p(x))dx +∫
∂�

β(x) |u|p(x) dσ with β− > 0, where dσ is the measure on the boundary of �.

Hence, we have

(i) ‖u‖X ≤ 1 ⇒ ‖u‖p+
X ≤ ψβ(x)(u) ≤ ‖u‖p−

X

(ii) ‖u‖X ≥ 1 ⇒ ‖u‖p−
X ≤ ψβ(x)(u) ≤ ‖u‖p+

X .

Proposition 2 (see [4, 7, 14, 17]) Define the functional �β(x) : X → R by

�β(x) (u) =
∫
�

1

p(x)
(|∇�u|p(x) + a(x) |u|p(x))dx +

∫
∂�

β(x)

p(x)
|u|p(x) dσ

for all u ∈ X. Then,

(i) �β(x) : X → R is sequentially weakly lower semi-continuous, �β(x) ∈
C1 (X ,R), and its Gateaux derivative � ′

β(x) is given by

� ′
β(x)(u)(v) =

∫
�

(|∇�u|p(x)−2 ∇�u.∇�v + a(x) |u|p(x)−2 uv)dx

+
∫
∂�

β(x) |u|p(x)−2 uvdσ

for any v ∈ X.
(ii) The mapping � ′

β(x) : X −→ X∗ is a strictly monotone, bounded homeomor-
phism, and is of type (S+) , i.e., if un⇀u in X and lim sup

n−→∞
� ′

β(x) (un) (un−u) ≤ 0,

then un −→ u in X .
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3 Main results

A function u ∈ X is said to be a weak solution of the problem (1) if

∫
�

(|∇�u|p(x)−2 ∇�u.∇�v + a(x) |u|p(x)−2 uv)dx +
∫
∂�

β(x) |u|p(x)−2 uvdσ

−λ

∫
�

(V1(x) |u|q(x)−2 uv − V2(x) |u|α(x)−2 uv)dx = 0

for all v ∈ X .
In the sequel, define the energy functional �λ : X → R denoted by

�λ(u) =
∫
�

1

p(x)
(|∇�u|p(x) + a(x) |u|p(x))dx +

∫
∂�

β(x)

p(x)
|u|p(x) dσ

−λ

∫
�

(
V1(x)

q(x)
|u|q(x) − V2(x)

α(x)
|u|α(x))dx

for λ > 0. It is known that �λ is well defined from X to R and �λ ∈ C1 (X ,R) , and
its derivative at u ∈ X is given by

�′
λ(u)(v) =

∫
�

(|∇�u|p(x)−2 ∇�u.∇�v + a(x) |u|p(x)−2 uv)dx +
∫
∂�

β(x) |u|p(x)−2 uvdσ

−λ

∫
�

(V1(x) |u|q(x)−2 uv − V2(x) |u|α(x)−2 uv)dx

for all v ∈ X . Moreover, the critical points of �λ are the exact weak solutions of the
problem (1).

Lemma 1 There exists a λ∗ > 0 such that

λ∗ = inf
u∈X ,‖u‖X>1

�β(x) (u)∫
�

|u|p−
dx

. (3)

Proof By Theorem 1, X is continuously embedded into L p−
(�). Then, there exists

C > 0 such that
C ‖u‖p− ≤ ‖u‖X (4)

for any u ∈ X . In addition, by Proposition 1 (ii) we get

ψβ(x) (u) ≥ ‖u‖p−
X (5)
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for all u ∈ X with ‖u‖X > 1. From (4) and ( 5), we see that

�β(x) (u) ≥ 1

p+ ψβ(x) (u) ≥ C p−

p+

∫
�

|u|p−
dx .

Hence, we find that there exists λ∗ > 0 satisfying (3). This completes the proof. 
�
Lemma 2 Let 1 < α− ≤ α+ < q− ≤ q+ < p− < p∗

3(x) for any x ∈ �. For λ > 0,
we obtain

(i) �λ is bounded from below and coercive on X .

(ii) �λ is sequentially weakly lower semi-continuous on X.

Proof (i) Take u ∈ X with ‖u‖X > 1. Then, we have

�λ(u) ≥ �β(x) (u) − λV+
1

∫
�

1

q− |u|q(x) dx + λV−
2

∫
�

1

α+ |u|α(x) dx

≥ �β(x) (u) − λmax
{
V+
1 , V−

2

} ∫
�

(
1

q− |u|q(x) − 1

α+ |u|α(x))dx

≥ �β(x) (u) − λ∗

2

∫
�

|u|p−
dx − cλ |�|

≥ 1

2p+ ‖u‖p−
X − cλ |�|

for any λ > 0 by Lemma 1 and the inequality (2.3) in (Lemma 2.4, [20]). Hence, the
functional �λ is coercive, and is bounded from below.

(ii) Let {uk} ⊂ X such that uk⇀u ∈ X . By Proposition 2, �β(x) is sequentially
weakly lower semi-continuous on X . Then

�β(x)(uk) ≤ lim inf
k→∞ �β(x)(uk). (6)

In addition, the space X is compactly embedded into Lq(.) (�) and Lα(.) (�) by The-
orem 1. So

uk → u in Lq(.) (�) and Lα(.) (�) . (7)

Thus, from (6) and (7) we see that

�λ(u) ≤ lim inf
k→∞ �λ(uk),

that is, �λ is sequentially weakly lower semi-continuous on X . 
�
Lemma 3 Let 1 < α− ≤ α+ < q− ≤ q+ < p−. Then, there exists λ1 > 0 such that
infu∈X �λ(u) < 0 for all λ > λ1.
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Proof Let K ⊂ � be a compact set such that |K | > 0. Then, there exists t0 > 1 large
enough such that

1

α− V+
2 tα

+
0 |�\K | −

(
1

q+ V−
1 tq

−
0 − 1

α− V+
2 tα

+
0

)
|K | < 0 (8)

because of tq
−

0 > tα
+

0 for α+ < q−. If we take u0 ∈ X such that u(x) = t0 in K and
0 < u0(x) ≤ t0 in �\K , then we have

�λ(u0) ≤ 1

p−

∫
�\K

|∇�u0|p(x) dx + 1

p− a+t p
+

0 |�| + 1

p− β+t p
+

0 |∂�|

−λ

⎡
⎢⎣ ∫
�\K

V1(x)

q(x)
|u0|q(x) dx −

∫
�\K

V2(x)

α(x)
|u0|α(x) dx

⎤
⎥⎦

−λ

⎡
⎣∫
K

V1(x)

q(x)
|t0|q(x) dx −

∫
K

V2(x)

α(x)
|t0|α(x) dx

⎤
⎦

≤ 1

p−

∫
�\K

|∇�u0|p(x) dx + 1

p−
(
a+ |�| + β+ |∂�|) t p+

0

+λ

[
1

α− V+
2 tα

+
0 |�\K | −

(
1

q+ V−
1 tq

−
0 − 1

α− V+
2 tα

+
0

)
|K |

]
(9)

If we combine (8) and (9), then we show that there exists λ1 > 0 such that
infu∈X �λ(u) < 0 if λ > λ1. The proof of the Lemma is completed. 
�
Theorem 3 Let 1 < α− ≤ α+ < q− ≤ q+ < p− < p∗

3(x) for any x ∈ �. Then,
there exists λ1 > 0 such that the problem (1) has at least one nontrivial weak solution
u(x) satisfying �λ(u) < 0.

Proof Since �λ is bounded from below, coercive and weakly lower semi-continuous
on X by Lemma 2, then so it has a global minimizer u ∈ X such that �′

λ(u) = 0,
which is a critical point of �λ by Theorem 1.1 in [22] or Theorem 1.2 in [28]. In
addition, using �λ(0) = 0 and �λ(u) < 0 for any λ > λ1 by Lemma 3, then u is
nontrivial weak solution, i.e. u �= 0 when λ > λ1. 
�

Now, to use Mountain Pass Theorem and find the weak solution of the problem (
1) we need to prove the following two Lemmas.

Lemma 4 Let p+, α+ < q− and q(x), α(x) < p∗
3(x) for any x ∈ �. Then, the

operator �λ satisfies the (PS) condition for V2 > 0.

Proof Let
{
u j

} ⊂ X be such that

�λ(u j ) → c and �′
λ(u j ) → 0 in X∗ as j → ∞. (10)
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We prove that the sequence
{
u j

}
is bounded in X . Suppose that

{
u j

}
is not bounded

in X . So we have
∥∥u j

∥∥
X → ∞ as j → ∞, and

∥∥u j
∥∥
X > 1 for all j ∈ N. Hence

C + ∥∥u j
∥∥
X ≥ �λ(u j ) − 1

q−
〈
�′

λ(u j ), u j
〉

≥
(

1

p+ − 1

q−

)
ψβ(x)

(
u j

) − λ

q−

∫
�

V1(x)
∣∣u j

∣∣q(x)
dx

+ λ

α+

∫
�

V2(x)
∣∣u j

∣∣α(x)
dx

+ λ

q−

∫
�

(
V1(x)

∣∣u j
∣∣q(x) − V2(x)

∣∣u j
∣∣α(x)

)
dx

=
(

1

p+ − 1

q−

)
ψβ(x)

(
u j

) + λ

(
1

α+ − 1

q−

) ∫
�

V2(x)
∣∣u j

∣∣α(x)
dx

≥
(

1

p+ − 1

q−

) ∥∥u j
∥∥p−
X .

If the last inequality is divided by
∥∥u j

∥∥p−
X , and taking to the limit as j → ∞, we get

a contradiction due to p+ < q−. Hence,
{
u j

}
must be bounded in X . Because X is

a reflexive Banach space, there exists a function u ∈ X such that u j⇀u (weakly) in
X . By Theorem 1, the embeddings X ↪→ Lq(.)(�) and X ↪→ Lα(.)(�) are compact.
Therefore, we obtain

u j → u (strongly) in Lq(.)(�) and Lα(.)(�)

as j → ∞. On the other hand, if we use the Hölder inequality, we obtain

∣∣∣∣∣∣
∫
�

V1(x)
∣∣u j

∣∣q(x)−2
u j

(
u j − u

)
dx

∣∣∣∣∣∣ ≤ ‖V1‖∞
∫
�

∣∣∣∣∣u j
∣∣q(x)−1 ∣∣u j − u

∣∣ dx∣∣∣
≤ 2 ‖V1‖∞

∥∥∥∣∣u j
∣∣q(x)−1

∥∥∥
r(.)

∥∥u j − u
∥∥
q(.)

= 2 ‖V1‖∞
∥∥u j

∥∥
q(.)

∥∥u j − u
∥∥
q(.)

−→ 0

as j → ∞, where 1
q(.)

+ 1
r(.) = 1. Thus,

lim
j−→∞

∫
�

V1(x)
∣∣u j

∣∣q(x)−2
u j

(
u j − u

)
dx = 0. (11)
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Similarly, we show that

lim
j−→∞

∫
�

V2(x)
∣∣u j

∣∣α(x)−2
u j

(
u j − u

)
dx = 0. (12)

By (10) and the boundedness of
{
u j − u

}
in X , we have

∣∣< �′
λ(u j )

(
u j − u

)
>

∣∣ ≤ ∥∥�′
λ(u j )

∥∥
op

∥∥u j − u
∥∥
X → ∞

or
�′

λ(u j )
(
u j − u

) → 0 (13)

as j → ∞. If we collect (11), (12) and (13), we achieve the following result

lim
j−→∞ � ′

β(x)(u j )
(
u j − u

) = 0.

So, we deduce that the sequence u j → u (strongly) in X by Proposition 2. The proof
is completed. 
�
Lemma 5 Let p+, α+ < q−and q(x) < p∗

3(x) for any x ∈ �. Then,
(i) There exist γ, ρ > 0 such that �λ(u) ≥ γ for any u ∈ X with ‖u‖X = ρ.

(ii) There exist u ∈ X such that �λ(u) < 0.

Proof (i) Since X ↪→ Lq(.)(�), then there exists a C > 0

‖u‖q(.) ≤ C ‖u‖X (14)

for any u ∈ X . Let ‖u‖X = ρ < 1. Then, by (14) we write

�λ(u) ≥ 1

p+ ‖u‖p+
X − λV+

1

q− max
{
‖u‖q−

q(.) , ‖u‖q+
q(.)

}

≥ 1

p+ ‖u‖p+
X − λV+

1

q− max
{
Cq− ‖u‖q−

X ,Cq+ ‖u‖q+
X

}

≥ 1

p+ ‖u‖p+
X − λV+

1 C∗
q− ‖u‖q−

X

= 1

p+ ρ p+ − λV+
1 C∗
q− ρq−

= ρ p+
(

1

p+ − λV+
1 C∗
q− ρq−−p+

)
,

where C∗ = max
{
Cq−

,Cq+}
. This inequality shows that if we take

λ∗ = q−

2p+V+
1 C∗ρq−−p+ ,

123
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then there exists γ = ρ p+
2p+ > 0 such that �λ(u) ≥ γ > 0 for all λ ∈ (0, λ∗).

(ii) Let u ∈ X and t > 1. Thus, we have

�λ (tu) ≤ t p
+

p− ψβ(x) (u) − λV−
1 tq

−

q+

∫
�

|u|q(x) dx + λV+
2 tα+

α−

∫
�

|u|α(x) dx

Therefore, �λ (tu) → −∞ as t → ∞ due to p+, α+ < q−. 
�
Theorem 4 Let p+, α+ < q−and q(x), α(x) < p∗

3(x) for any x ∈ �. Then, the
problem (1) has a nontrivial weak solution.

Proof From Lemma 4 and Lemma 5, and �λ (0) = 0, we obtain that the functional
�λ satisfies the Mountain Pass Theorem (see [30]). So �λ has a nontrivial critical
point, i.e. the problem (1) has at least a nontrivial weak solution. 
�

For the multiplicity of solutions, we will use the Fountain Theorem. For this aim
we have the following two Lemmas.

Lemma 6 (see [10]) Let E be a reflexive and separable Banach space. Then, there

exist
{
ζ j

} ⊂ E and
{
ζ ∗
j

}
⊂ E∗ such that

E = span
{
ζ j | j = 1, 2, ...

}
, E∗ = span

{
ζ ∗
j | j = 1, 2, ...

}

and 〈
ζ ∗
j , ζl

〉
=

{
1, j = l,
0, j �= l,

where 〈·, ·〉 denotes the duality product between E and E∗.

For convenience, we write E j = span
{
ζ j

}
, Yi =

i⊕
j=1

E j , Zi =
∞⊕
j=i

E j .

Lemma 7 Let q(x) < p∗
3(x) for any x ∈ �. The set ϑ j is defined by

ϑk = sup
{‖u‖q(.) : ‖u‖X = 1, u ∈ Zk

}
,

then limk−→∞ ϑk = 0.

Proof Since q(x) < p∗
3(x) for all x ∈ �, then we have the continuous embedding

X ↪→ Lq(.)(�) and limk−→∞ ϑk = 0 by the method in (Lemma 4.9, [10]). 
�
Theorem 5 Let p+, α+ < q− and q(x), α(x) < p∗

3(x) for any x ∈ �. Then, �λ has
a sequence of critical points

{
u j

}
such that �λ

(
u j

) −→ +∞ as j → ∞ and the
problem (1) has infinite many pair of solutions for V2 > 0.
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Proof By Lemma 4 the functional �λ is even and satisfies (PS) condition. We show
that there exists the real numbers ηk and γk such that ηk > γk > 0 and

(A1) bk := inf {�λ (u) |u ∈ Zk, ‖u‖X = γk } −→ ∞ as k −→ ∞

(A2) ak := max {�λ (u) |u ∈ Yk, ‖u‖X = ηk } ≤ 0,

where k is large enough.
(A1) For any u ∈ Zk such that ‖u‖X = γk > 1. Then, we get

�λ (u) ≥ 1

p+ ‖u‖p−
X − λV+

1

q− max
{
‖u‖q−

q(.) , ‖u‖q+
q(.)

}

≥
⎧⎨
⎩

1
p+ ‖u‖p−

X − λV+
1 , ‖u‖q(.) ≤ 1

1
p+ ‖u‖p−

X − λV+
1 ϑ

q+
k ‖u‖q+

X , ‖u‖q(.) ≥ 1

≥ 1

p+ γ
p−
k − λV+

1 ϑ
q+
k γ

q+
k .

If we take γk =
(
λV+

1 q+ϑ
q+
k

) 1
p−−q+

, then we get

λV+
1 ϑ

q+
k

(
λV+

1 q+ϑ
q+
k

) q+
p−−q+ = λV+

1 ϑ
q+
k λ

q+
p−−q+ (

V+
1

) q+
p−−q+

(
ϑ
q+
k

) q+
p−−q+

= λ
1+ q+

p−−q+ (
V+
1

)1+ q+
p−−q+

(
ϑ
q+
k

)1+ q+
p−−q+ (

q+) p−
p−−q+ −1

= 1

q+
(
λV+

1 q+ϑ
q+
k

) p−
p−−q+

and

�λ (u) ≥ 1

p+
(
λV+

1 q+ϑ
q+
k

) p−
p−−q+ − 1

q+
(
λV+

1 q+ϑ
q+
k

) p−
p−−q+

=
(

1

p+ − 1

q+

) (
λq+α

q+
k

) p−
p−−q+ −→ ∞

as k −→ ∞ due to p+ < q+, and ϑk −→ 0. So (A1) holds.
(A2) Let u ∈ Yk be such that ‖u‖X = ηk > γk > 1. Then, we have

�λ (u) ≤ 1

p− ‖u‖p+
X − λV+

1

q+

∫
�

|u|q(x) dx

≤ 1

p− ‖u‖p+
X − λV+

1

q+ min
{
‖u‖q−

q(.) , ‖u‖q+
q(.)

}
.
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Due to the fact that Yk has finite dimension, the norms ‖.‖X and ‖.‖q(.) are equivalent.
So,

�λ (u) → −∞ as ‖u‖X → +∞, u ∈ Yk

by p+ < q− and the Fountain Theorem (see [30, Theorem 3.6]). 
�

Supplementary Information The online version contains supplementary material available at https://doi.
org/10.1007/s11565-025-00593-1.
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